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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 98 ]. This is test number [ 95 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are

not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 98) %0.(0)

Mathematica | % 100. ( 98 ) %0.(0)

Maple % 100. ( 98) %0.(0)
Maxima % 32.65 (32) | % 67.35 (66 )
Fricas % 71.43 (70) | % 28.57 (28)
Sympy % 15.31 (15) | % 84.69 (83)
Giac % 68.37 (67) | % 31.63 (31)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the

meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 75.51 11.22 13.27 0.
Maple 69.39 20.41 10.2 0.
Maxima 24.49 8.16 0. 67.35
Fricas 44.9 26.53 0. 28.57
Sympy 51 10.2 0. 84.69
Giac 53.06 12.24 3.06 31.63
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica Maple FriCAS Giac/Xcas Maxima Sympy

mA
EB
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.11 71.99 1. 41.5 1.
Mathematica 0.13 67.76 1.19 45. 1.
Maple 0.2 97.41 1.37 49.5 1.07
Maxima 1.33 57.88 2.41 27. 1.32
Fricas 2.3 384.33 7.57 249.5 6.99
Sympy 717 127.8 4.34 78. 3.35
Giac 1.18 76.12 1.84 61. 1.67
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi
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2.1.3 Maple

A grade: {[T,[2,3) 8} 6, B, T, {2, (3} T4 19 [28)[29,30, 31} B2
(56} 373 58 39, [0} 1} 42} 3} 2 43 46, 4743, 49} 50} b1, 53} 58 57 593 60} 62, 63} 65} 66
[81}86,87, 88 89, 00} 01, 02, 03, 0405} 96,97, 98 }

B grade: {[7}[0}10}[19}16, (17,18} 34} 52} b5} 56} 58} 61} [64}[67} (68} 69} [70, B4 B3] }
C grade: { B[4 [75[76,[77,[78,[79,80,82,83]

F grade: { }

EE
2
B

=
E S
B

2.1.4 Maxima

A grade: {[I}[2, B} 4 518, O} 24} [25}[26} [27) 4 [45) [46) [47] 48, 49} 52} 67 68} 69,73} BL} |86
B grade: {[6,[71[51}[53,[54,88}/90,91] }

C grade: { }

F grade: {[T011) 123 1) (5[5} 17 1519} 20} 21,22 23) 26,20, 50|51, 5
(58, 59 [0} 41 42 43 50,53 55,57 58,59, 003 61,6363, 63 0356, 0 T, 73
0,52, B3, 543 5789, 02, 65,,04) 95,60, 0758

21.5 FriCAS

A grade: {lll@l@llllllllllllllll
II@LIIIIIII@

g}rade: {71 BHL5} 1620, 2T} 22423} [25}[26} 27, [313 38, [39) [40} 41} (42} 43} 67, 68} 69} (70} 7L} B}
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C grade: { }

}
84,185,902, 94

2.1.6 Sympy

A grade: (T3 A3
B grade: {[1)2)5)1,6,25) 2027 510

C grade: { }

F grade: {[78},[9}[10} 11} 12 [14} 15} 16} 17, I8, 19} 20} 21} 22} [23} 28 29} 30} [31} [32} 33} 34} 35} [36},

[37,[38, 39} (0} [41} |42} 43| 47, |48, [49), 50} 51} 52, 53, 541 65} (563,57} 58} 69} [60} 614 (62, (63} [64} 65166, (67

@L@@@L@@
98] }
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2.1.7 Giac

A grat: (1860 T 17190 212 51, 7
[33}34},35}[36}[37,[38}[39} [40} [4 1}, [42} [43} [44} |43} |46, [6 7, [68}[69} [73} [86}, 87, 18I,
B grade (115 16 23 A 53 B 88,90,01)

C grade: { [48}[50,[54] }

F grade: { [P4] b1} 52,55} 56} 57} 58} 59 [60} (61} (62} 63} 64} [65} 66,70} [71} [72, [74}[75} 76, (77} 78, [79)
[B0}[B2}[B3}[84}[85}97, 98]

B

E
SIS
=k
=3
Slg
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B
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ——— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 33 33 26 42 50 62 473 42
normalized size | 1 1. 0.79 1.27 1.52 1.88 14.33 1.27
time (sec) N/A 0.052 0.004 0.083 1.424 1.891 16.231 1.153
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 16 19 39 162 19
normalized size | 1 1. 1. 0.84 1. 2.05 8.53 1.
time (sec) N/A 0.045 0.003 0.018 0946 1.734 18.335 1.118




20

Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 18 25 28 38 153 30
normalized size | 1 1. 0.9 1.25 1.4 1.9 7.65 1.5
time (sec) N/A 0.045 0.003 0.022 1.452  1.745 4435 1.133
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 9 15 36 9
normalized size | 1 1. 1. 1.14 1.29 2.14 5.14 1.29
time (sec) N/A 0.041 0.002 0.015 0946 1853 2.009 1.123
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 5 5 5 8 7 7 2 7
normalized size | 1 1. 1. 1.6 1.4 1.4 0.4 14
time (sec) N/A 0.04 0.001 0.022 1.414 1916 0998 1.171
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 8 8 21 9 28 77 19 31
normalized size | 1 1. 2.62 1.12 3.5 9.62 2.38  3.88
time (sec) N/A 0.025 0.007 0.014 0952 2012 0.264 1.165
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 22 22 51 44 50 153 0 51
normalized size | 1 1. 2.32 2. 2.27 6.95 0. 2.32
time (sec) N/A 0.044 0.008 0.034 0949 1.892 0. 1.16
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Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 21 18 23 76 0 23
normalized size | 1 1. 1.11 0.95 1.21 4. 0. 1.21
time (sec) N/A 0.048 0.003 0.03 0942  1.825 0. 1.175
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 35 35 75 66 69 232 0 63
normalized size | 1 1. 2.14 1.89 1.97 6.63 0. 1.8
time (sec) N/A 0.055 0.006 0.037  0.952 1.97 0. 1.129
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 143 138 0 547 0 134
normalized size | 1 1. 1.83 1.77 0. 7.01 0. 1.72
time (sec) N/A 0.09 0.243 0.024 0. 2.087 0. 1.142
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 116 86 0 383 0 80
normalized size | 1 1. 2.15 1.59 0. 7.09 0. 1.48
time (sec) N/A 0.073 0.168 0.019 0. 1.777 0. 1.127
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 90 46 0 248 0 41
normalized size | 1 1. 2.5 1.28 0. 6.89 0. 1.14
time (sec) N/A 0.053 0.161 0.017 0. 1.745 0. 1.128
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Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 18 0 181 87 23
normalized size | 1 1. 1. 0.69 0. 6.96 3.35 0.88
time (sec) N/A 0.027 0.019 0.012 0. 1.671 1947 1.123
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 50 56 0 329 0 68
normalized size | 1 1. 1.19 1.33 0. 7.83 0. 1.62
time (sec) N/A 0.049 0.047 0.036 0. 1.782 0. 1.201
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 62 62 140 111 0 713 0 139
normalized size | 1 1. 2.26 1.79 0. 11.5 0. 2.24
time (sec) N/A 0.086 0.508 0.041 0. 2121 0. 1.157
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 204 205 0 1490 0 240
normalized size | 1 1. 2.17 2.18 0. 15.85 0. 2.55
time (sec) N/A 0.138 1.232 0.049 0. 2.499 0. 1.159
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 77 194 0 702 0 161
normalized size | 1 1. 0.88 2.2 0. 7.98 0. 1.83
time (sec) N/A 0.181 0.188 0.033 0. 1.933 0. 1.19
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 52 105 0 541 0 108
normalized size | 1 1. 0.87 1.75 0. 9.02 0. 1.8
time (sec) N/A 0.105 0.098 0.025 0. 1.9 0. 1.153
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 37 54 0 435 0 68
normalized size | 1 1. 0.92 1.35 0. 10.88 0. 1.7
time (sec) N/A 0.059 0.065 0.023 0. 1.976 0. 1.204
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 30 30 29 21 0 406 0 50
normalized size | 1 1. 0.97 0.7 0. 13.53 0. 1.67
time (sec) N/A 0.019 0.057 0.014 0. 1.803 0. 1.136
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 40 39 0 571 0 74
normalized size | 1 1. 0.98 0.95 0. 13.93 0. 1.8
time (sec) N/A 0.056 0.089 0.03 0. 1.911 0. 1.177
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 59 65 0 936 0 122
normalized size | 1 1. 0.97 1.07 0. 15.34 0. 2.
time (sec) N/A 0.08 0.2 0.038 0. 1.98 0. 1.217
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Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 90 106 0 1446 0 211
normalized size | 1 1. 1.01 1.19 0. 16.25 0. 2.37
time (sec) N/A 0.102 0.381 0.042 0. 2.043 0. 1.21
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 79 80 120 251 85 0
normalized size | 1 1. 0.81 0.82 1.22 2.56 0.87 0.
time (sec) N/A 0.09 0.098 0.017 1439 1753 3.141 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 4 4 4 7 8 22 14 8
normalized size | 1 1. 1. 1.75 2. 5.5 3.5 2.
time (sec) N/A 0.014 0.002 0.014 0957 1593 0.597 1.179
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 17 14 19 73 34 19
normalized size | 1 1. 1.31 1.08 1.46 5.62 262 146
time (sec) N/A 0.015 0.003 0.017 0963  1.539 2429 1.217
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 27 20 27 112 54 27
normalized size | 1 1. 1.29 0.95 1.29 5.33 2.57  1.29
time (sec) N/A 0.017 0.004 0.017 0952 1589 9119 1.164
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Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 111 78 0 597 0 130
normalized size | 1 1. 1.42 1. 0. 7.65 0. 1.67
time (sec) N/A 0.084 0.385 0.02 0. 1.911 0. 1.164
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 86 50 0 441 0 88
normalized size | 1 1. 1.54 0.89 0. 7.88 0. 1.57
time (sec) N/A 0.071 0.185 0.015 0. 1.871 0. 1.169
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 38 33 0 319 0 55
normalized size | 1 1. 1. 0.87 0. 8.39 0. 1.45
time (sec) N/A 0.055 0.029 0.013 0. 1.878 0. 1.157
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 21 0 228 0 42
normalized size | 1 1. 1. 0.72 0. 7.86 0. 1.45
time (sec) N/A 0.031 0.011 0.011 0. 1.783 0. 1.126
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 38 47 0 329 0 77
normalized size | 1 1. 0.93 1.15 0. 8.02 0. 1.88
time (sec) N/A 0.052 0.056 0.028 0. 1.878 0. 1.188
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Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 152 92 0 536 0 115
normalized size | 1 1. 2.58 1.56 0. 9.08 0. 1.95
time (sec) N/A 0.098 0.361 0.039 0. 1.997 0. 1.22
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 215 165 0 709 0 171
normalized size | 1 1. 2.39 1.83 0. 7.88 0. 1.9
time (sec) N/A 0.166 1.098 0.042 0. 2135 0. 1.172
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 76 122 0 666 0 140
normalized size | 1 1. 0.87 1.4 0. 7.66 0. 1.61
time (sec) N/A 0.196 0.213 0.022 0. 1.944 0. 1.162
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 52 60 0 533 0 97
normalized size | 1 1. 0.87 1. 0. 8.88 0. 1.62
time (sec) N/A 0.098 0.121 0.02 0. 1.891 0. 1.174
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 36 32 0 447 0 65
normalized size | 1 1. 0.95 0.84 0. 11.76 0. 1.71
time (sec) N/A 0.06 0.079 0.017 0. 1.837 0. 1.184
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 30 30 29 21 0 406 0 50

normalized size | 1 1. 0.97 0.7 0. 13.53 0. 1.67
time (sec) N/A 0.019 0.048 0.001 0. 2.199 0. 1.177
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 37 37 38 33 0 543 0 49

normalized size | 1 1. 1.03 0.89 0. 14.68 0. 1.32
time (sec) N/A 0.061 0.074 0.028 0. 1.928 0. 1.124
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 55 51 0 672 0 96

normalized size | 1 1. 0.98 0.91 0. 12. 0. 1.71
time (sec) N/A 0.086 0.135 0.03 0. 1.893 0. 1.191
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 80 80 0 832 0 140
normalized size | 1 1. 1.01 1.01 0. 10.53 0. 1.77
time (sec) N/A 0.101 0.319 0.034 0. 1.848 0. 1.183
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 70 81 0 774 0 93

normalized size | 1 1. 1.08 1.25 0. 11.91 0. 1.43
time (sec) N/A 0.049 0.222 0.02 0. 1.91 0. 1.162
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Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 106 175 0 1381 0 201
normalized size | 1 1. 0.99 1.64 0. 12.91 0. 1.88
time (sec) N/A 0.117 0.615 0.022 0. 2.189 0. 1.151
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 34 34 15 14 18 99 63 62
normalized size | 1 1. 0.44 0.41 0.53 291 1.85  1.82
time (sec) N/A 0.013 0.024 0.011 1.484 1.617 1.075 1.186
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 35 27 35 178 218 80
normalized size | 1 1. 0.64 0.49 0.64 3.24 3.96 1.45
time (sec) N/A 0.026 0.076 0.017 1492 1661 746 1195
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 51 35 55 251 439 92
normalized size | 1 1. 0.72 0.49 0.77 3.54 6.18 1.3
time (sec) N/A 0.052 0.123 0.016 1.458  1.635 34.938 1.227
Problem 47 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 12 12 12 13 14 12 0 32
normalized size | 1 1. 1. 1.08 1.17 1. 0. 2.67
time (sec) N/A 0.016 0.006 0.463 1.445 1.9 0. 1.271
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 14 14 14 14 16 4 0 38
normalized size | 1 1. 1. 1. 1.14 0.29 0. 2.71
time (sec) N/A 0.016 0.005 0.231 1.457  1.779 0. 1.178
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 23 19 15 31 0 61
normalized size | 1 1. 0.79 0.66 0.52 1.07 0. 21
time (sec) N/A 0.022 0.026 0.756 1.636  1.724 0. 1.213
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 33 33 25 21 0 4 0 74
normalized size | 1 1. 0.76 0.64 0. 0.12 0. 2.24
time (sec) N/A 0.025 0.026 0.464 0. 1.548 0. 1.244
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 28 14 47 77 0 0
normalized size | 1 1. 1.87 0.93 3.13 513 0. 0.
time (sec) N/A 0.02 0.015 0.336 1.64 1.612 0. 0.
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 30 34 23 0 0 0
normalized size | 1 1. 1.76 2. 1.35 0. 0. 0.
time (sec) N/A 0.018 0.01 0.233 1.584 0. 0. 0.
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Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 51 37 405 150 0 105
normalized size | 1 1. 1.59 1.16 12.66 4.69 0. 3.28
time (sec) N/A 0.027 0.044 0.812  1.638 1.61 0. 1.275
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B F(-2) F(1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 53 51 383 0 0 122
normalized size | 1 1. 1.47 1.42 10.64 0. 0. 3.39
time (sec) N/A 0.026 0.03 0.499  1.671 0. 0. 1.296
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 11 41 0 0 0 0
normalized size | 1 1. 1.22 4.56 0. 0. 0. 0.
time (sec) N/A 0.008 0.021 0.747 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 34 75 0 0 0 0
normalized size | 1 1. 1.06 2.34 0. 0. 0. 0.
time (sec) N/A 0.022 0.038 1.302 0. 0. 0. 0.
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 46 49 0 0 0 0
normalized size | 1 1. 1.1 1.17 0. 0. 0. 0.
time (sec) N/A 0.035 0.072 0.336 0. 0. 0. 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 43 43 39 101 0 0 0 0
normalized size | 1 1. 0.91 2.35 0. 0. 0. 0.
time (sec) N/A 0.054 0.048 1.055 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 66 110 0 0 0 0
normalized size | 1 1. 0.74 1.24 0. 0. 0. 0.
time (sec) N/A 0.094 0.068 1.364 0. 0. 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 123 192 0 0 0 0
normalized size | 1 1. 1.02 1.59 0. 0. 0. 0.
time (sec) N/A 0.162 0.452 0.783 0. 0. 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 11 41 0 0 0 0
normalized size | 1 1. 1.22 4.56 0. 0. 0. 0.
time (sec) N/A 0.008 0.033 0.683 0. 0. 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 33 62 0 0 0 0
normalized size | 1 1. 1.03 1.94 0. 0. 0. 0.
time (sec) N/A 0.018 0.04 0.943 0. 0. 0. 0.
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Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 46 48 0 0 0 0
normalized size | 1 1. 1.1 1.14 0. 0. 0. 0.
time (sec) N/A 0.029 0.064 0.37 0. 0. 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 35 70 0 0 0 0
normalized size | 1 1. 1.09 2.19 0. 0. 0. 0.
time (sec) N/A 0.018 0.06 1.058 0. 0. 0. 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 43 101 0 0 0 0
normalized size | 1 1. 0.77 1.8 0. 0. 0. 0.
time (sec) N/A 0.033 0.041 1.184 0. 0. 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 75 73 0 0 0 0
normalized size | 1 1. 0.96 0.94 0. 0. 0. 0.
time (sec) N/A 0.047 0.175 0.798 0. 0. 0. 0.
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 33 11 162 0 11
normalized size | 1 1. 1. 3.67 1.22 18. 0. 1.22
time (sec) N/A 0.021 0.007 0.377 1427  1.716 0. 1.334
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Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 57 15 248 0 15
normalized size | 1 1. 1. 3.8 1. 16.53 0. 1.
time (sec) N/A 0.027 0.024 0.484 1.453  1.729 0. 1.416
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 9 53 11 119 0 22
normalized size | 1 1. 1. 5.89 1.22 13.22 0. 2.44
time (sec) N/A 0.026 0.009 0897 1522  1.669 0. 1.234
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 487 487 121 3348 0 1796 0 0
normalized size | 1 1. 0.25 6.87 0. 3.69 0. 0.
time (sec) N/A 1.101 0.222 0.153 0. 2.445 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 109 64 0 1774 0 0
normalized size | 1 1. 1.08 0.63 0. 17.56 0. 0.
time (sec) N/A 0.116 0.189 0.035 0. 2.525 0. 0.
Problem 72, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 292 292 45 227 0 0 0 0
normalized size | 1 1. 0.15 0.78 0. 0. 0. 0.
time (sec) N/A 0.191 0.07 0.099 0. 0. 0. 0.
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 24 21 27 135 78 72
normalized size | 1 1. 0.53 0.47 0.6 3. 1.73 1.6
time (sec) N/A 0.018 0.054 0.02 1.455 2184 4.633 1.238
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-2) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 494 494 130 150 0 0 0 0
normalized size | 1 1. 0.26 0.3 0. 0. 0. 0.
time (sec) N/A 0.918 0.204 0.027 0. 0. 0. 0.
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 171 171 146 60 0 0 0 0
normalized size | 1 1. 0.85 0.35 0. 0. 0. 0.
time (sec) N/A 0.238 0.225 0.152 0. 0. 0. 0.
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 245 245 172 76 0 0 0 0
normalized size | 1 1. 0.7 0.31 0. 0. 0. 0.
time (sec) N/A 0.486 0.26 0.091 0. 0. 0. 0.
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-2) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 494 494 130 148 0 0 0 0
normalized size | 1 1. 0.26 0.3 0. 0. 0. 0.
time (sec) N/A 0.589 0.18 0.027 0. 0. 0. 0.
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F@1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 146 62 0 0 0 0
normalized size | 1 1. 0.83 0.35 0. 0. 0. 0.
time (sec) N/A 0.249 0.176 0.121 0. 0. 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 213 213 172 78 0 0 0 0
normalized size | 1 1. 0.81 0.37 0. 0. 0. 0.
time (sec) N/A 0.216 0.209 0.089 0. 0. 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 223 223 378 62 0 0 0 0
normalized size | 1 1. 1.7 0.28 0. 0. 0. 0.
time (sec) N/A 0.562 0.123 0.023 0. 0. 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 103 79 73 97 463 0 250
normalized size | 1 1.24 0.95 0.88 1.17 5.58 0. 3.01
time (sec) N/A 0.104 0.16 0.02 1.431  1.675 0. 1.172
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 129 129 141 67 0 0 0 0
normalized size | 1 1. 1.09 0.52 0. 0. 0. 0.
time (sec) N/A 0.18 0.142 0.02 0. 0. 0. 0.
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Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 378 62 0 0 0 0
normalized size | 1 1. 1.84 0.3 0. 0. 0. 0.
time (sec) N/A 0.473 0.119 0.02 0. 0. 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 117 233 0 0 0 0
normalized size | 1 1. 1.65 3.28 0. 0. 0. 0.
time (sec) N/A 0.119 0.265 0.092 0. 0. 0. 0.
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 64 246 0 0 0 0
normalized size | 1 1. 0.72 2.76 0. 0. 0. 0.
time (sec) N/A 0.077 0.145 0.034 0. 0. 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 16 26 59 0 23
normalized size | 1 1. 1. 0.94 1.53 3.47 0. 1.35
time (sec) N/A 0.029 0.008 0.032 0934  2.249 0. 1.184
Problem 87 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 40 43 0 243 0 51
normalized size | 1 1. 1. 1.08 0. 6.08 0. 1.27
time (sec) N/A 0.063 0.026 0.018 0. 3.372 0. 1.145
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Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 47 17 63 72 0 61
normalized size | 1 1. 2.35 0.85 3.15 3.6 0. 3.05
time (sec) N/A 0.051 0.029 0.413 1.498  1.688 0. 1.156
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 30 0 184 0 32
normalized size | 1 1. 1. 1.2 0. 7.36 0. 1.28
time (sec) N/A 0.06 0.012 0.02 0. 2122 0. 1.155
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 10 81 51 0 36
normalized size | 1 1. 1. 0.91 7.36 4.64 0. 3.27
time (sec) N/A 0.035 0.01 0.019 1.457  1.872 0. 1.164
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 9 9 44 8 53 59 0 45
normalized size | 1 1. 4.89 0.89 5.89 6.56 0. 5.
time (sec) N/A 0.053 0.021 0.21 1.469  1.701 0. 1.171
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 153 153 217 125 0 0 0 193
normalized size | 1 1. 1.42 0.82 0. 0. 0. 1.26
time (sec) N/A 0.197 0.259 0.032 0. 0. 0. 1.204
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Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 45 34 0 340 0 51
normalized size | 1 1. 1. 0.76 0. 7.56 0. 1.13
time (sec) N/A 0.073 0.025 0.179 0. 26.956 0. 1.173
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F(-2) F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 21 0 0 0 32
normalized size | 1 1. 1. 0.75 0. 0. 0. 1.14
time (sec) N/A 0.067 0.016 0.03 0. 0. 0. 1.174
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 45 44 0 259 0 51
normalized size | 1 1. 1. 0.98 0. 5.76 0. 1.13
time (sec) N/A 0.077 0.031 0.032 0. 3.212 0. 1.157
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 31 0 189 0 32
normalized size | 1 1. 1. 1.11 0. 6.75 0. 1.14
time (sec) N/A 0.071 0.016 0.033 0. 2.885 0. 1.151
Problem 97 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 46 39 0 254 0 0
normalized size | 1 1. 0.98 0.83 0. 5.4 0. 0.
time (sec) N/A 0.079 0.03 0.02 0. 2.102 0. 0.
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Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 24 0 192 0 0
normalized size | 1 1. 1. 0.83 0. 6.62 0. 0.
time (sec) N/A 0.077 0.015 0.02 0. 1.965 0. 0.

2.3 Detailed conclusion table specific for Rubi

results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules .

the integrand. Finally the ratio —

integrand size

is given. The larger this ratio is, the harder the

integral was to solve. In this test, problem number [72] had the largest ratio of [ 0.75 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# | grade steps unique antideri\.zative leaf size togrand leaf siz8
used rules leaf size

1 A 4 3 1. 16 0.188

2 A 3 2 1. 16 0.125

3 A 3 3 1. 16 0.188

4 A 2 2 1. 16 0.125

5 A 2 2 1. 16 0.125

6 A 2 2 1. 14 0.143

U A 3 3 1. 14 0.214

3 A 3 2 1. 16 0.125

9 A 4 3 1. 16 0.188

10 A 4 3 1. 15 0.2

11 A 4 3 1. 15 0.2

12 A 3 3 1. 15 0.2

13 A 2 2 1. 13 0.154

14 A 4 4 1. 13 0.308

15 A 5 5 1. 15 0.333
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized - d
# | grade steps unique antiderivative 112?2?; %
used rules leaf size

16 A 6 6 1. 15 0.4
17 A 6 6 1. 15 0.4
18 A 5 5 1. 15 0.333
19 A 4 4 1. 15 0.267
20 A 2 2 1. 10 0.2
21 A 3 3 1. 15 0.2
29 A 4 3 1. 15 0.2
23 A 4 3 1. 15 0.2
24 A 7 7 1. 13 0.538
25 A 3 3 1. 10 0.3
26 A 3 2 1. 10 0.2
27 A 3 2 1. 10 0.2
28 A 4 3 1. 15 0.2
29 A 4 3 1. 15 0.2
30 A 3 3 1. 15 0.2
31 A 2 2 1. 13 0.154
32 A 4 4 1. 13 0.308
33 A 5 5 1. 15 0.333
34 A 6 6 1. 15 0.4
35 A 6 6 1. 15 0.4
36 A 5 5 1. 15 0.333
37 A 3 3 1. 15 0.2
38 A 2 2 1. 10 0.2
39 A 3 3 1. 15 0.2
40 A 4 3 1. 15 0.2
41 A 4 3 1. 15 0.2
49 A 4 4 1. 10 0.4
43 A 5 5 1. 10 0.5
44 A 2 2 1. 8 0.25
45 A 4 4 1. 8 0.5
46 A 5 5 1. 8 0.625
47 A 3 3 1. 12 0.25

Continued on next page
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Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size mtogrand leaf size
used rules leaf size

48 A 3 3 1. 10 0.3
49 A 4 4 1. 12 0.333
50 A 4 4 1. 10 0.4
51 A 3 3 1. 12 0.25
52 A 3 3 1. 10 0.3
53 A 4 4 1. 12 0.333
54 A 4 4 1. 10 0.4
55 A 1 1 1. 10 0.1
56 A 2 2 1. 12 0.167
57 A 2 2 1. 12 0.167
58 A 4 4 1. 10 0.4
59 A 6 6 1. 12 0.5
60 A 6 6 1. 12 0.5
61 A 1 1 1. 10 0.1
62 A 2 2 1. 12 0.167
63 A 2 2 1. 12 0.167
64 A 3 3 1. 10 0.3
65 A 4 4 1. 12 0.333
66 A 4 4 1. 12 0.333
67 A 2 2 1. 13 0.154
68 A 2 2 1. 21 0.095
69 A 2 2 1. 15 0.133
70 A 10 6 1. 10 0.6
71 A 4 3 1. 11 0.273
72 A 10 6 1. 8 0.75
73 A 3 3 1. 10 0.3
74 A 12 3 1. 10 0.3
75 A 7 3 1. 10 0.3
76 A 9 3 1. 10 0.3
77 A 12 3 1. 11 0.273
78 A 7 3 1. 11 0.273
79 A 9 3 1. 11 0.273

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?22? %
used rules leaf size

30 A 11 5 1. 8 0.625
81 A 7 3 1.24 8 0.375
32 A 9 3 1. 8 0.375
83 A 11 5 1. 10 0.5
84 A 8 6 1. 10 0.6
85 A 10 6 1. 10 0.6
86 A 4 4 1. 11 0.364
87 A 4 4 1. 15 0.267
88 A 5 5 1. 15 0.333
39 A 3 3 1. 15 0.2
90 A 3 3 1. 13 0.231
91 A 4 4 1. 15 0.267
92 A 11 10 1. 15 0.667
93 A 5 5 1. 15 0.333
94 A 4 4 1. 15 0.267
95 A 5 5 1. 15 0.333
96 A 4 4 1. 15 0.267
97 A 5 5 1. 15 0.333
98 A 4 4 1. 15 0.267
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Chapter 3

Listing of integrals

31 [0 gy

a—a cos2(x)

Optimal. Leaf size=33

3x sins(x) cos(x)  3sin(x) cos(x)
8a 4a 8a

[Out] (3*x)/(8%a) - (3*Cos[x]*Sin[x])/(8*a) - (Cos[x]*Sin[x]~3)/(4*a)

Rubi [A] time = 0.0524986, antiderivative size = 33, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 3, integrand size = 16, number of rules _

0.188, Rules used = {3175, 2635, 8}

integrand size

3x sins(x) cos(x)  3sin(x) cos(x)
8a 4a 8a

Antiderivative was successfully verified.

[In] Int[Sin[x]"6/(a - axCos[x]~2),x]
[Out] (3*x)/(8xa) - (3*Cos[x]*Sin[x])/(8*a) - (Cos[x]*Sin[x]~3)/(4*a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcosl[e + fxx]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
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}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2*n
]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

sin®(x) [ sin*(x) dx
f — > dx =
a — acos?(x) a
_ cos(x) sin®(x) 3 f sin?(x) dx
T 4a * 4a
_ 3cos(x)sin(x)  cos(x) sin®(x) 3 f 1dx
T 8a - 4a * 8a
_ 3x 3cos(x)sin(x) cos(x) sin®(x)
T 81 8a - 4a

Mathematica [A] time = 0.0042435, size = 26, normalized size = 0.79

3x 1 . 1 .
31 sin(2x) + > sin(4x)

a

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~6/(a - a*Cos[x]~2),x]

[Out] ((3*x)/8 - Sin[2*x]/4 + Sin[4x*x]/32)/a

Maple [A] time = 0.083, size = 42, normalized size = 1.3

5 (tan (x))3 3 tan (x) 3 arctan (tan (x))
- 2 2 2 2 8a
8a((tan (x))* +1)°  8a((tan (x))* +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~6/(a-a*cos(x)"2),x)

[Out] -5/8/a/(tan(x)"2+1) " 2%tan(x)~3-3/8/a/(tan(x)"2+1) "2xtan(x)+3/8/a*arctan(tan
(x))

Maxima [A] time = 1.42433, size = 50, normalized size = 1.52

5 tan (x)3 + 3 tan (x) N 3x
8 (a tan (¥)* + 2atan (x)% + a) 8a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~6/(a-a*cos(x)~2),x, algorithm="maxima"

[Out] -1/8*%(5*tan(x)~3 + 3*tan(x))/(axtan(x)"4 + 2*xaxtan(x)"2 + a) + 3/8%*x/a

Fricas [A] time = 1.89114, size = 62, normalized size = 1.88

(2 coS (x)3 -5 cos (x)) sin (x) + 3 x
8a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~6/(a-a*cos(x)~2),x, algorithm="fricas")

[Out] 1/8*((2*cos(x)”"3 - b*cos(x))*sin(x) + 3*x)/a

Sympy [B] time = 16.2315, size = 473, normalized size = 14.33

3x tan® (g) 12x tan® (g)
+

8atan® (g) + 32a tan® (g) + 48atan* (g) + 32a tan? (g) +8a 8atan® (g) + 32a tan® (g) + 48a tan* (g) + 32a tai

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)**6/(a-a*cos(x)**2),x)

[Out] 3*x*tan(x/2)**8/(8xaxtan(x/2)**8 + 32*xaxtan(x/2)**6 + 48*xaxtan(x/2)**4 + 32
*axtan(x/2)**2 + 8*a) + 12xxxtan(x/2)**6/(8*axtan(x/2)**8 + 32*axtan(x/2) **
6 + 48*axtan(x/2)**4 + 32xaxtan(x/2)**2 + 8*a) + 18*x*tan(x/2)**4/(8*axtan(
x/2)**8 + 32xaxtan(x/2)**6 + 48*axtan(x/2)*x4 + 32%axtan(x/2)**2 + 8*a) + 1
2kx*xtan (x/2) **2/ (8xa*xtan(x/2) **8 + 32*xaxtan(x/2)**6 + 48*xaxtan(x/2)**4 + 32
xaxtan (x/2)**2 + 8xa) + 3*x/(8xaxtan(x/2)**8 + 32*xaxtan(x/2)**6 + 48*xaxtan(
x/2)**x4 + 32xaxtan(x/2)**2 + 8*a) + 6xtan(x/2)**7/(8*a*tan(x/2)**8 + 32xaxt
an(x/2)**6 + 48*ax*tan(x/2)**4 + 32*axtan(x/2)**2 + 8*a) + 22xtan(x/2)**5/(8
*axtan(x/2)**8 + 32*xaxtan(x/2)**6 + 48*axtan(x/2)**4 + 32xaxtan(x/2)**2 + 8
*a) - 22*tan(x/2)**3/(8xaxtan(x/2)**8 + 32*ax*tan(x/2)**6 + 48*axtan(x/2)**4
+ 32*axtan(x/2)**2 + 8xa) - 6xtan(x/2)/(8xaxtan(x/2)**8 + 32*xaxtan(x/2)**6
+ 48*axtan(x/2)**4 + 32*a*tan(x/2)**2 + 8*a)

Giac [A] time = 1.1531, size = 42, normalized size = 1.27

3x 5tan (x)3 + 3 tan (x)
Q4 2
8a 8 (tan (x)2 + 1) a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~6/(a-a*cos(x)~2),x, algorithm="giac")

[Out] 3/8%x/a - 1/8%(5*xtan(x)”3 + 3xtan(x))/((tan(x)~2 + 1)~ 2%*a)
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32 | _S® g

a—a cos2(x)

Optimal. Leaf size=19

cos®(x) _ cos(x)

3a a

[Out] -(Cos[x]/a) + Cos[x]~3/(3*a)

Rubi [A] time = 0.0451872, antiderivative size = 19, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 16, number of rules _

integrand size
0.125, Rules used = {3175, 2633}

cos®(x) _ cos(x)

3a a

Antiderivative was successfully verified.

[In] Int[Sin[x]"5/(a - axCos[x]~2),x]
[Out] -(Cos[x]/a) + Cosl[x]~3/(3*a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)°((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
&& 1GtQ[(n - 1)/2, O]

Rubi steps
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f sin®(x) [ sin®(x) dx
S dx =
a — a cos?(x) a
Subst ( f (1 - xz) dx, x, COS(X))
a
_ cos(x) cos>(x)
T g * 3a

Mathematica [A] time = 0.0031018, size = 19, normalized size = 1.

3 cos(x)
4

1
o cos(3x) —

a

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~5/(a - a*Cos[x]~2),x]

[Out] ((-3*Cos[x])/4 + Cos[3*x]/12)/a

Maple [A] time = 0.018, size = 16, normalized size = 0.8

1 ((eos (x))’

. 3 — cos (x)]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~5/(a-a*xcos(x)~2),x)

[Out] 1/a*(1/3*cos(x) ~3-cos(x))

Maxima [A] time = 0.946388, size = 19, normalized size = 1.

cos (x)3 —3 cos (x)
3a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)~5/(a-a*cos(x)~2),x, algorithm="maxima")

[Out] 1/3*(cos(x)”3 - 3*cos(x))/a

Fricas [A] time = 1.73446, size = 39, normalized size = 2.05

Cos (x)3 -3 cos (x)
3a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~5/(a-a*cos(x)~2),x, algorithm="fricas")

[Out] 1/3*%(cos(x)"3 - 3*cos(x))/a

Sympy [B] time = 18.3349, size = 162, normalized size = 8.53

14 tan® (g) 42 tan* (;—C)
154 tan® (g) + 454 tan* (32—() + 454 tan? (32—() +15a ’ 154 tan® (32—() + 454 tan* (32—() + 454 tan? (;—C) +15a - 154 tan® (;—C)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**5/(a-a*cos(x)**2),x)

[Out] 14*tan(x/2)**6/(15*xa*xtan(x/2)**6 + 45*xaxtan(x/2)**4 + 45*axtan(x/2)**2 + 15
*a) + 42+tan(x/2)**4/(15*xaxtan(x/2)**6 + 45*axtan(x/2)**4 + 45xaxtan(x/2)**
2 + 15%a) - 18*tan(x/2)**2/(15*a*xtan(x/2)**6 + 45*xaxtan(x/2)**4 + 45*xaxtan(
x/2)**%2 + 15%a) - 6/(15%axtan(x/2)**6 + 4bxaxtan(x/2)**4 + 45*xaxtan(x/2)**2

+ 15%a)

Giac [A] time = 1.11841, size = 19, normalized size = 1.

Cos (x)3 -3 cos (x)
3a

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sin(x)~5/(a-a*cos(x)~2),x, algorithm="giac")

[Out] 1/3*(cos(x)"3 - 3*cos(x))/a

50
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33  [nW gy

a—a cosZ(x)

Optimal. Leaf size=20

x  sin(x)cos(x)
2a 2a

[Out] x/(2*xa) - (Cos[x]*Sin[x])/(2x*a)

Rubi [A] time = 0.0452092, antiderivative size = 20, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 16, e -

0.188, Rules used = {3175, 2635, 8}

integrand size

x  sin(x)cos(x)
2a 2a
Antiderivative was successfully verified.

[In] Int[Sin[x]~4/(a - a*xCos[x]~2),x]
[Out] x/(2*a) - (Cos[x]*Sin[x])/(2x*a)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a"p, Int[ActivateTriglu*cosle + f*x]1~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] & EqQla + b, 0] && IntegerQ[p]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Ix(b*Sinf[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, ¢, d}, x] && GtQ[n, 1] && IntegerQ[2*n
]

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps



fa sin®(x) e [ sin®(x) dx

—acos?(x) a
_ _ cos(x) sin(x) N f 1dx
2a 2a
_x cos(x)sin(x)
T 20 2a

Mathematica [A] time = 0.0027754, size = 18, normalized size = 0.9

sin(2x)

NN

X
2
a

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~4/(a - axCos[x]~2),x]

[Out] (x/2 - Sin[2*x]/4)/a

52

Maple [A] time = 0.022, size = 25, normalized size = 1.3

tan (x) arctan (tan (x))
+
2a ((tan (x))* + 1) 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(a-axcos(x)~2),x)

[Out] -1/2/a*tan(x)/(tan(x)"2+1)+1/2/a*arctan(tan(x))

Maxima [A] time = 1.45167, size = 28, normalized size = 1.4

X tan (x)
2a 2 (a tan (x)* + a)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)~4/(a-a*xcos(x)~2),x, algorithm="maxima")

[Out] 1/2*x/a - 1/2%tan(x)/(a*xtan(x)”2 + a)

Fricas [A] time = 1.7447, size = 38, normalized size = 1.9

cos (x) sin (x) — x
- 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(a-a*xcos(x)~2),x, algorithm="fricas")

[Out] -1/2*%(cos(x)*sin(x) - x)/a

Sympy [B] time = 4.43492, size = 153, normalized size = 7.65

x tan* (;) 2x tan? (g) X 2tan
2atan* (g) + 4atan® (;—C) +2a 2atan (g) + 4atan® (g) + 2a * 2a tan* (g) + 4atan® (g) + 2a * 2a tan* (g) + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**4/(a-a*xcos(x)**2),x)

[Out] x*tan(x/2)**4/(2*xaxtan(x/2)**4 + 4*xaxtan(x/2)**2 + 2¥a) + 2*xxtan(x/2)**2/(
2%xaxtan(x/2) **4 + 4dxaxtan(x/2)**2 + 2*a) + x/(2*a*tan(x/2)**4 + 4xaxtan(x/2

Y*xx2 + 2%a) + 2%tan(x/2)**3/(2*xaxtan(x/2)**4 + 4*xa*xtan(x/2)**2 + 2%a) — 2%t
an(x/2)/(2xaxtan(x/2) **4 + 4*xaxtan(x/2)**2 + 2%a)

Giac [A] time = 1.13313, size = 30, normalized size = 1.5

X tan (x)
2a 2 (tan (x)* + 1)a

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sin(x)~4/(a-a*cos(x)~2),x, algorithm="giac")

[Out] 1/2*x/a - 1/2%tan(x)/((tan(x)"2 + 1)*a)
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-3
34  [ZY_gy
) a—a cos?(x)
Optimal. Leaf size=7

cos(x)

[Out] -(Cos[x]/a)

Rubi [A] time = 0.0413498, antiderivative size = 7, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 16, e e .

0.125, Rules used = {3175, 2638}

integrand size

cos(x)

a

Antiderivative was successfully verified.

[In] Int[Sin[x]~3/(a - a*xCos[x]~2),x]
[Out] -(Cos[x]/a)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] & EqQ[a + b, 0] && IntegerQ[p]

Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol]l :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, xI]

Rubi steps

f sin3(x2) i = f sin(x) dx
a — a cos?(x) a
cos(x)

a
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Mathematica [A] time = 0.0020658, size = 7, normalized size = 1.

cos(x)
a

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~3/(a - ax*xCos[x]~2),x]

[Out] -(Cos[x]/a)

Maple [A] time = 0.015, size = 8, normalized size = 1.1

cos (x)

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(a-a*cos(x)~2),x)

[Out] -cos(x)/a

Maxima [A] time = 0.945899, size = 9, normalized size = 1.29

cos (x)
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(a-a*xcos(x)~2),x, algorithm="maxima")

[Out] -cos(x)/a

Fricas [A] time = 1.85319, size = 15, normalized size = 2.14

cos (x)
a

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sin(x)~3/(a-a*xcos(x)~2),x, algorithm="fricas")

[Out] -cos(x)/a
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Sympy [B] time = 2.00868, size = 36, normalized size = 5.14

2 tan? (g) 4
3atan? (g) + 3a - 3atan? (g) + 3a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**3/(a-a*cos(x)**2),x)

[Out] 2*tan(x/2)**2/(3*a*xtan(x/2)**2 + 3*a) - 4/(3xaxtan(x/2)**2 + 3%*a)

Giac [A] time = 1.12301, size = 9, normalized size = 1.29

cos (x)
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(a-a*cos(x)~2),x, algorithm="giac")

[Out] -cos(x)/a
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35 S g

a—a cos2(x)

Optimal. Leaf size=5

QxR

[Out] x/a

Rubi [A] time = 0.0402654, antiderivative size = 5, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 16, e -

0.125, Rules used = {3175, 8}

integrand size

SRS

Antiderivative was successfully verified.

[In] Int[Sin[x]"2/(a - a*Cos([x]"2),x]

[Out] x/a

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[

a"p, Int[ActivateTriglu*xcosl[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] &% EqQla + b, 0] &% IntegerQ[p]

Rule 8
Int[a_, x_Symbol]l :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

in’ 1d
f sin”(x) gy = f x
a — acos?(x) a

Q=
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Mathematica [A] time = 0.0007132, size = 5, normalized size = 1.

X

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~2/(a - a*Cos[x]~2),x]

[Out] x/a

Maple [C] time = 0.022, size = 8, normalized size = 1.6

arctan (tan (x))
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~2/(a-a*cos(x)"2),x)

[Out] 1/axarctan(tan(x))

Maxima [A] time = 1.41437, size = 7, normalized size = 1.4

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(a-a*cos(x)~2),x, algorithm="maxima"

[Out] x/a

Fricas [A] time = 1.91557, size = 7, normalized size = 1.4

X

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sin(x)~2/(a-a*cos(x)~2),x, algorithm="fricas")

[Out] x/a
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Sympy [A] time = 0.998404, size = 2, normalized size = 0.4

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**2/(a-a*cos(x)**2),x)

[Out] x/a

Giac [A] time = 1.17127, size = 7, normalized size = 1.4

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(a-a*cos(x)~2),x, algorithm="giac")

[Out] x/a
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3.6 [ gy

a—a cosZ(x)

Optimal. Leaf size=8

_tanh_l(cos(x))
a

[Out] -(ArcTanh[Cos[x]]/a)

Rubi [A] time = 0.0249527, antiderivative size = 8, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 14, e/

integrand size
0.143, Rules used = {3175, 3770}

~ tanh_l(cos(x))
a

Antiderivative was successfully verified.

[In] Int[Sin[x]/(a - a*Cos[x]~2),x]
[Out] -(ArcTanh[Cos([x]]/a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] & EqQ[a + b, 0] && IntegerQ[p]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

f sin(x)2 e [ esc(x) dx
a — acos?(x) a
3 _tanh_l(cos(x))

a



Mathematica [B] time = 0.0067421, size = 21, normalized size = 2.62

log (sin (5)) - log (cos (3))

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(a - axCos[x]~2),x]

[Out] (-LoglCos[x/2]] + Logl[Sin[x/2]]1)/a

Maple [A] time = 0.014, size = 9, normalized size = 1.1

~ Artanh (cos (x))
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(a-a*cos(x)"2),x)

[Out] -arctanh(cos(x))/a

Maxima [B] time = 0.952486, size = 28, normalized size = 3.5

log (cos (x) +1) log(cos (x) —1)
- 2a - 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a-a*cos(x)~2),x, algorithm="maxima")

[Out] -1/2%log(cos(x) + 1)/a + 1/2xlog(cos(x) - 1)/a

Fricas [B] time = 2.01169, size = 77, normalized size = 9.62

log (% cos (x) + %) —log (—% cos (x) + %)
- 2a




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a-a*cos(x)~2),x, algorithm="fricas")

[Out] -1/2%(log(1/2*cos(x) + 1/2) - log(-1/2*cos(x) + 1/2))/a
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Sympy [B] time = 0.264378, size = 19, normalized size = 2.38

log(cos(x) —1) log(cos(x)+1)
2a - 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a-a*cos(x)**2),x)

[Out] log(cos(x) - 1)/(2*a) - log(cos(x) + 1)/(2x*a)

Giac [B] time = 1.16478, size = 31, normalized size = 3.88

log (cos(x) +1) log(—cos(x)+1)
- 2a " 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a-a*cos(x)~2),x, algorithm="giac")

[Out] -1/2xlog(cos(x) + 1)/a + 1/2xlog(-cos(x) + 1)/a
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) a—a cosZ(x)

Optimal. Leaf size=22

tanh_l(cos(x)) cot(x) csc(x)
- 2a - 2a

[Out] -ArcTanh[Cos[x]]/(2%a) - (Cot[x]*Cscl[x])/(2xa)

Rubi [A] time = 0.0439701, antiderivative size = 22, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 14, i L

integrand size
0.214, Rules used = {3175, 3768, 3770}

tanh_l(cos(x)) cot(x) csc(x)
- 2a - 2a

Antiderivative was successfully verified.

[In] Int[Csc[x]/(a - ax*Cos[x]~2),x]
[Out] -ArcTanh([Cos[x]]/(2*a) - (Cot[x]*Csc[x])/(2x*a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTriglu*cos[e + f*x]~(2xp)], x]1, x] /; FreeQ[{a, b, e, f, p
}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
1% (b*Csclc + d*x])~(n - 1))/(d*x(n - 1)), x] + Dist[(b"2%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2+*n]

Rule 3770
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f esc(x) e [ escd(x) dx

a — acos?(x) a
B _cot(x) csc(x) N f csc(x) dx
2a 2a
_ tanh_l(cos(x)) cot(x) csc(x)
T 2a - 2a

Mathematica [B] time = 0.0079475, size = 51, normalized size = 2.32

X

st (3) oot (2) + o sin(3) - o eos 3)

a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]/(a - a*Cos[x]~2),x]

[Out] (-Csc[x/2]72/8 - LoglCos[x/2]]/2 + Logl[Sin[x/2]]1/2 + Sec[x/2]72/8)/a

Maple [B] time = 0.034, size = 44, normalized size = 2.

1 In (1 + cos (x)) 1 In (cos (x) —1)
4a(1+cos(x))_ 4a +4a(cos(x)—1) 4a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)/(a-a*xcos(x)~2),x)

[Out] 1/4/a/(1+cos(x))-1/4/a*x1n(1+cos(x))+1/4/a/(cos(x)-1)+1/4/a*1ln(cos(x)-1)

Maxima [B] time = 0.948883, size = 50, normalized size = 2.27

cos (x) ~ log (cos (x) +1) N log (cos (x) —1)
Z(a cos (x)z—a) da 4q

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(x)/(a-axcos(x)~2),x, algorithm="maxima")

[Out] 1/2%cos(x)/(a*cos(x)"2 - a) - 1/4xlog(cos(x) + 1)/a + 1/4xlog(cos(x) - 1)/a

Fricas [B] time = 1.89224, size = 153, normalized size = 6.95

(cos (x)2 - 1) log (% cos (x) + %) - (cos (x)2 - 1) log (—% cos (x) + %) -2 cos (x)

4 (a cos (x)2 - a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(a-a*cos(x)~2),x, algorithm="fricas")

[Out] -1/4%((cos(x)"2 - 1)*log(1l/2xcos(x) + 1/2) - (cos(x)"2 - 1)*log(-1/2*cos(x)
+ 1/2) - 2xcos(x))/(a*cos(x)72 - a)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc (x)
_f cos? (x)-1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(a-a*cos(x)**2),x)

[Out] -Integral(csc(x)/(cos(x)**2 - 1), x)/a

Giac [B] time = 1.15986, size = 51, normalized size = 2.32

_log (cos(x)+1) N log (- cos (x) +1) N cos (x)
4a 4a 2(cos (x)* —1)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(a-a*cos(x)~2),x, algorithm="giac")
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[Out] -1/4xlog(cos(x) + 1)/a + 1/4xlog(-cos(x) + 1)/a + 1/2%cos(x)/((cos(x)"2 - 1
)*a)
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csc?(x)
38 [———dx

a—a cosZ(x)

Optimal. Leaf size=19

_cots(x) ~ cot(x)

3a a

[Out] -(Cot[x]/a) - Cot[x]~3/(3*a)

Rubi [A] time = 0.0477914, antiderivative size = 19, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 16, number of rules _

integrand size
0.125, Rules used = {3175, 3767}

_cots(x) ~ cot(x)

3a a

Antiderivative was successfully verified.

[In] Int[Csc[x]"2/(a - a*xCos[x]~2),x]
[Out] -(Cot[x]/a) - Cot[x]~3/(3*a)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcosl[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] &% EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_ ), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps



f csc?(x) e [ esct(x) dx

a — acos?(x) a
Subst (f (1 + xz) dx, x, cot(x))
a
_ cot(x) cot(x)
a 3a

Mathematica [A] time = 0.0032647, size = 21, normalized size = 1.11

—ZCOTt(x) - % cot(x) csc?(x)

a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~2/(a - a*Cos[x]~2),x]

[Out] ((-2*Cot[x])/3 - (Cot[x]*Csc[x]~2)/3)/a
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Maple [A] time = 0.03, size = 18, normalized size = 1.

1 1

7 (_3 (tan (¥)° (tan (x))_l)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(a-a*xcos(x)~2),x)

[Out] 1/a*(-1/3/tan(x) ~3-1/tan(x))

Maxima [A] time = 0.941513, size = 23, normalized size = 1.21

3 tan (x)2 +1

3atan (x)3

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(csc(x)~2/(a-a*xcos(x)~2),x, algorithm="maxima")

[Out] -1/3*%(3*tan(x)"2 + 1)/(axtan(x)~3)
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Fricas [A] time = 1.82509, size = 76, normalized size = 4.

2 cos (x)3 -3 cos(x)

_3 (a cos (x)2 - a) sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(a-a*xcos(x)~2),x, algorithm="fricas")

[Out] -1/3%(2*cos(x)~3 - 3*cos(x))/((a*xcos(x)"2 - a)*sin(x))

Sympy [F] time = 0., size = 0, normalized size = 0.

csc? (x)
f cos? (x)-1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(a-a*cos(x)**2),x)

[Out] -Integral(csc(x)**2/(cos(x)**2 - 1), x)/a

Giac [A] time = 1.17476, size = 23, normalized size = 1.21

3 tan (x)2 +1

3atan (x)3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(a-a*cos(x)~2),x, algorithm="giac")

[Out] -1/3*(3*tan(x)"2 + 1)/(a*xtan(x)~3)
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39 [—=W g

a—a cosZ(x)
Optimal. Leaf size=35

_3 tanh_l(cos(x)) _ cot(x) csc3(x) _ 3 cot(x) csc(x)
8a 4a 8a

[Out] (-3*%ArcTanh[Cos[x]])/(8*%a) - (3*Cot[x]*Cscl[x])/(8%a) - (Cot[x]*Csc[x]"3)/(4
*a)

Rubi [A] time = 0.0551938, antiderivative size = 35, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 16, e -

0.188, Rules used = {3175, 3768, 3770}

integrand size

Stanh_l(cos(x)) cot(x)csc(x) 3 cot(x) csc(x)
- 8a - 4a B 8a

Antiderivative was successfully verified.

[In] Int[Csc[x]~3/(a - a*Cos[x]"2),x]

[Out] (-3*ArcTanh[Cos[x]])/(8*%a) - (3*Cot[x]*Csc[x])/(8*%a) - (Cot[x]*Csc[x]~3)/(4
*a)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)]172)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTriglu*cos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] & EqQ[a + b, 0] && IntegerQ[p]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2x*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQl{c, d}, x]
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Rubi steps

f csc3(x) e [ esc®(x) dx

a—acos2(x) a
_ cot(x) csc®(x) s 3 [ escd(x) dx
4a 4a
_ 3cot(x) cse(x)  cot(x) csc3(x) N 3 f csc(x) dx
8a 4a 8a
Btanh_l(cos(x)) 3 cot(x)cse(x)  cot(x) esc3(x)
T 8a - 8a - 4a

Mathematica [B] time = 0.0062478, size = 75, normalized size = 2.14

¢! (5) = 55 056 (5) + g see (5) + 5550 (5) + 5 o sin () ~ o (c0s (5))

a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~3/(a - axCos[x]~2),x]

[Out] ((-3x%Csc[x/2]172)/32 - Csc[x/2]74/64 - (3*Logl[Cos[x/2]11)/8 + (3*Logl[Sin[x/2]
1)/8 + (3%Sec[x/2]72)/32 + Sec[x/2]74/64)/a

Maple [B] time = 0.037, size = 66, normalized size = 1.9

1 N 3 3 In (1 + cos (x)) B 1 N 3 N 3 In(cos(x)—1)
16a(1 +cos(x))*> 16a(l + cos(x)) 16a 16a(cos (x) —=1)>  16a(cos(x) -1) 16a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~3/(a-a*cos(x)~2),x)

[Out] 1/16/a/(1+cos(x))~2+3/16/a/(1+cos(x))-3/16/a*x1ln(1+cos(x))-1/16/a/(cos(x)-1)
~2+3/16/a/(cos(x)-1)+3/16/a*x1n(cos(x)-1)
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Maxima [A] time = 0.95155, size = 69, normalized size = 1.97

3 cos (x)3 -5 cos (x) ~ 3 log (cos (x) +1) N 3 log (cos (x) — 1)
8({1 cos (x)* = 2a cos (x)* + a) 16a 16a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(a-a*cos(x)72),x, algorithm="maxima")

[Out] 1/8%(3*cos(x)~3 - b*cos(x))/(a*xcos(x)~4 - 2%a*xcos(x)"2 + a) - 3/16xlog(cos(
x) + 1)/a + 3/16*log(cos(x) - 1)/a

Fricas [B] time = 1.97039, size = 232, normalized size = 6.63

6 cos (x)3 -3 (cos (x)4 —2 cos (x)2 + 1) log (% cos (x) + %) +3 (cos (x)4 —2 cos (x)2 + 1) log (—% cos (x) + %) -10c

16 (a cos (x)4 —2acos (x)2 + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(a-a*xcos(x)~2),x, algorithm="fricas")

[Out] 1/16%(6*%cos(x)~3 - 3*(cos(x)"4 - 2*xcos(x)"2 + 1)xlog(l/2xcos(x) + 1/2) + 3%
(cos(x)74 - 2xcos(x)”2 + 1)*log(-1/2xcos(x) + 1/2) - 10*cos(x))/(a*cos(x)"4
- 2xaxcos(x)"2 + a)

Sympy [F] time = 0., size = 0, normalized size = 0.

csc (x)
_f cos? (x)-1 dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**3/(a-a*cos(x)**2),x)

[Out] -Integral(csc(x)**3/(cos(x)**2 - 1), x)/a
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Giac [A] time = 1.12851, size = 63, normalized size = 1.8

3 log (cos (x) +1) N 3 log(—cos(x)+1) N 3 cos (x)3 -5 cos (x)
164 16a 8 (COS (x)2 - 1)2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(a-a*cos(x)72),x, algorithm="giac")

[Out] -3/16%log(cos(x) + 1)/a + 3/16*log(-cos(x) + 1)/a + 1/8%(3*cos(x)”3 - 5*cos
(x))/((cos(x)72 - 1)72%a)
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310  [nW gy

a+b cos?(x)

Optimal. Leaf size=78

_ \/Ecosx
(2 + 3ab + 31) cos(¥)  (a+3b)cosd(y) @+ D) tan”! (*52) o

Iz 312 Jab’2 50

[Out] -(((a + b)~3xArcTan[(Sqrt[bl*Cos[x])/Sqrtlall)/(Sqrtlal*b~(7/2))) + ((a"2 +
3xaxb + 3*b~2)*Cos[x])/b"3 - ((a + 3*b)*Cos[x]~3)/(3*b"2) + Cos[x]~5/(5%b)

Rubi [A] time = 0.0903888, antiderivative size = 78, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e e e

0.2, Rules used = {3190, 390, 205}

integrand size

_ \/_cosx
(4% +3ab+317) cos(x) (a+3b)cosdx) (@+D]tan (=) o

Iz 312 N 50

Antiderivative was successfully verified.

[In] Int[Sin[x]"7/(a + bxCos[x]~2),x]

[Out] -(((a + b)~3*ArcTan[(Sqrt[b]l*Cos[x])/Sqrtlall)/(Sqrtlal*b~(7/2))) + ((a"2 +
3xaxb + 3*b72)*Cos[x])/b~3 - ((a + 3*b)*Cos[x]~3)/(3*b~2) + Cos[x]~5/(5%*b)

Rule 3190

Int[cos[(e_.) + (f£_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72%x72)"((m - 1)/2)*(a + b*ff72*x~2)"p, x], x, Sin[e + fx*x]/
ff], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

.7 — 42 3
fﬂdx:—Subst [f (611 x) dx,x,cos(x)]

a + b cos?(x) + bx?

a® +3ab+ 30> (a+3b)x*> x* a®+3a’b+3ab® + b3
= — Subst f - + -—+ dx, x, cos(x)
b b2 b b3 (a + bxz)

1
_ (a2 + 3ab + 3b%) cos(x) ~(a+3b) cos’(x) . cos’(x) (@ + b)® Subst (f — 5 dx,x, COS(X))
- b3 31?2 5b b3
3 -1 \/Ecos(x)
B _(a +b)” tan ( Va ) N (512 +3ab + 3172) cos(x) _(a+3Db) cos’(x)  cos’(x)
B \ab72 b3 302 5b

Mathematica [A] time = 0.24336, size = 143, normalized size = 1.83

B \/E—\/a+btan(z) B \/a+btan(f)+\/z

3 1 2 3 1 2

(8a2 + 22ab + 19b2) cos(x) (40 +9b) cos(3x) (a + D)’ tan (—\/E ) . (a+ b)® tan ( 7 :
8b3 48h2 \/Ebm \/Ebm

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~7/(a + bxCos[x]~2),x]

[Out] -(((a + b)~3*ArcTan[(Sqrt[b] - Sqrtl[a + bl*Tan[x/2])/Sqrtlal]l)/(Sqrt[al*b~(
7/2))) - ((a + b)"3*ArcTan[(Sqrt[b] + Sqrtl[a + b]*Tan[x/2])/Sqrtl[all)/(Sqrt
[al*b~(7/2)) + ((8*%a”2 + 22xa*xb + 19%b~2)*Cos[x])/(8%b"3) - ((4xa + 9xb)*Co
s[3*x])/(48xb~2) + Cos[5*x]/(80%b)

Maple [B] time = 0.024, size = 138, normalized size = 1.8

5 3 3
(cos (x)) _ (cos(x)) a ~ (cos (x)) N a? cos (x) 43 acos (x) 43 cos (x) _ f arctan (b cos (x)

5b 312 b b3 b? b b3

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sin(x)~7/(a+b*cos(x)”"2),x)

[Out] 1/5*cos(x)~5/b-1/3/b"2*cos(x) "3*a-cos(x)~3/b+1/b"3*a"2*cos(x)+3/b"2*xa*cos(x
)+3*cos (x) /b-1/b"3/(axb) " (1/2)*arctan (b*cos (x)/(a*b) ~(1/2))*a~3-3/b"2/ (a*b)

~(1/2) *arctan(b*cos(x)/(axb)~(1/2))*a"2-3/b/(axb) "~ (1/2)*arctan (b*cos (x) / (ax*
b)~(1/2))*a-1/(axb)~(1/2)*arctan(b*cos(x)/(axb)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~7/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.08668, size = 547, normalized size = 7.01

()2 _ S(x)—
_bcos(x) +2 mcos(x) u) +30 (d3b n

b cos(x)2+a

6 ab cos (x)° - 10 (azbz +3 ab3) cos (x)° - 15 (a3 +3a%b +3ab* + b3)\/—ab log (
30 ab*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~7/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/30*(6*a*xb~3*cos(x)~5 - 10*(a”2*xb~2 + 3*a*b~3)*cos(x)~3 - 16%(a”3 + 3*a”2
xb + 3*a*b”2 + b~3)*sqrt(-axb)*log(-(b*cos(x)~2 + 2*sqrt(-axb)*cos(x) - a)/
(b*cos(x)"2 + a)) + 30%(a”~3%b + 3*a"2%xb~2 + 3*xaxb”3)*cos(x))/(axb”4), 1/15%
(3*xaxb~3*cos(x)”"5 - 5*x(a”2*b”2 + 3*axb”3)*cos(x)"3 - 156*%(a”3 + 3*a”2%b + 3%
axb”2 + b~3)*sqrt(axb)*arctan(sqrt(axb)*cos(x)/a) + 15%(a"3*b + 3*a"2xb"2 +
3*xa*xb~3)*cos(x))/(a*xb”4)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**7/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.14163, size = 134, normalized size = 1.72

3 2 2 3 b cos(x)
(a +3a°b+3ab”+b ) arctan ( Vb ) N 3b cos (x)° = 5ab? cos (x)° = 15b% cos (x)° + 15 a2b2 cos (x) + 45 ab® cos
Vabb3 1565

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~7/(atbxcos(x)~2),x, algorithm="giac")

[Out] -(a”3 + 3*%a~2*b + 3*axb”2 + b~3)*arctan(bxcos(x)/sqrt(axb))/(sqrt(axb)*b~3)
+ 1/15%(3%b"4*cos(x)"5 - Bxa*xb~3*xcos(x)”"3 - 15xb~4*xcos(x)”3 + 15%xa~2%xb~2x*c
os(x) + 45%axb~3*xcos(x) + 45%b~4*cos(x))/b”5
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311 MW gy

a+b cos?(x)

Optimal. Leaf size=54

_ \/Ecos(x)
(a +2b) cos(x) (a+b)* tan™! ( va ) _ cos®(x)

P2 abo2 3b

[Out] -(((a + b)"2xArcTan[(Sqrt[b]*Cos[x])/Sqrtlal]l)/(Sqrtlal*b~(5/2))) + ((a + 2
*b) *Cos [x])/b~2 - Cos[x]~3/(3*b)

Rubi [A] time = 0.0726949, antiderivative size = 54, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e e e

0.2, Rules used = {3190, 390, 205}

integrand size

_ \/Ecos(x)
(a +2b) cos(x) (a+b)* tan™! ( va ) ~ cos®(x)

2 a2 3b

Antiderivative was successfully verified.

[In] Int[Sin[x]"5/(a + bx*Cos[x]~2),x]

[Out] -(((a + b)~2xArcTan[(Sqrt[b]l*Cos[x])/Sqrtlall)/(Sqrtlal*b~(5/2))) + ((a + 2
*b) *Cos [x])/b~2 - Cos[x]~3/(3*b)

Rule 3190

Int[cos[(e_.) + (f£_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72%x72)"((m - 1)/2)*(a + b*ff72*x~2)"p, x], x, Sin[e + fx*x]/
ff], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

. 5 — 42 2
IL(x)dx: — Subst [f (i x) dx,x,cos(x)J

a+ b cos?(x) + bx?

2b 2 2 4+ 2ab + b?
= —Subst f —% + X yromrr dx, x, cos(x)
b b p2 (a + bxz)

1
_ (a+2b)cos(x) cos®(x) ~ (a+ b)* Subst (f —Z 4%, X, COS(x))
- b 3b 12
-1 \/Ecos(x)
_ (a +b)*tan ( \a ) (a+2b)cos(x) cos’(x)
) Vab™2 b 3b

Mathematica [B] time = 0.16841, size = 116, normalized size = 2.15

Vb—Vatbtan(3 Varbtan(X)svh
12(a+b)? tan_l[+(2)] 12(a+b)2tan_1(—Jr ’ \/E(Z)Jr ]

3\/5(401 + 7b) cos(x) — NG - Va
12552

— b¥2 cos(3x)

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~5/(a + bx*Cos[x]~2),x]

[Out] ((-12*(a + b)~2*ArcTan[(Sqrt[b] - Sqrtl[a + bl*Tan[x/2])/Sqrtl[all)/Sqrtlal -
(12%(a + b)"2*ArcTan[(Sqrt[b] + Sqrt[a + b]*Tan[x/2])/Sqrtl[all)/Sqrt[al +
3xSqrt [b] *(4*a + 7*b)*Cos[x] - b~ (3/2)*Cos[3*x])/(12xb~(5/2))

Maple [A] time = 0.019, size = 86, normalized size = 1.6

(cos (x))°  acos () cos(x) a? ( 1 ) 1 a (b COS (x)) (
- + +2 — — arctan | b cos (x) -2 arctan —arctan | b cos (x) —
3b b? b b Vab/ Vab bvab Vab \

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sin(x)~5/(a+b*cos(x)~2),x)

[Out] -1/3*cos(x)”~3/b+1/b " 2*a*xcos(x)+2*cos(x)/b-1/b"2/(axb) " (1/2)*arctan(b*cos (x)
/(axb)~(1/2))*a"2-2/b/(axb) ~(1/2) *arctan(bxcos(x)/(axb) ~(1/2))*a-1/(axb) "~ (1
/2)*xarctan(bxcos(x)/(axb)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~5/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time =1.77727, size = 383, normalized size = 7.09

()2 aD A/ S(x)—
2ab? cos (x)° + 3 (az +2ab+ bz)\/—ab log (—bCOb(x) 2 Zb costz) a) -6 (azb +2 abZ) cos(x) ab?cos(x)® +3 (az -
_ bcos(x) +a _

6 abd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~5/(atbxcos(x)~2),x, algorithm="fricas")

[Out] [-1/6%(2*a*b~2*cos(x)"3 + 3*(a”2 + 2*axb + b~2)*sqrt(-a*xb)*log(-(b*cos(x) "2
+ 2*sqrt(-axb)*cos(x) - a)/(b*cos(x)"2 + a)) - 6%x(a"2%b + 2%a*xb~2)*cos(x))
/(axb~3), -1/3*(axb”2*cos(x)”3 + 3x(a”2 + 2*a*b + b~2)*sqrt(axb)*arctan(sqr
t(a*xb)*cos(x)/a) - 3*(a”2%b + 2*axb~2)*cos(x))/(a*b™3)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)**5/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.12684, size = 80, normalized size = 1.48

b cos(x)

2 2
i (a +2ab+b ) arctan (W) B b2 cos (x)° = 3ab cos (x) — 6 b2 cos (x)

\abb? 353

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~5/(atb*cos(x)~2),x, algorithm="giac")

[Out] -(a”2 + 2*a*b + b~2)*arctan(b*cos(x)/sqrt(axb))/(sqrt(a*xb)*b~2) - 1/3*(b"2x*
cos(x)73 - 3*axb*cos(x) - 6xb~2xcos(x))/b~3



83

312 MW gy

a+b cos?(x)

Optimal. Leaf size=36

Vb cos(x) )

cos() @+ B)tan” ( =

b \/E p3/2

[Out] -(((a + b)*ArcTan[(Sqrt[b]*Cos[x])/Sqrtlall)/(Sqrtlal*b~(3/2))) + Cosl[x]/b

Rubi [A] time = 0.0531164, antiderivative size = 36, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e -

integrand size
0.2, Rules used = {3190, 388, 205}

b \/E B32

Antiderivative was successfully verified.

[In] Int[Sin[x]~3/(a + b*Cos[x]~2),x]

[Out] -(((a + b)*ArcTan[(Sqrt[b]*Cos[x])/Sqrtl[al])/(Sqrtlal*b~(3/2))) + Cos[x]/b

Rule 3190

Int[cos[(e_.) + (£_D)*(x_)]1 " (m_.)*x((a_) + (b_.)*sinl[(e_.) + (f_.)*x(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + b*xff~2*x"2)"p, x], x, Sinl[e + f*x]/
ff], x]] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 388

Int[((a_) + (b_)*x )" (@ )" (p_)*((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1)/ (bx(ax(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - a*xd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

2

.3
sin”(x) _ 1—y
f 2+ boo() dx = —Subst (f e dx, x, cos(x))

(a + b) Subst (f @ dx, x, cos(x))

_ cos(x) ~
b b
_1 (Vb cos(x)
~ (ﬂ + b) tan 1 ( \/E ) COS(X)
= - N =

Mathematica [B] time = 0.161007, size = 90, normalized size = 2.5

Vavhb cos(x) - (a+ b) tan™ (@) ~(a+b)tan™! (—mta}f%w)

\/E B3/2

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~3/(a + b*Cos[x]~2),x]

[Out] (-((a + b)*ArcTan[(Sqrt[b] - Sqrtla + b]*Tan[x/2])/Sqrtl[al]) - (a + b)*ArcT
an[(Sqrt[b] + Sqrtl[a + b]*Tan[x/2])/Sqrtlal] + Sqrt[al*Sqrt[b]*Cos[x])/(Sqr

t[al*b~(3/2))

Maple [A] time = 0.017, size = 46, normalized size = 1.3

— —arctan

b b

cos(x) a (

1 1 1 1
b cos (x) —) —— —arctan (b cos (x) —) —
Vab/ Vab Vab/ Vab
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(a+b*cos(x)"2),x)

[Out] cos(x)/b-1/b/(axb)”~(1/2)*arctan(b*cos(x)/(axb)~(1/2))*a-1/(axb)~(1/2)*arcta
n(b*cos(x)/(a*b)~(1/2))
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(a+b*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.745006, size = 248, normalized size = 6.89

2
2abcos (x) — V-ab(a + b) log (— bcos(x)b+2 ﬁcos(x)_u) ab cos (x) — Vab(a + b) arctan (—\@ (;OS("))
cos(x a
2 ab? ¢ b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/2x(2*axb*cos(x) - sqrt(-a*b)*(a + b)*log(-(b*cos(x)~2 + 2*sqrt(-axb)*cos
(x) - a)/(b*cos(x)"2 + a)))/(axb”2), (axb*cos(x) - sqrt(a*b)*(a + b)*arctan
(sqrt(axb)*cos(x)/a))/(a*b~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**3/(atb*cos(x)**2),x)

[Out] Timed out




Giac [A] time = 1.12843, size = 41, normalized size = 1.14

bcos(x)

_(a+b)arctan( N ) . cos (x)
abb b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*cos(x)~2),x, algorithm="giac")

[Out] -(a + b)*arctan(b*cos(x)/sqrt(axb))/(sqrt(a*xb)*b) + cos(x)/b

86
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313 [y

a+b cos2(x)

Optimal. Leaf size=26

-1 \/l;cos(x)
tan”? ()

Vavb

[Out] -(ArcTan[(Sqrt[b]*Cos[x])/Sqrt[all/(Sqrt[al*Sqrt[b]l))

Rubi [A] time = 0.0272752, antiderivative size = 26, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 13, e -

integrand size
0.154, Rules used = {3190, 205}

-1 \/Ecos(x)
L

Vavb

Antiderivative was successfully verified.

[In] Int[Sin[x]/(a + b*Cos[x]~2),x]
[Out] -(ArcTan[(Sqrt[b]*Cos[x])/Sqrtl[all/(Sqrt[al*Sqrt([bl))

Rule 3190

Int[cos[(e_.) + (f_)*(x_ )] " (m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + b*xff~2*x"2)"p, x], x, Sinl[e + f*x]/
ff], x]] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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sin(x) _ 1
f 7+ boo(x) dx = —Subst (f P dx, x, cos(x))
-1 \/Ecos(x)
(%)
Vavb

tan

Mathematica [A] time = 0.0192716, size = 26, normalized size = 1.
1 (\/Ecos(x))
N7
Vavhb

tan

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(a + b*Cos[x]~2),x]

[Out] -(ArcTan[(Sqrt[b]*Cos[x])/Sqrt[all/(Sqrt[al*Sqrt[b]l))

Maple [A] time = 0.012, size = 18, normalized size = 0.7

—arctan (b cos (x) L) L
Vab) Vab

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(at+b*cos(x)"2),x)

[Out] -1/(a*xb)~(1/2)*arctan(b*cos(x)/(axb)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(atb*cos(x)~2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [A] time = 1.67127, size = 181, normalized size = 6.96

Veablog (LY DRt ) o g (Y0

b cos(x)2+a

2ab a ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [-1/2*sqrt(-a*b)*log(-(bxcos(x)~2 + 2xsqrt(-a*xb)*cos(x) - a)/(b*xcos(x)"2 +
a))/(axb), -sqrt(a*b)*arctan(sqrt(axb)*cos(x)/a)/(a*b)]

Sympy [A] time = 1.94691, size = 87, normalized size = 3.35

= fora=0Ab=0
cosl(x)
r— fora=0
_cos® forb =0

a
ilog (—i\/E\/§+cos (x)) ilog (i\/E\/§+cos (x))

2yabyT B 2aby[T

Verification of antiderivative is not currently implemented for this CAS.

otherwise

[In] integrate(sin(x)/(atb*cos(x)**2),x)

[Out] Piecewise((zoo/cos(x), Eq(a, 0) & Eq(b, 0)), (1/(b*cos(x)), Eq(a, 0)), (-co
s(x)/a, Eq(b, 0)), (I*log(-I*sqrt(a)*sqrt(l/b) + cos(x))/(2xsqrt(a)*b*sqrt(
1/b)) - Ixlog(I*sqrt(a)*sqrt(1/b) + cos(x))/(2*sqrt(a)*b*sqrt(1/b)), True))

Giac [A] time = 1.12251, size = 23, normalized size = 0.88

b cos(x) )
Vab

arctan (

ab




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(atb*cos(x)~2),x, algorithm="giac")

[Out] -arctan(bxcos(x)/sqrt(a*b))/sqrt(a*b)
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314 [y

a+b cos2(x)

Optimal. Leaf size=42

_1 [ Vbcos(x)
_\/Etan ! (T) ~ tanh_l(COS(X))
\/E(Ll +b) a+b

[Out] -((Sqrt[bl*ArcTan[(Sqrt[b]l*Cos[x])/Sqrtlall)/(Sqrtlal*(a + b))) - ArcTanh[C
os[x]]/(a + b)

Rubi [A] time = 0.0491304, antiderivative size = 42, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 13, number of rules_

integrand size
0.308, Rules used = {3190, 391, 206, 205}

_1 [ Vb cos(x)
Vbtan™! (T) B tanh ™ (cos(x))
\/E(El + b) a+b

Antiderivative was successfully verified.

[In] Int[Csclx]/(a + b*Cos[x]~2),x]

[Out] -((Sqrt[bl*ArcTan[(Sqrt[b]*Cos[x])/Sqrtlall)/(Sqrtlal*(a + b))) - ArcTanh[C
os[x]]1/(a + b)

Rule 3190

Int[cos[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72*%x72)"((m - 1)/2)*(a + b*ff"2*x"2)"p, x], x, Sin[e + fx*x]/
f£f1, %11 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 391

Int[1/(((a ) + (b_.)*x(x_)"(n_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(b*c - a*d), Int[1/(a + b*x"n), x], x] - Dist[d/(bxc - ax*d), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

csc(x) B 1
fm dx = —Subst (f (1 - xz) (a " bxz) dx, x, COS(JC))

Subst (f ﬁ dx, x, cos(x)) b Subst (f ﬁ dx, x, cos(x))

P a+b
-1 ( Vbcos(x)
Vbt (TEO) st
\/E(ﬁl +b) a+b

Mathematica [A] time = 0.0469493, size = 50, normalized size = 1.19

2\/5 tan_l(—\fbcos(x) )

7 Al + log(1 — cos(x)) — log(cos(x) + 1)

2(a+Db)

Antiderivative was successfully verified.

[In] Integrate[Csc[x]/(a + bxCos[x]~2),x]

[Out] ((-2xSqrt[b]*ArcTan[(Sqrt[b]l*Cos[x])/Sqrtlall)/Sqrtlal + Log[l - Cos[x]] -
Log[l + Cos[x]])/(2*(a + b))

Maple [A] time = 0.036, size = 56, normalized size = 1.3

In(1+cos(x)) In(cos(x)—1)
—_ + —
2a+2b 2a+2b a+b

1
)

1
arctan (b cos (x) —

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csc(x)/(a+b*cos(x)~2),x)

[Out] -1/(2*a+2*b)*1n(1+cos(x))+1/(2*xa+2*b)*1n(cos(x)-1)-b/(a+b)/(a*xb)~(1/2)*arct
an (b*cos(x)/(a*xb)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.78181, size = 329, normalized size = 7.83

b bcos(x)2—2 aﬂcos(x)—a 1 1 1 1
N~ ; log[ boos(Prn —log (E cos (x) + 5) +log (_E cos (x) + E) 2 \/garctan (\/g cos (x)) + log (% (

2(a+Db) 2 (a -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atbxcos(x)~2),x, algorithm="fricas")

[Out] [1/2*(sqrt(-b/a)*log((b*cos(x)~2 - 2*axsqrt(-b/a)*cos(x) - a)/(bxcos(x)~2 +
a)) - log(l/2xcos(x) + 1/2) + log(-1/2*cos(x) + 1/2))/(a + b), -1/2*%(2*sqr
t(b/a)*arctan(sqrt(b/a)*cos(x)) + log(1l/2*cos(x) + 1/2) - log(-1/2%cos(x) +
1/2))/(a + b)]

Sympy [F] time = 0., size = 0, normalized size = 0.

csc (x) P
fa + b cos? (x) *

Verification of antiderivative is not currently implemented for this CAS.




[In] integrate(csc(x)/(atb*cos(x)**2),x)

[Out] Integral(csc(x)/(a + b*cos(x)**2), x)

94

Giac [A] time = 1.20055, size = 68, normalized size = 1.62

barctan (M) 1 B
B Vab ) log (cos(x)+1) log(—cos(x)+1)
Vab(a + b) 2(a+D) 2(a+D)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atb*cos(x)~2),x, algorithm="giac")

[Out] -b*arctan(b*cos(x)/sqrt(a*b))/(sqrt(a*b)*(a + b)) - 1/2xlog(cos(x)
+ b) + 1/2%log(-cos(x) + 1)/(a + b)

+ 1)/(a
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315  [—=9 g

a+b cos?(x)

Optimal. Leaf size=62

_1 { Vbcos(x)
b2 tan 1( va ) _(a+3b) tanh™ (cos(x)) _ cot(x) csc(x)

Va(a + by 2(a + b2 2(a + b)

[Out] -((b~(3/2)*ArcTan[(Sqrt[b]l*Cos[x])/Sqrtl[al])/(Sqrtlal*(a + b)"2)) - ((a + 3
*xb)*ArcTanh [Cos[x]])/(2x(a + b)~2) - (Cot[x]*Csc[x])/(2x(a + b))

Rubi [A] time = 0.085531, antiderivative size = 62, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e -

integrand size
0.333, Rules used = {3190, 414, 522, 206, 205}

_ \/l;cos(x)
b2 tan 1( N7 ) _(a+3b) tanh ™ (cos(x)) _ cot(x) csc(x)

Va(a + by 2(a + b2 2(a + b)

Antiderivative was successfully verified.

[In] Int[Csc[x]~3/(a + b*Cos[x]"2),x]

[Out] -((b~(3/2)*ArcTan[(Sqrt[b]*Cos[x])/Sqrtl[al])/(Sqrtlal*(a + b)72)) - ((a + 3
xb) *ArcTanh[Cos[x]])/(2*(a + b)~2) - (Cot[x]*Csc[x])/(2*x(a + b))

Rule 3190

Int[cos[(e_.) + (£_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + bxff~2*x"2)"p, x], x, Sinl[e + f*xx]/
ff], x]] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> =Simp[(b*xx(a + b*x™n) “(p + 1)*(c + d*x"n)~(q + 1))/ (a*xn*x(p + 1)*(b*c -
axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - a*d)), Int[(a + b*x™n)~(p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, x], x]1 /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
&& !'( !'IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
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d, n, p, q, x]

Rule 522

Int[((e_ ) + (£_)*(x_)"(n_))/(((a)) + (b_)*x(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI
- Dist[(d*e - cxf)/(bxc - a*xd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, D,
c, d, e, f, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Rubi steps

csc3(x) . 1
f # e e [f (1 - x2)2 (a + be) e COS(X)]

a+2b+bx?
_ _Cot(x) csc(x) ~ Subst (f W dx, x, cos(x))

2(a + ) 2(a +b)
 cot(x) csc(x) b? Subst (f ﬁ dx, x, cos(x)) (a + 3b) Subst (f 1_17 dx, x, cos(x))
T 2a+b) (a+ by - 2(a + b)?

_1 (Vbcos(x)
b¥2 tan™! ( v ) (a+ 3b) tanh ™ (cos(x)) _ cot(x) csc(x)

\a(a + b)? 2(a + b)? 2(a +b)

Mathematica [B] time = 0.507946, size = 140, normalized size = 2.26

~8b%2 tan™ (W) — 8b%2 tan™ (W) +va (—(a + b) esc? (g) + (a + b) sec? (;—C) — 4(a + 3b) (log (

8+/a(a + b)?

Antiderivative was successfully verified.
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[In] Integrate[Csc[x]~3/(a + bx*Cos[x]~2),x]

[Out] (-8*b~(3/2)*ArcTan[(Sqrt([b] - Sqrtla + bl*Tan[x/2])/Sqrtl[al] - 8xb~(3/2)*Ar
cTan[(Sqrt[b] + Sqgrtl[a + bl*Tan[x/2])/Sqrt[a]] + Sqrtlal*(-((a + b)*Csc[x/2

172) - 4x(a + 3*b)*(Log[Cos[x/2]] - Logl[Sin[x/2]]) + (a + b)*Sec[x/2]72))/(
8*Sqrt[al*(a + b)72)

Maple [B] time = 0.041, size = 111, normalized size = 1.8

1 _1n(1+cos(x))a_31n(1+cos(x))b+ 1 +ln(cos(x)—1)a+3ln(
(4a+4Db) (1 + cos (x)) 4 (a+b) 4 (a+b)y (4a+4D)(cos (x)-1) 4 (a+b) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~3/(a+b*cos(x)"2),x)

[Out] 1/(4*xa+4xb)/(1+cos(x))-1/4/(a+b) " 2*x1n(1+cos(x))*a-3/4/(a+b) "2x1n(1+cos(x))*
b+1/(4*a+4xb)/(cos(x)-1)+1/4/(a+b) "2*x1n(cos(x)-1)*a+3/4/(a+b) "2*¥1n(cos(x)-1
) *b-b"2/ (a+b) "2/ (a*xb) ~(1/2) *arctan (b*cos(x) /(axb) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.12142, size = 713, normalized size = 11.5

2 b
2 (bcos (x)* - b)\/jg log [bcos(x) _ZH‘ECOS(X)_”) +2(a+b)cos (x) - ((a +3b) cos () - a —3b) log (% cos (x) + %)

b cos(x)2+a

4 ((a2 +2ab+ bz) cos (x)? — a2 —2ab - bz)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/4*(2x(b*cos(x)~2 - b)*sqrt(-b/a)*log((b*cos(x)~2 - 2*a*xsqrt(-b/a)*cos(x)
- a)/(b*cos(x)72 + a)) + 2x(a + b)*cos(x) - ((a + 3*b)*cos(x)"2 - a - 3xb)
xlog(1/2%cos(x) + 1/2) + ((a + 3*b)*cos(x)"2 - a - 3*b)*log(-1/2%cos(x) + 1
/2))/((a"2 + 2*axb + b"2)*cos(x)"2 - a~2 - 2*xaxb - b~2), -1/4%x(4x(b*cos(x)”

2 - b)*sqrt(b/a)*arctan(sqrt(b/a)*cos(x)) - 2*(a + b)*cos(x) + ((a + 3*b)*c
0s(x)72 - a - 3*b)*log(1/2*cos(x) + 1/2) - ((a + 3*b)*cos(x)”2 - a - 3xb)xl
og(-1/2%cos(x) + 1/2))/((a"2 + 2%axb + b72)*cos(x)”"2 - a2 - 2%axb - b72)]

Sympy [F] time = 0., size = 0, normalized size = 0.
csc (x)
[0,
a+bcos? (x)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(x)**3/(atb*cos(x)**2),x)

[Out] Integral(csc(x)**3/(a + b*cos(x)**2), x)

Giac [B] time = 1.1568, size = 139, normalized size = 2.24

2 bcos(x)
B b® arctan (W) _ (a+3b)log(cos(x)+1) N (a+3b)log(-cos(x)+1) N cos (x)
(a2+2ab+b2)\/E 4(a2+2ub+b2) 4(112 +2ab+b2) 2(cos(x)2—1)(a+b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(atb*cos(x)~2),x, algorithm="giac")

[Out] -b~2xarctan(b*cos(x)/sqrt(axb))/((a”2 + 2xaxb + b~2)*sqrt(axb)) - 1/4*(a +
3*%b)*log(cos(x) + 1)/(a”2 + 2%a*xb + b~2) + 1/4x(a + 3*b)*log(-cos(x) + 1)/(
a”2 + 2kaxb + b72) + 1/2%cos(x)/((cos(x)72 - 1)*(a + b))
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316  [—=CW g

a+b cos?(x)

Optimal. Leaf size=94

_ _1 (Vb cos(x)
~ (3112 +10ab + 15b2) tanh 1(COS(JC)) _ b tan™! ( Va ) B cot(x) csc3(x) B (3a + 7b) cot(x) csc(x)
8(a + b)® Va(a + b)3 4(a + b) 8(a + b)?

[Out] -((b~(5/2)*ArcTan[(Sqrt[b]l*Cos[x])/Sqrtlall)/(Sqrtlal*(a + b)73)) - ((3*a~2
+ 10%a*b + 15%b~2)*ArcTanh[Cos[x]])/(8*(a + b)~3) - ((3*a + 7xb)*Cot[x]*Cs
c[x])/(8*(a + b)"2) - (Cot[x]*Csc[x]~3)/(4x(a + b))

Rubi [A] time = 0.137888, antiderivative size = 94, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, i L

integrand size
0.4, Rules used = {3190, 414, 527, 522, 206, 205}

_ - \/Ecos(x)
3 (3‘12 +10ab + 1552) tanh ™" (cos(x)) ~ b7 tan™! ( Va ) _cot(¥) esc®(x) (3 + 7b) cot(x) cse(x)
8(a + by Vi@ + b X+ ) 8(a + b2

Antiderivative was successfully verified.

[In] Int[Cscl[x]~5/(a + bxCos[x]~2),x]

[Out] -((b~(5/2)*ArcTan[(Sqrt[b]*Cos[x])/Sqrtl[al])/(Sqrtlal*(a + b)~3)) - ((3*a~2
+ 10%axb + 15xb~2)*ArcTanh[Cos[x]])/(8*%(a + b)73) - ((3*a + 7*b)*Cot [x]*Cs
clx])/(8*(a + b)72) - (Cot[x]*Csc[x]~3)/(4x(a + b))

Rule 3190

Int[cos[(e_.) + (f_)x(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72%x72)"((m - 1)/2)*(a + b*ff72*x~2)"p, x], x, Sinl[e + fx*x]/
ff], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_)*(x_)"(n_ )~ (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
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, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, %]

Rule 527

Int[((a_) + (b_)*(x_)" (@ ))"(p)*((c_) + (d_)*(x)"(n ))"(q_.)*((e)) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*xnx(b*c - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*x(c + d*x"n) “q*Simp[c*(bxe - axf) + exnx(b*c
- axd)*(p + 1) + dx(b*e - a*f)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] & LtQ[p, -1]

Rule 522

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, %]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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cscd(x) ~ 1

2
st ( f (3“4& dx, x, cos(x))

_ cot(x) csc3(x) 1-22)° (a+:2)
 4a+b) 4(a +b)

3a2+7ab+8b%+b(3a+7b)x2
B _(3a + 7b) cot(x) csc(x) ~ cot(x) csc3(x) ~ Subst (f (1-x2)(a+bx2)
a 8(a + b)? 4(a+Db) 8(a + b)?

b3 Subst (f ;W dx, x, cos(x)) (3a2 +10ab + 15,

dx, x, cos(x))

_ (Ba+7b)cot(x) csc(x)  cot(x) csc3(x)
T 8(a + b)?  4a+b) (a +b)3

52 ¢ -1 [ Vbeos(x) -
b2 tan ( Va ) ~ (3ﬂ2 +10ab + 1552) tanh 1(COS(X)) i (3a + 7b) cot(x) csc(x) ~ cot(x)

Va(a + by 8(a + b)3 8(a + b)? 4(a

Mathematica [B] time = 1.23215, size = 204, normalized size = 2.17

Va (-2 (3a% +10ab + 7b%) csc? (5 ) +2 (3a% + 10ab + 7b?) sec? (5 ) - 8 (322 +10ab + 15b2) (log (cos (5 )) — log (sin (

64~/a(a + b

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~5/(a + b*Cos[x]~2),x]

[Out] (-64xb~(5/2)*ArcTan[(Sqrt[b] - Sqrtl[a + bl*Tan[x/2])/Sqrtlal]l - 64*b~(5/2)*
ArcTan[(Sqrt[b] + Sqgrtl[a + bl*Tan[x/2])/Sqrtla]] + Sqrtlal*(-2*%(3*a~2 + 10%
axb + 7*b72)*Csc[x/2]72 - (a + b)"2*%Csc[x/2]74 - 8*%(3*a”2 + 10*a*xb + 15xb~2
)*(Log[Cos[x/2]] - Logl[Sin[x/2]]1) + 2x(3*a”2 + 10*a*b + 7*b~2)*Sec[x/2]"2 +

(a + b)"2%Sec[x/2]74))/(64*Sqrt[al*(a + b)~3)

Maple [B] time = 0.049, size = 205, normalized size = 2.2

1 . 3a .\ 7b _3ln(1+cos(x))a2_5ln(1+cos
(16a+16b)(1 + cos (x))2 16 (a + b)2 (1+cos(x)) 16 (a+ b)2 (1 + cos (x)) 16 (a + b)3 8 (a+l

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csc(x)~5/(at+b*cos(x)”~2),x)

[Out] 1/2/(8*a+8*b)/(1+cos(x))"2+3/16/(a+b) "2/ (1+cos(x))*a+7/16/(a+b) "2/ (1+cos(x)
)*b-3/16/ (a+b) "3*1n(1+cos(x))*a~2-5/8/ (a+b) "3*1ln(1l+cos(x))*a*xb-15/16/(a+b) "~
3*1n(1+cos(x))*b~2-1/2/(8*a+8%*b) /(cos(x)-1)"2+3/16/(a+b) "2/ (cos(x)-1)*a+7/1

6/ (a+b) "2/ (cos(x)-1)*b+3/16/ (a+b) "3*1n(cos(x)-1)*a~2+5/8/ (a+b) "3*1n(cos(x)-

1) *a*b+15/16/ (a+b) “3*1n(cos(x)-1)*b"2-b"3/(a+b) "3/ (a*b) ~(1/2) *arctan (b*cos(
x)/(axb)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.49897, size = 1490, normalized size = 15.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/16%x(2%(3*a”2 + 10*axb + 7*b~2)*cos(x)"3 + 8*x(b"2xcos(x)"4 - 2xb"2*cos(x)
"2 + b72)*sqrt(-b/a)*log((b*cos(x) "2 - 2*a*sqrt(-b/a)*cos(x) - a)/(b*cos(x)
"2 + a)) - 2x(5*a”2 + 14xaxb + 9*%b~2)*cos(x) - ((3*a”2 + 10*axb + 15%b~2)*c
os(x)"4 - 2x(3*a”"2 + 10*axb + 15%b"2)*cos(x)”"2 + 3*a~2 + 10*a*b + 15%b~2)*1
og(1/2xcos(x) + 1/2) + ((3*¥a”2 + 10*axb + 15%b~2)*cos(x)~4 - 2%(3*%a”2 + 10%
axb + 15%b~2)*cos(x)”"2 + 3*a”2 + 10*axb + 156xb~2)xlog(-1/2*cos(x) + 1/2))/(
(a”3 + 3*a"2*b + 3*a*b”2 + b~3)*xcos(x)"4 + a”3 + 3*a"2*b + 3*xaxb”2 + b~3 -
2% (a”3 + 3*a”"2*b + 3*axb”2 + b~3)*cos(x)"2), 1/16%x(2x(3*a~2 + 10*a*xb + 7*b~
2)*cos(x) "3 - 16*(b~2*cos(x)”4 - 2*¥b~2*cos(x)"2 + b~2)*sqrt(b/a)*arctan(sqr
t(b/a)*cos(x)) - 2+%(5*a”2 + 14*axb + 9*b~2)*cos(x) - ((3*a”™2 + 10*axb + 15%
b"2)*cos(x)"4 - 2%(3*a”2 + 10*a*b + 15*xb~2)*cos(x)"2 + 3*a”~2 + 10*axb + 15%
b~2)*log(1/2*cos(x) + 1/2) + ((3*%a”2 + 10*axb + 15%xb~2)*cos(x)"4 - 2*(3*a"2
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+ 10%a*xb + 15%b72)*cos(x)”"2 + 3*a”2 + 10*axb + 156xb~2)*log(-1/2*cos(x) + 1
/2))/((a"3 + 3*%a”"2%b + 3*a*xb”2 + b~ 3)*cos(x)"4 + a~3 + 3*xa”"2xb + 3xaxb”2 +
b3 - 2%x(a”3 + 3*%a"2xb + 3*a*b”2 + b~ 3)*cos(x)”"2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**5/(atb*cos(x)**2),x)

[Out] Timed out

Giac [B] time = 1.15854, size = 240, normalized size = 2.55

b cos(x)
b® arctan ( C«(/);_bx ) (3 a?> +10ab + 15 bz) log (cos (x) +1) (3 a?> +10ab + 15 bz) log (—cos(x) +1) =
—_ — + + -
(a3 +3a%b + 3ab? + b3)Vab 16 (a3 + 342 + 3 ab? + b3) 16 (a3 + 342 + 3 ab? + b3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(a+b*cos(x)”2),x, algorithm="giac")

[Out] -b~3*arctan(b*cos(x)/sqrt(axb))/((a”3 + 3*a~2*b + 3xa*xb”2 + b~3)*sqrt(a*b))
- 1/16%(3*%a"2 + 10*axb + 15*%b~2)*log(cos(x) + 1)/(a”3 + 3*a™2%b + 3*axb~2

+ b73) + 1/16%(3*%a”2 + 10*axb + 15%b~2)*log(-cos(x) + 1)/(a”3 + 3*a™2xb + 3
*axb”2 + b73) + 1/8%(3*axcos(x)”3 + Txbxcos(x)~3 - Bkaxcos(x) - 9*b*cos(x))
/((a"2 + 2xaxb + b™2)*(cos(x)"2 - 1)72)
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317 [—n9 gy

a+b cos?(x)

Optimal. Leaf size=88

5/2 1 ( Va+bcot(x)
X (8a2 + 20ab + 15172) N (4a + 7b) sin(x) cos(x) (a+D) tan ( Va ) N sin®(x) cos(x)
8b3 8b2 \ab? 4b

[Out] -((8%a~2 + 20*a*b + 15xb~2)*x)/(8%b~3) - ((a + b)~(5/2)*ArcTan[(Sqrt[a + b]
*xCot [x])/Sqrt[al])/(Sqrt[al*b~3) + ((4*a + 7*b)*Cos[x]*Sin[x])/(8+%b~2) + (C
os[x]*Sin[x]~3)/(4*Db)

Rubi [A] time = 0.181215, antiderivative size = 88, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, T

integrand size
0.4, Rules used = {3191, 414, 527, 522, 203, 205}

5/2 -1 { Va+b cot(x)
X (8a2 +20ab + 15b2) . (4a +7b) sin(x) cos(x) (a +b)** tan ( Vi ) N sin’(x) cos(x)
8b3 8b> \ab? 4b

Antiderivative was successfully verified.

[In] Int[Sin[x]~6/(a + b*xCos[x]~2),x]

[Out] -((8%a~2 + 20*a*b + 15%b~2)*x)/(8%b"3) - ((a + b)~(5/2)*ArcTan[(Sqrt[a + b]
*xCot [x])/Sqrt[al]l)/(Sqrt[al*b~3) + ((4*a + 7*b)*Cos[x]*Sin[x])/(8+%b~2) + (C
os [x]*Sin[x]73)/(4%b)

Rule 3191

Int[cos[(e_.) + (f_)*x(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£f72%x72)"p/(1 + ££72%xx"2)"(m/2 + p + 1), x], x, Tanl[e
+ f*x]/ff], x1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 414

Int[((a_) + (b_)*(x_)"(n_ )~ (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
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, xJ, x] /; FreeQ[{a, b, ¢, d, n, g}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, x]

Rule 527

Int[((a)) + (b_)*(x_ )" )" (p)*((c) + (d_)*(x_)"(m_))"(q_.)*x((e ) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*xc - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*x(c + d*x"n) “q*Simp[c*(bxe - axf) + exnx(b*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] && LtQ[p, -1]

Rule 522

Int[(Ce ) + (£_)*x(x_)"(m_))/(((a) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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sin®(x) B 1
f 2+ boos2(x) dx = —Subst [f (1 . x2)3 (,1 s b)x2) dx, x, cot(x)J

_ 2
st ( f (H%ﬂ dx, x, cot(x))

_ cos(x) sin3(x) l+x2)2(¢z+(a+b)x2)
B 4b 4b
2 2 2
Subst 4a°+9ab+8b-—(a+b)(4a+7b)x d x, cot
(4a + 7b) cos(x) sin(x)  cos(x) sin’(x) Hbs (f (1+x2)(a+(a+b)x?) X, X, Cot(x)
= —+ —
8b2 4b 8b?2

3 2
_ (4a +7b) cos(x) sin(x) N cos(x) sin3(x) B (a +b)” Subst (f a+(a+b)x2 dx, X, cot(x)) N (8&Z +20a
B 8b2 4b b3
5/2 -1 Va+b cot(x)
~ (8112 +20ab + 15b2) x (a+b)**tan ( va ) . (4a + 7b) cos(x) sin(x) N cos(x) sin®(x)
- 8b3 \ab? 8b2 4b

Mathematica [A] time = 0.187739, size = 77, normalized size = 0.88

32(a+b)>? tan’l(

\/E

\/Etan(x))
Va+b

— b sin(4x)

—4x (842 + 20ab + 15b%) + 8b(a + 2b) sin(2x) +
3203

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~6/(a + bxCos[x]~2),x]

[Out] (-4*(8*a”2 + 20*axb + 16xb~2)*x + (32x(a + b)~(5/2)*ArcTan[(Sqrt[a]*Tan[x])
/Sqrt[a + bl])/Sqrt[al + 8*b*x(a + 2%b)*Sin[2*x] - b~2xSin[4*x])/(32*b"3)

Maple [B] time = 0.033, size = 194, normalized size = 2.2

3

a
= arctan (a tan (x)

1 1 a? . ( atan (x) atan (x) )

a
Vo Vains o evarns e\ Ve a) N DT EerCtEm(\/(a T ha

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~6/(a+b*cos(x)”2),x)
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[Out] 1/b73/((at+b)*a)~(1/2)*arctan(a*tan(x)/((a+b)*a)”(1/2))*a~3+3/b"2/((at+b)*a)”
(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))*a~2+3/b/((a+b)*a) " (1/2)*arctan(a*tan
(x)/((atb)*a)~(1/2))*a+1/((a+b)*a)~(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))+1
/2/b72/ (tan(x) ~2+1) "2*xtan(x) “3*a+9/8/b/ (tan(x) "2+1) "2*tan(x) ~3+1/2/b"2/(tan
(x)"2+1) "2*tan(x) *a+7/8/b/(tan(x) "2+1) "2*tan(x)-1/b " 3*arctan(tan(x) )*a~2-5/
2/b”"2*arctan(tan(x))*a-15/8/b*arctan(tan(x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~6/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.93262, size = 702, normalized size = 7.98

8a%+8 ab+b2) cos(x)4—2 (4 a2+3 ab) cos(x)2—4 ((2 a2+ab) cos(x)3—a2 cos(x)),/—a%b sin(x)+a?

b2 cos(x)*+2 ab cos(x)?+a2

—(8a2+20a

2(a2 +2ab+b2) —%blog[(

83

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~6/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/8x(2*(a"2 + 2xaxb + b~2)*sqrt(-(a + b)/a)*log(((8*a”2 + 8*a*b + b~2)*cos
(x)74 - 2x(4%a”2 + 3*xaxb)*cos(x)"2 - 4*x((2%¥a”2 + axb)*cos(x)”3 - a"2*cos(x)
)*sqrt(-(a + b)/a)*sin(x) + a~2)/(b~2*cos(x)"4 + 2*axb*cos(x)"2 + a~2)) - (
8%a”2 + 20%a*xb + 15*%b"2)*x - (2*b~2*cos(x)~3 - (4*axb + 9xb~2)*cos(x))*sin(
x))/b73, -1/8x(4x(a”2 + 2%a*xb + b~2)*sqrt((a + b)/a)*arctan(1/2x((2%a + b)*
cos(x)72 - a)*xsqrt((a + b)/a)/((a + b)*cos(x)*sin(x))) + (8%a~2 + 20%a*b +
16%b~2)*x + (2¥b~2%cos(x)73 - (4*a*b + 9%b~2)*cos(x))*sin(x))/b"3]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**6/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.19013, size = 161, normalized size = 1.83

x atan(x)

1
(8a24-20ab-+15b2)x (a34-3a2b4—3ab2+lﬁ)(n{;-+EJsgn(a)+zuctan(VqZ;E))+_4atan(xf_+9btan(xf

+
8b3 Va2 + abb® 8 (tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~6/(a+b*cos(x)~2),x, algorithm="giac")

[Out] -1/8%(8%a”2 + 20*a*b + 15%xb~2)*x/b~3 + (a”3 + 3*xa”2*b + 3*xa*b™2 + b~ 3)*(pix
floor(x/pi + 1/2)xsgn(a) + arctan(a*tan(x)/sqrt(a”2 + a*b)))/(sqrt(a”2 + ax
b)*b~3) + 1/8*(4*axtan(x)”3 + 9*b*tan(x)~3 + 4*axtan(x) + 7*b*tan(x))/((tan

(x)72 + 1)72%b"2)
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318 MW gy

a+b cos2(x)

Optimal. Leaf size=60

3/2 -1 Va+b cot(x)
_x(2a + 3b) ~ (a+D)** tan ( Va ) N sin(x) cos(x)
2b? +\Jab? 2b

[Out] -((2%a + 3%b)*x)/(2¥b~2) - ((a + b)~(3/2)*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtl
al]l)/(Sqrt[al*b~2) + (Cos[x]*Sin[x])/(2xb)

Rubi [A] time = 0.105133, antiderivative size = 60, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, L

integrand size
0.333, Rules used = {3191, 414, 522, 203, 205}

3/2 -1 Va+b cot(x)
_x(2a + 3b) ~ (a+D)** tan ( Va ) N sin(x) cos(x)
212 \Jab? 2b

Antiderivative was successfully verified.

[In] Int[Sin[x]"4/(a + bxCos[x]~2),x]

[Out] -((2%a + 3*b)*x)/(2xb~2) - ((a + b)~(3/2)*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrt[
all)/(Sqrt[al*b~2) + (Cos[x]*Sin[x])/(2xb)

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£f72%x72)"p/(1 + ££72%xx"2)"(m/2 + p + 1), x], x, Tanl[e
+ fxx]/ff], x1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 414

Int[((a_) + (b_.)*xx_)"(m_)) " (p_)*x((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, g}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c,
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d, n, p, q, x]

Rule 522

Int[((e_ ) + (£_)*(x_)"(n_))/(((a)) + (b_)*x(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI
- Dist[(d*e - cxf)/(bxc - a*xd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, D,
c, d, e, f, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
sin(x) 1
f ——————dx = —Subst f 5 dx, x, cot(x)
a+ bcos?(x) (1 + xZ) (u +@a+ b)xz)
_ cos(@)sin(x) Subst ( il (v ararbd) dx, x, cot(x))
B 2b b
! 1
cos(x) sin(x) (a + b)* Subst ( f TP dx, x, Cot(x)) (2a + 3b) Subst ( f e dx, x, Cot(x))
- B +
2b B2 T
32, -1 [ Va+bcot(x)

_ (2a+3b)x (a +b)*? tan ( 7 ) | cos () sin(@)
- Vab? 2b

Mathematica [A] time = 0.0981396, size = 52, normalized size = 0.87

4(a+b)32 tan_l( ﬁ\;:n(x))
7 wb 1 _ 4ax — 6bx + bsin(2x)

4b?

Antiderivative was successfully verified.
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[In] Integrate[Sin[x]~4/(a + b*Cos[x]~2),x]

[Out] (-4*a*xx - 6xb*x + (4*x(a + b)~(3/2)*ArcTan[(Sqrt[a]*Tan[x])/Sqrtla + bl])/Sq
rt[a] + b*Sin[2*x])/(4xb~2)

Maple [B] time = 0.025, size = 105, normalized size = 1.8

2

a
7 arctan [a tan (x)

1

m)va

! ! +2 f arctan (ata—n(x)) + arctan (11 tan (x)
V@a+b)a) \(a+b)a b\(a+Db)a V(@ +b)a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(at+b*cos(x)~"2),x)

[Out] 1/b"2/((a+b)*a)”~(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))*a~2+2/b/((a+b)*a) (1
/2)*arctan(axtan(x)/((a+b)*a)~(1/2))*a+1/((a+b)*a) " (1/2)*arctan(a*xtan(x)/ ((
a+b)*a) " (1/2))+1/2/bxtan(x)/(tan(x) "2+1)-3/2/b*arctan(tan(x))-1/b"2*arctan(
tan(x))*a

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.90039, size = 541, normalized size = 9.02

_2(

2 beos (x) sin (x) N (a N b) —aaLb log ( (8 a%+8 ab+b2) COS(X)4—2 (4 a%+3 ab) cos(x)2—4 ((2 a2+ab) (:os(x)3—112 cos(x))\[—a—:b sin(x)+a?

b2 cos(x)*+2 ab cos(x)?+a2

4 b?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/4*(2*b*cos(x)*sin(x) + (a + b)*sqrt(-(a + b)/a)*log(((8*a~2 + 8*a*b + b~
2)*cos(x) "4 - 2%(4*a”2 + 3*a*xb)*cos(x)”2 - 4*x((2*%a”2 + axb)*cos(x)"3 - a™2x
cos(x))*sqrt(-(a + b)/a)*sin(x) + a~2)/(b"2*cos(x)”4 + 2*axb*cos(x)"2 + a~2

)) - 2x(2xa + 3%b)*x) /b2, 1/2*%(b*cos(x)*sin(x) - (a + b)*sqrt((a + b)/a)*a
rctan(1/2*%((2%a + b)*cos(x)"2 - a)*sqrt((a + b)/a)/((a + b)*cos(x)*sin(x)))

- (2%a + 3%b)*x)/b"2]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**4/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.15312, size = 108, normalized size = 1.8

X 1 atan(x) 2 2
(2a+3b)x . (n h + EJsgn (a) + arctan(—m))(a +2ab+b ) . tan (x)
2 b2 Va2 + abb? 2 (tan (x)2 + 1)b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(a+b*cos(x)~2),x, algorithm="giac")

[Out] -1/2%(2%a + 3*b)*x/b"2 + (pixfloor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqr
t(a™2 + axb)))*(a”2 + 2*axb + b~2)/(sqrt(a”2 + a*b)*b~2) + 1/2*tan(x)/((tan
(x)72 + 1)*Db)
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319 [uW gy

a+b cos?(x)

Optimal. Leaf size=40

-1 mcot(x)
vVa + btan (T) x

Jab b

[Out] -(x/b) - (Sqrtla + bl*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtl[all)/(Sqrt[al*b)

Rubi [A] time = 0.0589508, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e -

integrand size
0.267, Rules used = {3191, 391, 203, 205}

-1 mcot(x)
Va + btan (—\/E ) X

\Jab b

Antiderivative was successfully verified.

[In] Int[Sin[x]"2/(a + b*Cos([x]"2),x]

[Out] -(x/b) - (Sqrtla + bl*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtl[all)/(Sqrt[alx*b)

Rule 3191

Int[cos[(e_.) + (£_)*(x_)]1 " (m_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£72xx"2)"p/(1 + ££72*%x"2)"(m/2 + p + 1), x], x, Tan[e
+ fxx]/f£f], x]1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 391

Int[1/(((a_) + (b_.)*x(x_)"(n_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(bxc - axd), Int[1/(a + b*x"n), x], x] - Dist[d/(b*xc - axd), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 || GtQ[b, 01)
Rule 2056
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps

sin?(x) . 1
IWOSZ(X) dx = —Subst (f (1 " x2) (a . b)xz) dx, x, cot(x)]
1

Subst ( f ﬁ dx, x, Cot(x)) (a + b) Subst ( f v dx, x, cot(x))
B b - b
-1 \/mcot(x)
_ Va + btan (T)
b Jab

Mathematica [A] time = 0.0653565, size = 37, normalized size = 0.92

-1 \ﬁtan(x))
Va+btan ( s

Va
b

- X

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~2/(a + b*Cos[x]~2),x]

[Out] (-x + (Sqrtla + bl*ArcTan[(Sqrt[a]*Tan[x])/Sqrtla + bl]l)/Sqrtlal)/b

Maple [A] time = 0.023, size = 54, normalized size = 1.4

1 ) 1
V@+b)a) \(a+b)a

1 ) 1 _ arctan (tan (x))
V@+b)a) J(a+b)a b

a
b arctan (a tan (x) + arctan (u tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~2/(a+b*cos(x)~2),x)



115

[Out] 1/b/((a+b)*a)”(1/2)*arctan(a*xtan(x)/((a+b)*a)~(1/2))*a+1/((a+b)*a)~(1/2)*ar
ctan(axtan(x)/((a+b)*a) " (1/2))-1/b*arctan(tan(x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.97643, size = 435, normalized size = 10.88

-—lo
PR b2 cos(x)*+2 ab cos(x)?+a2 2 (a+b)

4b ’ 2b

8a2+8ab+b?) cos()" -2 (4 a2 +3ab >4 ((2a+ab 1 -a2 cos(x) )y - 2 si 2 2a+b)
a+b [( a“+8 ab+ )cos X) ( ac+3a )cos(x) (( a“+a )cos(x a“ cos x)) r sin(x)+a _4x \/?arctan (( a+b) cc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/4*(sqrt(-(a + b)/a)*log(((8*a"2 + 8*a*b + b~2)*cos(x)"4 - 2*(4*¥a”2 + 3*a
xb)*cos(x)72 - 4x((2%xa”2 + a*b)*cos(x)~3 - a"2xcos(x))*sqrt(-(a + b)/a)*sin

(x) + a”2)/(b"2%cos(x) "4 + 2*axbxcos(x)"2 + a”2)) - 4*x)/b, -1/2*(sqrt((a +
b)/a)*arctan(1/2*((2*a + b)*cos(x)"2 - a)xsqrt((a + b)/a)/((a + b)*cos(x)*
sin(x))) + 2%x)/b]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)**2/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.20393, size = 68, normalized size = 1.7

x 1 atan(x)
(71 h + EJsgn (a) + arctan(m))(a +b) x
@ + abb b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(atb*cos(x)~2),x, algorithm="giac")

[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a”2 + a*b)))*(a + b)/(s
qrt(a”2 + axb)*b) - x/b
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320 [———dx

a+b cos?(x)

Optimal. Leaf size=30

-1 mcot(x)
tan? (F7)
\ava+b

[Out] -(ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlall/(Sqrt[al*Sqrt[a + b]l))

Rubi [A] time = 0.0185856, antiderivative size = 30, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, /e

0.2, Rules used = {3181, 205}

integrand size

-1 \/mcot(x)
O

Vava+b

Antiderivative was successfully verified.

[In] Int[(a + bxCos[x]"2)~(-1),x]
[Out] -(ArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all/(Sqrt[al*Sqrtla + bl))

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2*xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, £}, x]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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! 1
J ey te= s (f ar@r o Cot<x>)

-1 \/mcot(x)
S

T ava+b

Mathematica [A] time = 0.0567149, size = 29, normalized size = 0.97

_1 [+atan(x)
tan (—m )

Vava+b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[x]~2)~(-1),x]

[Out] ArcTan[(Sqrt[al*Tan[x])/Sqrtl[a + bl]/(Sqrt[al*Sqrt[a + b])

Maple [A] time = 0.014, size = 21, normalized size = 0.7

1 1
V@+b)a) Va+b)a

arctan (a tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*cos(x)~2),x)

[Out] 1/((a+b)*a)”(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [B] time = 1.80338, size = 406, normalized size = 13.53

,——112 e log (8 a%+8 ab+b2) cos(x)4—2 (4 a2+3 ab) cos(x)2+4 ((2 a+b) cos(x)g—u cos(x))\/—az—ab sin(x)+a2 arctan ( (2 a+b) cos(x)z—a
b2 cos(x)*+2 ab cos(x)?+a2 ~ 2 VaZ+ab cos(x) sin(

- 4(a2+ab) ' 2 Va? + ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)~2),x, algorithm="fricas")

[Out] [-1/4*sqrt(-a”2 - a*b)*log(((8*a~2 + 8*xaxb + b~2)*cos(x)"4 - 2*(4*a”2 + 3xa
xb)*cos(x)72 + 4x((2%a + b)*cos(x)”3 - axcos(x))*sqrt(-a”2 - axb)*sin(x) +
a~2)/(b"2xcos(x) "4 + 2*xaxbxcos(x)"2 + a~2))/(a"2 + axb), -1/2*xarctan(1/2x*((

2%a + b)*cos(x)"2 - a)/(sqrt(a”2 + ax*b)*cos(x)*sin(x)))/sqrt(a”2 + ax*b)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.13554, size = 50, normalized size = 1.67

i F + legn (a) + arctan (uta—n(x))
no2 Va2+ab

Va? +ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~2),x, algorithm="giac")
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[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqrt(a”2 + axb)))/sqrt(a”2 +
a*b)
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391 [0 g

a+b cos?(x)

Optimal. Leaf size=41

-1 \/MCot(x)
oy bt (2)
a+b \a(a + b)32

[Out] -((bxArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all)/(Sqrtlal*(a + b)~(3/2))) - Cotl[x
1/(a + b)

Rubi [A] time = 0.0560492, antiderivative size = 41, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, 0 e e

0.2, Rules used = {3191, 388, 205}

integrand size

—1 ( Va+b cot(x)
_COt(X) _ btan (—\/E )
a+b \a(a + b)32

Antiderivative was successfully verified.

[In] Int[Csc[x]"2/(a + bxCos[x]~2),x]

[Out] -((bxArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all)/(Sqrtlal*(a + b)~(3/2))) - Cotlx
1/(a + b)

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£f72%x72)"p/(1 + ££72%xx"2)"(m/2 + p + 1), x], x, Tanl[e
+ fxx]/ff], x1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 388

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

) 2
f L(x) dx = —Subst (f 1t dx, x, cot(x))

a + b cos?(x) a+ (a+ b)x?
o ot(x) ) b Subst ( f v dx, x, cot(x))
T a+b a+b
-1 \/MCot(x)
btan”! (F2) _ cot(®)
- Va(a + b)32 a+b

Mathematica [A] time = 0.0894784, size = 40, normalized size = 0.98

_1 [+/atan(x)
btan (—m ) _ COt(X)

Va(a + b)32 a+b

Antiderivative was successfully verified.

[In] Integratel[Csc[x]~2/(a + bxCos[x]~2),x]

[Out] (b*ArcTan[(Sqrt[al*Tan[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(3/2)) - Cot[x]/(
a + b)

Maple [A] time = 0.03, size = 39, normalized size = 1.

1 1
Va+ba) Vat+ba (a+b)tan(x)

t atan (x
+barc an( an (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(a+b*cos(x)"2),x)

[Out] b/(a+b)/((a+b)*a) " (1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))-1/(a+b)/tan(x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.91062, size = 571, normalized size = 13.93

mb log ( (8 a2+8 ab+b2) COS(X)4—2 (4 a%+3 ab) cos(x)2+4 ((2 a+b) cos(x)3—u cos(x))\/—az—ab sin(x)+a? ) sin (x) 4 (az + ab) oS (3(

12 cos(x)*+2 ab cos(x)?+a2

4 (a3 +2a%b + abz) sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [-1/4%(sqrt(-a”2 - axb)*b*log(((8*a~2 + 8*axb + b~2)*cos(x)~4 - 2x(4*a”2 +
3xaxb)*cos(x) "2 + 4*%((2*a + b)*cos(x)"3 - axcos(x))*sqrt(-a”2 - a*b)*sin(x)

+ a”2)/(b"2*xcos(x) "4 + 2*xaxb*cos(x)”2 + a”2))*sin(x) + 4x(a”2 + axb)*cos(x
))/((a”3 + 2%¥a”2xb + axb”2)*sin(x)), -1/2*(sqrt(a”2 + axb)*b*arctan(1/2*((2

xa + b)*cos(x)”2 - a)/(sqrt(a”2 + a*b)*cos(x)*sin(x)))*sin(x) + 2*(a"2 + ax*
b)*cos(x))/((a”3 + 2%¥a”2xb + a*b”2)*sin(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.
csc? (x)
[,
a+bcos? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(atb*cos(x)**2),x)

[Out] Integral(csc(x)**2/(a + b*cos(x)**2), x)
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Giac [A] time = 1.17665, size = 74, normalized size = 1.8

(n E + %Jsgn (a) + arctan (%))b ) 1
Va2 + ab(a + b) (a + b) tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(atb*cos(x)~2),x, algorithm="giac")

[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqrt(a”2 + a*b)))*b/(sqrt(a”
2 + axb)x(a + b)) - 1/((a + b)*tan(x))
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392 [0 g

a+b cos2(x)

Optimal. Leaf size=61

_ \/mcot(x)
_b2 tan 1( Va ) i cot3(x) ~ (a + 2b) cot(x)
Va(a + b)>? 3(a +b) (a + b)?

[Out] -((b~2*ArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all)/(Sqrtlal*(a + b)~(5/2))) - ((a
+ 2xb)*Cot[x])/(a + b)"2 - Cot[x]~3/(3*(a + b))

Rubi [A] time = 0.0802187, antiderivative size = 61, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e

0.2, Rules used = {3191, 390, 205}

integrand size

_ \/mcot(x)
_b2 tan 1( Va ) i cot3(x) ~ (a + 2b) cot(x)
Va(a + b)>? 3(a + b) (a + b)?

Antiderivative was successfully verified.

[In] Int[Cscl[x]"4/(a + bxCos[x]~2),x]

[Out] -((b~2*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlall)/(Sqrtlal*(a + b)~(56/2))) - ((a
+ 2xb)*Cot[x])/(a + b)72 - Cot[x]~3/(3*(a + b))

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£f72%x72)"p/(1 + ££72%xx"2)"(m/2 + p + 1), x], x, Tanl[e
+ fxx]/ff], x1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

2 2
f _ W g Subst [ f de,x, cot(X)]

a + b cos?(x) a+ (a+b)x?

a+2b x? v?
= —Subst [f((a ) + o + D) (a . b)xz)] dx, x, cot(x))

2 1
_ (a+2b)cot(x) cot3(x) ~ b"Subst (IW dx, x, cot(x))

@+b2  3a+Db) (a+ by

_1 (Va+bcot(x
b2 tan™! ( i/ﬁ u )) (a + 2b) cot(x) cot3(x)
T Va@+b2  @+b2  3a+b)

Mathematica [A] time = 0.200132, size = 59, normalized size = 0.97

b2 tan™! (%) cot(x) ((u +b) csc?(x) + 2a + Sb)

Va(a + b)32 3(a + b)?

Antiderivative was successfully verified.

[In] Integratel[Csc[x]~4/(a + bxCos[x]~2),x]

[Out] (b~2*ArcTan[(Sqrt[al*Tan[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(5/2)) - (Cotlx
I1x(2%a + 5xb + (a + b)*Csc[x]72))/(3*(a + b)"2)

Maple [A] time = 0.038, size = 65, normalized size = 1.1

b2
(a + b)?

1 1 1 a b
Va+tba)Ja+ba @a+3b)(tan®)® (a+b2tan(x) 2 (a + b)* tan (x)

arctan (a tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~4/(a+b*cos(x)"2),x)
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[Out] b~2/(atb)~2/((atb)*a)”~(1/2)*arctan(a*tan(x)/((at+tb)*a)~(1/2))-1/3/(atb)/tan(
x)~3-1/(a+b)"2/tan(x)*a-2/(a+b) "2/tan(x) *b

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.97951, size = 936, normalized size = 15.34

(8 a%+8 ab+b2) cos(x)4—2 (4 a%+3 ab) cos(x)2+4 ((2 a+b) cos(x)3-

b2 cos(x)+2 ab cos(x)?+a2

4 (2 B +7a%b+5 abz) cos (x)° +3 (bz cos (x)* - bz)\/—az —ablog (

12 (a4 +3a%b + 3 a%b? + abd - (a4 +3a3b + 3422 + ab3) cos (x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/12%(4*(2%a”3 + 7xa~2*b + bxaxb~2)*cos(x)"3 + 3*(b"2*cos(x)"2 - b72)*sqrt
(-a”2 - axb)*log(((8*a~2 + 8*axb + b~2)*cos(x)"4 - 2x(4*a”2 + 3*axb)*cos(x)

T2 + 4x((2xa + b)*cos(x)”3 - axcos(x))*sqrt(-a”2 - axb)*sin(x) + a~2)/(b~2x
cos(x)"4 + 2*axb*cos(x)72 + a”"2))*sin(x) - 12+%(a”3 + 3*a”"2*b + 2*a*xb~2)*cos
(x))/((a”4 + 3*a”3*b + 3*a”"2*b"2 + a*b”3 - (a”4 + 3*a"3*b + 3*a”"2*%b"2 + ax*b
~3)*cos(x)"2)*sin(x)), 1/6%x(2x(2*a~3 + 7*a~2*b + 5S*xa*xb”2)*cos(x)”~3 + 3*(b~2
xcos(x)72 - b"2)*sqrt(a”2 + axb)*arctan(1/2x((2xa + b)*cos(x)"2 - a)/(sqrt(

a2 + ax*b)*cos(x)*sin(x)))*sin(x) - 6%(a”3 + 3*a~2%b + 2*xa*xb~2)*cos(x))/((a

4 + 3*a”3%b + 3*a”"2%b"2 + a*b”3 - (a"4 + 3*a"3xb + 3*a"2%b"2 + a*b”3)*cos(
x)"2)*sin(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

csct (x)
[,
a+bcos? (x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**4/(atb*cos(x)**2),x)

[Out] Integral(csc(x)**4/(a + b*xcos(x)**2), x)

Giac [A] time = 1.21711, size = 122, normalized size = 2.

x 1 ( ) t atan(x) 12 2 2
Ttz |senla) +arctan V2+ab _3atan(x) +6btan(x)"+a+b
(a2 +2ab + b?)Va? + ab 3(a2 +2ab + 1) tan (v)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atb*cos(x)~2),x, algorithm="giac")

[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqrt(a”2 + axb)))*b~2/((a"2
+ 2%axb + b~2)*sqrt(a”2 + axb)) - 1/3x(3*axtan(x)”2 + 6*bxtan(x)”2 + a + b)

/((a~2 + 2xa*xb + b~2)*tan(x)"3)
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393 [0 g

a+b cos?(x)

Optimal. Leaf size=89

_ \/IECot(x)
(9 +3ab +317) cot(@) b tan”! ( Vi ) cot’(x)  (2a+3b) cot’(x)
(a +b)® Va(a + by’? 5(a + b) 3(a + b)?

[Out] -((b~3*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlall)/(Sqrtlal*(a + b)~(7/2))) - ((a
"2 + 3xaxb + 3xb"2)*Cot[x])/(a + b)"3 - ((2*a + 3xb)*Cot[x]"3)/(3x(a + b)~2
) - Cot[x]75/(5%(a + b))

Rubi [A] time = 0.101601, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, o >

0.2, Rules used = {3191, 390, 205}

integrand size

_ mcot(x)
) (a2 + 3ab + 3b2) cot(x) ) b tan™! ( N ) _ cot®(®)  (2a+3b) cot’(x)
(a+b) Va(a + by’ 5(a +b) 3(a + b)?

Antiderivative was successfully verified.

[In] Int[Csc[x]"6/(a + b*xCos[x]~2),x]

[Out] -((b~3*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlall)/(Sqrtlal*(a + b)~(7/2))) - ((a
~2 + 3%axb + 3*%b"2)*Cot[x])/(a + b)~3 - ((2*%a + 3*xb)*Cot[x]"3)/(3*%(a + b)"2
) - Cot[x]°5/(5%(a + b))

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£72xx"2)"p/(1 + £f£72*%x"2)"(m/2 + p + 1), x], x, Tan[e
+ fxx]/f£f], x]1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 390

Int[((a_) + (b_)*(x_)" (0 )) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (¢ + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, c, d}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && IGtQ[p, 0] && ILtQl[q,
0] && GeQlp, -q]
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

a + b cos?(x) a+ (a+ b)x?

23
f L()(x) dx = —Subst f M dx, x, cot(x)]

a? +3ab+ 3> (2a+3bx* i b
= —Subst f — + — + + dx, x, cot(x)
(a+b) (a+Db) a+b  (a+b)(a+(a+b)?)
1
_ (02 +3ab + 3b2) cot(x) _ (2a+3b) cot(x) ~ cot(x) ~ b? Subst (f at(a+b)x? ax, X, cot(x))
B (a + b)3 3(a + b)? 5(a +Db) (a + b)3
B3 tan-! (Yorbeot®) o, )

_ an Va ~ (ﬂ +3ab + 3b )cot(x) _ (22 +3b) cot>(x) ~ cot®(x)

\a(a + b)7I2 (a+b)3 3(a + b)? 5(a + b)

Mathematica [A] time = 0.38139, size = 90, normalized size = 1.01

-1 (Vatan(x)
b tan™" ( = ) cot(x) (442 +13ab + 9b7) csc?(x) + 8a? + 3(a + b)? csc4(x) + 26ab + 332)

Va(a + by’ 15(a + b)3

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~6/(a + b*Cos[x]~2),x]

[Out] (b~3*ArcTan[(Sqrt[a]*Tan[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(7/2)) - (Cotlx
I*(8*%a”2 + 26*xaxb + 33*%b"2 + (4*a”2 + 13*axb + 9*b~2)*Csc[x]"2 + 3*(a + b)~
2%Csc[x]"4))/(15%x(a + b)~3)

Maple [A] time = 0.042, size = 106, normalized size = 1.2

b3
(a +b)°

1 1 24 b
Va+ba)Vatba (Ga+5b)(tan®)’ 3 @+b>2(tan®)® (a+b)(tan (@)

arctan (a tan (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csc(x)~6/(at+b*xcos(x)~2),x)

[Out] b~3/(a+b)~3/((a+b)*a)”(1/2)*arctan(axtan(x)/((a+b)*a)~(1/2))-1/5/(a+b)/tan(
x)~5-2/3/(a+b)"2/tan(x) "3*a-1/(a+b) "2/tan(x) "3*b-1/(a+b) "3/tan(x) *a~2-3/(a+
b) "3/tan(x)*axb-3/(a+b) ~3/tan(x)*b~2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~6/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.04315, size = 1446, normalized size = 16.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~6/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [-1/60*%(4x(8*a~4 + 34*a~3*b + 59*a”2*b~2 + 33*axb~3)*cos(x)”5 - 20*(4*a~4 +
17*xa"3*b + 28*a~2%b"2 + 15*a*xb~3)*cos(x)”"3 + 15%x(b~3*cos(x)”4 - 2%b~3*xcos(
x)72 + b73)*sqrt(-a”2 - a*b)*log(((8xa~2 + 8xaxb + b~2)*cos(x)"4 - 2x(4*a"2
+ 3%axb)*cos(x)”"2 + 4x((2%a + b)*cos(x)”3 - akxcos(x))*sqrt(-a”2 - axb)*sin
(x) + a~2)/(b"2*cos(x)"4 + 2%axb*xcos(x)"2 + a~2))*sin(x) + 60*x(a”4 + 4xa~3*
b + 6*xa"2*b"2 + 3*axb~3)*cos(x))/((a”5 + 4xa~4xb + 6*a”3*b”2 + 4*xa"2*xb"3 +
axb”4 + (a”5 + 4*a”4xb + 6%a”3*%b"2 + 4*a”2*b”3 + axb"4)*xcos(x)"4 - 2%(a”5 +
4xa~4xb + 6*%a”"3*%b"2 + 4%a"2%xb"3 + axb”4)*cos(x)"2)*sin(x)), -1/30%x(2x(8*a”
4 + 34xa”3*%b + 59*a"2*b”2 + 33*a*b”3)*cos(x)”"5 - 10%(4*xa”4 + 17*a~3*b + 28%
a"2%b~2 + 15*%axb”3)*cos(x)”3 + 15%(b"3*cos(x)"4 - 2xb~3*cos(x)"2 + b~3)*sqr
t(a”2 + axb)*arctan(1/2*((2*a + b)*cos(x)"2 - a)/(sqrt(a”2 + a*b)*cos(x)*si
n(x)))*sin(x) + 30%(a~4 + 4*xa~3*b + 6*%a”"2*xb"2 + 3*xaxb~3)*cos(x))/((a”5 + 4x
a"~4xb + 6*a~3*%b"2 + 4*a"2xb"3 + axb”4 + (a5 + 4*a~4xb + 6%a”3*b"2 + 4*xa~2x
b"3 + a*b"4)*cos(x)"4 - 2%(a”5 + 4*a"4d*xb + 6*xa”3*%b"2 + 4*a”2*%b"3 + a*b"4)x*c
os(x)"2)*sin(x))]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**6/(atb*cos(x)**2),x)

[Out] Timed out

Giac [B] time =1.21034, size = 211, normalized size = 2.37

(n F + EJ sgn (a) + arctan (“ta—n(x)))}ﬁ 2 4 4 2 4 ’ 2
no o2 VaZ+ab ~ 15a% tan (x)” + 45abtan (x)” + 45b“ tan (x)” + 104 tan (x)* + 25ab tan (
15 (a3 +3a%b + 3ab? + b3) tan (x)°

(a3 +3a2b+ 3ab? + b3)\/a2 +ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~6/(atb*cos(x)”2),x, algorithm="giac")

[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a”2 + a*b)))*b~3/((a"3
+ 3%a”2%b + 3*axb”2 + b"3)*sqrt(a”2 + axb)) - 1/15%x(16%xa"2*tan(x)”4 + 45*ax
bxtan(x) "4 + 45%b~2%xtan(x) 4 + 10*a"2%tan(x) "2 + 25xaxbkxtan(x)”2 + 15*b72xt
an(x)~2 + 3%a”2 + 6*axb + 3%b72)/((a”3 + 3*%a"2%b + 3*a*xb”2 + b~3)*tan(x)”b)
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3.24 [ %

4-3 cos3(x)

Optimal. Leaf size=98

" -1 % cos(x)+1
log (3% cos?(x) + 22333 cos(x) +232)  log (220~ YBeos()) T
N + —
126 66 232356

[Out] -ArcTan[(1 + 67(1/3)*Cos[x])/Sqrt[3]1]1/(2%27(1/3)*37(5/6)) + Logl[27(2/3) - 3
~(1/3)*Cos[x]1/(6%67(1/3)) - Logl[2+27(1/3) + 27(2/3)*37(1/3)*Cos[x] + 37(2/
3)*Cos [x]72]/(12%67(1/3))

Rubi [A] time = 0.0903281, antiderivative size = 98, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 13, e .

0.538, Rules used = {3223, 200, 31, 634, 617, 204, 628}

integrand size

t -1 \3/8 cos(x)+1
log (3%° cos’() + 2% V3 cos() +292) log (2% - VBeostv) "\
_ . )
1236 66 232356

Antiderivative was successfully verified.

[In] Int[Sin[x]/(4 - 3*Cos[x]~3),x]

[Out] -ArcTan[(1 + 67(1/3)*Cos[x])/Sqrt[3]1]1/(2%27(1/3)*37(5/6)) + Logl[27(2/3) - 3
~(1/3)*Cos[x]1/(6%67(1/3)) - Logl[2+27(1/3) + 27(2/3)*37(1/3)*Cos[x] + 37(2/
3)*Cos [x]72]/(12%67(1/3))

Rule 3223

Int[cos[(e_.) + (£_D)*x )] (m_.)*((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x
DD (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[f£/f, Subst[Int[(1 - £f£72*%x72)"((m - 1)/2)*(a + bx(c*xff*x)"n)"p, x], x,
Sinl[e + f*x]/ff], x1] /; FreeQ[{a, b, c, e, f, n, p}, x] && IntegerQ[(m - 1
)/2] && (EqQ[n, 4] || GtQ[m, 0] || IGtQ[p, 0] || IntegersQ[m, pl)

Rule 200

Int[((a_) + (b_.)*(x_)~3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*Rt[a, 3] - R
t[b, 3]*x)/(Rtla, 3172 - Rtla, 3]*Rt[b, 3]*x + Rt[b, 3]172*x"2), x], x] /; F
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reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*xc*x)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
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sin(x) dx = — Subst ( f

Y y—T o dx, x, Cos(x))

4 —3x3

1 2 2234 33x
Subst ( f PR dx, x, cos(x)) Subst ( f 754220 Va2 dx, x, cos(x)

62 62
22333+2 3%

1
_ log (22/3 - \3/5(308(35)) Subst (f 2324223 3x+323:2 4, %, cos(x)) Subst (f 2 V24225 {3x+3%5

66 2 2% 1236
1
log (22/3 -3 cos(x)) log (2\3/5 + 2283 cos(x) + 3%3 COSZ(X)) Subst ( f <z dx,x1+ \
= - +
6V6 126 26

t 11+ %cos(x)
an NG log (22/3 -3 cos(x)) log (2\35 + 2283 cos(x) + 3%3 cosz(x))

+
2+/235/6 66 126

Mathematica [A] time = 0.0983305, size = 79, normalized size = 0.81

1
= (62/3 (2 log (2 - %Cos(x)) —log (62/3 cos?(x) + 2v6 cos(x) + 4)) ~ 62233 tan! (

=5

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(4 - 3*Cos[x]~3),x]

[Out] (-6%27(2/3)*37(1/6)*ArcTan[(1 + 67 (1/3)*Cos[x])/Sqrt[3]] + 67(2/3)*(2*Log[2
- 67(1/3)*Cos[x]] - Logl4 + 2%6~(1/3)*Cos[x] + 67(2/3)*Cos[x]~2]))/72

Maple [A] time = 0.017, size = 80, normalized size = 0.8

2 2 2 2 2 2 A
\3/4—135 \3/4—135 \3/4—135 2 3/4_135 cos (x) 4343 \3/41\6/5 \3[43+/3cos (%)
T3 In | cos (x) — - | In|(cos (x))” + 3 + ol BT arctan =y +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(4-3*cos(x)~3),x)
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[Out] 1/36*%4~(1/3)*37(2/3)*1n(cos(x)-1/3*4"(1/3)*37(2/3))-1/72%4~(1/3)*37(2/3)*1n
(cos(x)"2+1/3%x47(1/3)*37(2/3)*cos (x)+1/3%4~(2/3)*37(1/3))-1/12%4"~(1/3)*3" (1
/6)*arctan(1/3*37(1/2)*x(1/2%4~(2/3)*3~(1/3) *cos(x)+1))

Maxima [A] time = 1.43933, size = 120, normalized size = 1.22

1 1 21 2 2 11 2 1 1 El 1 2/1 1 1
—— . 4333 3 333 3 — . 43733 — .33 3 — 43 _—
7 433 og(3 cos (x)” + 4333 cos(x) +4 )+36 433 og(3 3 (3 cos (x) —4 )) 3

WIN

11 1
- 4336 t — 4
arctan (12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(4-3%cos(x)~3),x, algorithm="maxima"

[Out] -1/72%4~(1/3)*37(2/3)*1og(37(2/3)*cos(x)"2 + 47(1/3)*37(1/3)*cos(x) + 47(2/
3)) + 1/36%47(1/3)*37(2/3)*1og(1/3%37(2/3)*(37(1/3)*cos(x) - 47(1/3))) - 1/
12x47(1/3)*37(1/6) *arctan(1/12%47(2/3)*37(1/6) * (2%37(2/3) *cos(x) + 47 (1/3)*

37(1/3)))

Fricas [A] time = 1.75272, size = 251, normalized size = 2.56

1 1 1 1,2 1 1 2 2 1 1 2 2
ETh 66\/§arctan(g . 66(63 V2 cos (x) + 63 \/E)) 7 63 log (—3 cos (x)2 —63cos(x)—2- 63) + % 63 log (63 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(4-3*cos(x)~3),x, algorithm="fricas")

[Out] -1/12%67(1/6)*sqrt(2)*arctan(1/6*6~(1/6)*(67(2/3)*sqrt(2)*cos(x) + 67 (1/3)*
sqrt(2))) - 1/72%67(2/3)*1log(-3*cos(x)"2 - 67(2/3)*cos(x) - 2%67(1/3)) + 1/

36%67(2/3)*x1og(67(2/3) - 3*cos(x))

Sympy [A] time = 3.14148, size = 85, normalized size = 0.87
2 2 ) 3 8
63 log (COS () - %) 6§ log (36 cos? (x) +12 - 6§ cos (x) + 24\3/6) 25\6/§atan(M + ?)
36 - 72 - 12

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)/(4-3*cos(x)**3),x)

[Out] 6%*%(2/3)*log(cos(x) - 6*x(2/3)/3)/36 - 6%x(2/3)*1log(36*cos(x)**2 + 12*6%*(2
/3)*xcos(x) + 24*x6xx(1/3))/72 - 2x*x(2/3)*3%*x(1/6) *atan (2*x*x(1/3) *3*x(5/6) *cos

(x)/3 + sqrt(3)/3)/12

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(4-3*cos(x)~3),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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325  [———dx

1—cos2(x)

Optimal. Leaf size=4

—cot(x)

[Out] -Cot[x]

Rubi [A] time = 0.0135559, antiderivative size = 4, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e e =

0.3, Rules used = {3175, 3767, 8}

integrand size

—cot(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"2)"(-1),x]
[Out] -Cot[x]

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
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1
fmdx: fcscz(x) dx
=_ Subst(fl dx, x, cot(x))

= —cot(x)

Mathematica [A] time = 0.0022625, size = 4, normalized size = 1.

—cot(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]"2)~(-1),x]

[Out] -Cot[x]

Maple [A] time = 0.014, size = 7, normalized size = 1.8

—(tan (x)) "
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)"2),x)

[Out] -1/tan(x)

Maxima [A] time = 0.956744, size = 8, normalized size = 2.

1
~tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2),x, algorithm="maxima"

[Out] -1/tan(x)
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Fricas [B] time = 1.59319, size = 22, normalized size = 5.5

cos (x)
sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)72),x, algorithm="fricas")

[Out] -cos(x)/sin(x)

Sympy [B] time = 0.596599, size = 14, normalized size = 3.5

n(®)

2 2tan (;—C)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**2),x)

[Out] tan(x/2)/2 - 1/(2*xtan(x/2))

Giac [A] time = 1.17903, size = 8, normalized size = 2.

1
~tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2),x, algorithm="giac")

[Out] -1/tan(x)
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1

3.26 dax

(1—6082(3())2

Optimal. Leaf size=13
L
~3 cot’(x) — cot(x)

[Out] -Cot[x] - Cot[x]~3/3

Rubi [A] time = 0.0148672, antiderivative size = 13, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 2, integrand size = 10, e L

integrand size
0.2, Rules used = {3175, 3767}

—% cot(x) — cot(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"2)~(-2),x]
[Out] -Cot[x] - Cot[x]~3/3

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)]172)"(p_), x_Symbol] :> Dist[
a"p, Int[ActivateTriglu*xcosl[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] &% EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps



f(l—zdx: fcsc4(x)dx
1

- cosz(x))
= —Subst (f (1 + xz) dx, x, cot(x))

cot(x)
3

= —cot(x) -

Mathematica [A] time = 0.0031777, size = 17, normalized size = 1.31

2 CO;(X) _ % cot(x) csc?(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]72)~(-2),x]

[Out] (-2*Cot[x])/3 - (Cot[x]*Cscl[x]~2)/3
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Maple [A] time = 0.017, size = 14, normalized size = 1.1

_3(ta—n(x))3 ~ (tan (x)) "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)"2)"2,x)

[Out] -1/3/tan(x)"3-1/tan(x)

Maxima [A] time = 0.96259, size = 19, normalized size = 1.46

3 tan (x)2 +1
3 tan (x)3

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(1-cos(x)~2)72,x, algorithm="maxima")

[Out] -1/3*%(3*tan(x)"2 + 1)/tan(x)"3

143

Fricas [B] time = 1.5386, size = 73, normalized size = 5.62

~ 2 cos (x)3 -3 cos (x)
3 (cos (x)2 - 1) sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)72,x, algorithm="fricas")

[Out] -1/3%(2%cos(x)~3 - 3%cos(x))/((cos(x)"2 - 1)*sin(x))

Sympy [B] time = 2.42905, size = 34, normalized size = 2.62
tan® (g) 3tan (;—C) 3 1
2% T8 8 tan (;—C) 24 tan® (;‘C)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**2)**2,x)

[Out] tan(x/2)**3/24 + 3xtan(x/2)/8 - 3/(8xtan(x/2)) - 1/(24xtan(x/2)**3)

Giac [A] time = 1.21659, size = 19, normalized size = 1.46

3 tan (x)2 +1
3 tan (x)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)72,x, algorithm="giac")

[Out] -1/3*%(3*tan(x)"2 + 1)/tan(x)"3
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1

3.27 dx

3
(1—0082(3())
Optimal. Leaf size=21

2 cot3(x)

3 cot®(x) — — cot(x)

[Out] -Cot[x] - (2%Cot[x]~3)/3 - Cot[x]"5/5

Rubi [A] time = 0.0171482, antiderivative size = 21, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 10, e e =

0.2, Rules used = {3175, 3767}

integrand size

2 cot3(x)
3

5
3 cot”(x) — — cot(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"2)"(-3),x]
[Out] -Cot[x] - (2*Cot[x]~3)/3 - Cot[x]"5/5

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTriglu*cos[e + f*x]1~(2xp)], x]1, x] /; FreeQ[{a, b, e, f, p
}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps



f(1—3dx: fcsc6(x) dx
1

- cosz(x))
= —Subst (f (1 +2x2 + x4) dx, x, cot(x))

2cot?(x)  cot®(x)
3 5

= —cot(x) —

Mathematica [A] time = 0.003592, size = 27, normalized size = 1.29

§cot(x) 1 4
B C(1)5(X) - £ cot() cscA(x) — o5 Cot() csc?(x)

Antiderivative was successfully verified.

[In] Integratel[(1 - Cos[x]~2)~(-3),x]

[Out] (-8%Cot[x])/15 - (4xCot[x]*Csc[x]"2)/15 - (Cot[x]*Csc[x]~4)/5
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Maple [A] time = 0.017, size = 20, normalized size = 1.

2 ) 1
3 (tan(x))® 5 (tan (x))°

~ (tan (x)) " -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)”2)73,x)

[Out] -1/tan(x)-2/3/tan(x)~3-1/5/tan(x)"5

Maxima [A] time = 0.951776, size = 27, normalized size = 1.29

15 tan (x)4 +10 tan (x)2 +3
15 tan (x)5

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cos(x)~2)73,x, algorithm="maxima")

[Out] -1/15%(15*tan(x)"4 + 10*xtan(x)"2 + 3)/tan(x)”5

Fricas [B] time = 1.58894, size = 112, normalized size = 5.33

8 cos (x)5 —20 cos (x)3 +15 cos (x)

B 15 (cos (x)4 -2 cos (x)2 + 1) sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)73,x, algorithm="fricas")

[Out] -1/15%(8*cos(x)"5 - 20%*cos(x)~3 + 15%cos(x))/((cos(x)"4 - 2%cos(x)"2 + 1)*s
in(x))

Sympy [B] time = 9.11888, size = 54, normalized size = 2.57

tan® (;—C) 5tan® (%) . 5tan (g) 5 5 1

60 % 16 16tan(l) 96tand (L) 160tan’ ()

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**2)**3,x)

[Out] tan(x/2)**5/160 + b5*tan(x/2)**3/96 + 5*xtan(x/2)/16 - 5/(16xtan(x/2)) - 5/(9
6xtan(x/2)**3) - 1/(160*tan(x/2)**5)

Giac [A] time = 1.16443, size = 27, normalized size = 1.29

15 tan (x)4 +10 tan (x)2 +3
15 tan (x)5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)73,x, algorithm="giac")
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[Out] -1/15%(15*tan(x)"4 + 10*tan(x)”"2 + 3)/tan(x)”5
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398 [0 g

a+b cos2(x)

Optimal. Leaf size=78

) -1 \/I_Jsin(x)
(u2 —ab+ bz) sin(x) a® tanh ( Vatb ) . (a - 2b) sin®(x) N sin®(x)
b3 b72\[a + b 3b? 5b

[Out] -((a~3*ArcTanh[(Sqrt[b]l*Sin[x])/Sqrtla + b]]1)/(b~(7/2)*Sqrtla + bl)) + ((a~
2 - axb + b™2)*Sin[x])/b"3 + ((a - 2*%b)*Sin[x]~3)/(3*%b~2) + Sin[x]~5/(5*b)

Rubi [A] time = 0.0840385, antiderivative size = 78, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e e e

0.2, Rules used = {3186, 390, 208}

integrand size

-1 \/Zsin(x)
(a2 —ab+ bz) sin(x) @’ tanh ( Jitb ) . (a - 2b) sin®(x) s sin’(x)
b3 b72\a + b 3b? 5b

Antiderivative was successfully verified.

[In] Int[Cos[x]"7/(a + bxCos[x]~2),x]

[Out] -((a~3*ArcTanh[(Sqrt[b]l*Sin[x])/Sqrtla + b]]1)/(b~(7/2)*Sqrtla + bl)) + ((a~
2 - axb + b™2)*Sin[x])/b"3 + ((a - 2*¥b)*Sin[x]~3)/(3*%b~2) + Sin[x]~5/(5*b)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£f72%xx72) " ((m - 1)/2)*(a + b - b*ff~2*x~2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*x((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)7p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

_ 2y
f L% dx = Subst [f (1—x2x2 dx, x, sin(x)]

a + b cos?(x) a+b-

a2 —ab+b*> (a-2bx% x* a®
= Subst f + +————— | dx, x,sin(x
( [ i 7T parbo ) )

1 .
(ﬂz —ab + bz) Sin(.X') (El _ 2b) SinS(X) SinS(X) ﬂ3 Subst (f m dx, X, Sln(X))

b3 3b? 5b b3

3 -1 \/E sin(x) .
B a’ tanh ( N ) N (a2 —ab+ b2) sin(x) . (a — 2b) sin®(x) N sin’(x)
= 7 \/m b3 3b? 5b

Mathematica [A] time = 0.385071, size = 111, normalized size = 1.42

(8612 — 6ab + 5b2) sin(x) a® (log (\/a +b- \/Esin(x)) —log (Vu +b+ \/Esin(x))) (5b — 4a) sin(3x)  sin(5x)
+ + +
8b3 2072\a + b 48h2 800

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~7/(a + b*Cos[x]~2),x]

[Out] (a”3*(Logl[Sqrtla + b] - Sqrt[bl*Sin[x]] - Logl[Sqrtla + b] + Sqrt[b]*Sin[x]]
))/(2%b~(7/2)*Sqrt[a + b]) + ((8%xa™2 - 6*axb + 5xb~2)*Sin[x])/(8%b"3) + ((-
4xa + 5*b)*Sin[3*x])/(48xb~2) + Sin[5*x]/(80%b)

Maple [A] time = 0.02, size = 78, normalized size = 1.

3
+ a?sin (x) — absin (x) + b?sin (x)) -~ Z—3Artanh (b sin (x)

1 ((sin (x))° b2 , (sin () ba 2 (sin ()’ b?
b3 5 3 3 (@+D)t
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~7/(a+b*cos(x)~2),x)
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[Out] 1/b73*%(1/5*sin(x) ~5xb~2+1/3*sin(x) "3*b*a-2/3*sin(x) "3*b~2+a"2*sin(x)-a*b*si
n(x)+b"2xsin(x))-a"~3/b~3/((a+b) *b) ~(1/2) *arctanh(b*sin(x)/((a+b)*b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~7/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.91061, size = 597, normalized size = 7.65

()2 4/ i —g—
15 Vab + b2a® log (—bCOb(x) +2 ab b2 sin()—a Zb) +2 (3 (ab3 + b4) cos (x)* +15a%b + 5a2b% — 2ab3 + 8 b* - (5 a?b? + al

b cos(x)2+a

30 (ab4 + b5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~7/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/30%(16xsqrt(a*xb + b~2)*a~3*log(-(b*cos(x)~2 + 2*sqrt(a*b + b~2)*sin(x) -
a - 2xb)/(b*cos(x)72 + a)) + 2x(3*x(a*b”3 + b"4)*cos(x)"4 + 15*a~3*b + 5*a”
2xb"2 - 2%axb”3 + 8*%b~4 - (5%a”2%b"2 + a*b”3 - 4xb"4)*cos(x)"2)*sin(x))/(ax

b4 + b75), 1/15%(1b*sqrt(-a*xb - b~2)*a”3*arctan(sqrt(-a*b - b~2)*sin(x)/(a

+ b)) + (3%(a*xb”3 + b~4)*cos(x)"4 + 15%a”3%b + 5xa”2%b"2 - 2*axb~3 + 8*b~4

- (5*%a”™2*b"2 + a*b”3 - 4*b~4)*cos(x)"2)*sin(x))/(a*xb”4 + b~5)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.



151

[In] integrate(cos(x)**7/(at+b*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.16356, size = 130, normalized size = 1.67

bsin(x)

3
a” arctan (m) 3b%sin (x)° + 5ab®sin (x)° — 10 b* sin (x)° + 15 422 sin (x) — 15 ab® sin (x) + 15 b* sin (x)
V—-ab - b2b3 156°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~7/(atb*cos(x)~2),x, algorithm="giac")

[Out] a”3*arctan(b*sin(x)/sqrt(-a*b - b~2))/(sqrt(-axb - b72)*b~3) + 1/15*(3*b"4x
sin(x) "5 + b*axb~3*sin(x)”3 - 10*%b"4x*sin(x)”3 + 15*%a"2%b"2*sin(x) - 15*axb”

3xsin(x) + 15%b~4x*sin(x))/b”"5
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329 [0 g

a+b cos?(x)

Optimal. Leaf size=56

2 -1 \/E sin(x)
”mm-(ﬁ@)_WJMmm_mfm
b52\a + b b? 3b

[Out] (a”2*ArcTanh[(Sqrt[b]*Sin[x])/Sqrtla + b]])/(b~(5/2)*Sqrt[a + b]) - ((a - b
)*Sin[x]) /b2 - Sin[x]~3/(3%*Db)

Rubi [A] time = 0.071169, antiderivative size = 56, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e e e

0.2, Rules used = {3186, 390, 208}

integrand size

2 —1 {Vbsin(x)
“mm’ﬁﬁﬁﬂ_WJme_afm
b52\a + b b? 3b

Antiderivative was successfully verified.

[In] Int[Cos[x]"5/(a + bxCos[x]~2),x]

[Out] (a”2*ArcTanh[(Sqrt[b]*Sin[x])/Sqrtla + b]])/(b~(5/2)*Sqrtla + b]) - ((a - b
)*Sin[x])/b~2 - Sin[x]~3/(3*b)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£f72%xx72) " ((m - 1)/2)*(a + b - b*ff~2*x~2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*x((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)7p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

_ 2\

a + b cos?(x) a+b
2 2

a-b «x
= Subst —— - — 4+ ———— | dx, x,sin(x
(f( b2 b bz(a+b—bx2)] ()]

1 .
_ (a-b)sin@ sin3(x) a® Subst (f — 2 4%, x, sm(x))

B b2 3b b2

-1 \/Esin(x)
B a? tanh ( N ) _ (a — b) sin(x) B sin3(x)

 BRVa+b b 3b

Mathematica [A] time = 0.184982, size = 86, normalized size = 1.54

6a2(10g(\/m+ b sin(x))—log(\/m—\/z sin(x)
Va+b

), 3Vb(3b - 4a) sin(x) + b32 sin(3x)
126572

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~5/(a + bxCos[x]~2),x]

[Out] ((6*a~2*(-Logl[Sqrt[a + b] - Sqrt[bl*Sin[x]] + Logl[Sqrt[a + b] + Sqrt[b]l*Sin
[x11))/Sqrtla + b] + 3xSqrt[bl*(-4xa + 3*b)*Sin[x] + b~ (3/2)*Sin[3*x])/(12x%
b~ (5/2))

Maple [A] time = 0.015, size = 50, normalized size = 0.9

2

1 1
+ sin (¥) a — sin (x) b) + Z—zArtanh (sin ()b

Va+b)b) a+b)b

1 ((sin(x)°b
3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~5/(a+b*cos(x)~2),x)
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[Out] -1/b"2%(1/3*sin(x) "3*b+sin(x)*a-sin(x)*b)+a~2/b"2/((a+b)*b) " (1/2)*arctanh(b
xsin(x)/((at+b)*b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~5/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.87134, size = 441, normalized size = 7.88

b cos(x)2+a

2 / .
3Vab + b2a?log (—bcos(x) “2Nabsb? Sm(x)_a_Zh) -2 (3 a?b + ab® - 2% - (abz + b3) cos (x)z) sin(x) 3 V-ab - b2a? arc

7

6 (ab® + b%)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~5/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/6%(3*sqrt(axb + b~2)*a~2*xlog(-(b*cos(x)~2 - 2*sqrt(a*xb + b~2)*sin(x) - a
- 2%b)/(b*cos(x)"2 + a)) - 2*%(3*%a”2*b + a*b™2 - 2%b”3 - (a*b”2 + b~ 3)*cos(
x)"2)*sin(x))/(a*b”3 + b~4), -1/3*%(3*sqrt(-axb - b~2)*a”2xarctan(sqrt(-a*b

- b™2)*sin(x)/(a + b)) + (3*a™2xb + a*xb™2 - 2xb~"3 - (a*b”2 + b~3)*cos(x)”2)
xsin(x))/(axb”™3 + b~4)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**5/(at+b*cos(x)**2),x)
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[Out] Timed out

Giac [A] time = 1.16901, size = 88, normalized size = 1.57

bsin(x)

2
a“ arctan (m) b? sin (x)3 + 3 absin (x) — 3 b?sin (x)

V—ab — 212 303

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~5/(a+b*cos(x)”2),x, algorithm="giac")

[Out] -a"2*arctan(b*sin(x)/sqrt(-a*b - b~2))/(sqrt(-a*xb - b~2)*b~"2) - 1/3x(b~2*si
n(x)~3 + 3*a*b*sin(x) - 3*b~2*sin(x))/b~3
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330 [—9 g

a+b cos2(x)

Optimal. Leaf size=38

atanh™! ( Vbsin) )

sin(x) Va+b
b b32v/a + b

[Out] -((axArcTanh[(Sqrt[b]*Sin[x])/Sqrtla + b]])/(b~(3/2)*Sqrtla + bl)) + Sin[x]
/b

Rubi [A] time = 0.0550803, antiderivative size = 38, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e e e

0.2, Rules used = {3186, 388, 208}

integrand size

atanh ™ ( \/Zsm(x))

sin(x) Va+b
b b32+a + b

Antiderivative was successfully verified.

[In] Int[Cos[x]~3/(a + bxCos[x]~2),x]

[Out] -((a*xArcTanh[(Sqrt[b]*Sin[x])/Sqrtla + b]])/(b~(3/2)*Sqrtla + bl)) + Sin[x]
/b

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£f72%xx72) " ((m - 1)/2)*(a + b - b*ff~2*x~2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 388

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

cos®(x) 1-22 ,
fmosz(x) dx = Subst (fm dx,x, SIH(X))
sin(x) * Subst ( f m dx, x, sin(x))
“ b b
-1 \/Esin(x)
_ atanh =) , sin)
b32a + b b

Mathematica [A] time = 0.0294949, size = 38, normalized size = 1.

-1 \/Zsin(x)
sin(y) _4tanh (=)
b b32+/a + b

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~3/(a + bxCos[x]~2),x]

[Out] -((a*ArcTanh[(Sqrt[b]*Sin[x])/Sqrtla + bl]l)/(b~(3/2)*Sqrtla + bl)) + Sin[x]
/b

Maple [A] time = 0.013, size = 33, normalized size = 0.9

sin (x) a . 1 1
P bArtanh (sm (%) b\/(a ) b) NTEDL

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~3/(a+b*cos(x)"2),x)

[Out] sin(x)/b-1/bxa/((a+b)*b)~(1/2)*arctanh(b*sin(x)/((a+b)*b)~(1/2))
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~3/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.87761, size = 319, normalized size = 8.39

2 / . / .
Vab + b2a log (—bcos(x) 2 ab+b22 Sm(x)_a_m) +2 (ab + bz) sin (x) vV=ab - b2a arctan (—_ub_bz Sm(x)) + (ab + bz) sin (x)
bcos(x) +a a+b
2 (ab? + 1?) ’ ab? + b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~3/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/2x(sqrt(axb + b~2)*a*log(-(b*cos(x)~2 + 2*sqrt(axb + b"2)*sin(x) - a - 2
*b) /(b*cos(x)7"2 + a)) + 2x(a*b + b~2)*sin(x))/(a*b”™2 + b~3), (sqrt(-a*xb - b
~2)*a*arctan(sqrt(-axb - b~2)*sin(x)/(a + b)) + (axb + b~2)*sin(x))/(a*b~2

+ b73)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**3/(atb*cos(x)**2),x)

[Out] Timed out




Giac [A] time = 1.15699, size = 55, normalized size = 1.45

bsin(x)
Veabi2) | sin (x)
V—ab - b2b b

aarctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~3/(atb*cos(x)~2),x, algorithm="giac")
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[Out] axarctan(b*sin(x)/sqrt(-a*b - b~2))/(sqrt(-a*xb - b~2)*b) + sin(x)/b
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331 [ gy

a+b cos2(x)

Optimal. Leaf size=29

—1 (Vbsin(x)
tanh ( m)

VbvVa +b

[Out] ArcTanh[(Sqrt[b]#*Sin[x])/Sqrt[a + bl]/(Sqrt[bl*Sqrt[a + bl)

Rubi [A] time = 0.030828, antiderivative size = 29, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 13, e e =

integrand size
0.154, Rules used = {3186, 208}

-1 \/Esin(x)
tanh ( m)

VbvVa +b

Antiderivative was successfully verified.

[In] Int[Cos[x]/(a + b*Cos[x]~2),x]
[Out] ArcTanh[(Sqrt[b]l*Sin[x])/Sqrtl[a + b]]/(Sqrt[b]*Sqrtla + b]l)

Rule 3186

Int[sinl(e_.) + (£_)*(x_)]1 " (m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst [Int[(1 - ££72%xx72)"((m - 1)/2)*(a + b - b*ff"2%x"2)"p, x], x, Cosle +
fxx]/£f], x]1]1 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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cos(x) 3 1 .
f W@sz(x) dx = Subst (f p—— dx, x, Sln(x))
\/Esin(x))
Va+b
\/E\/a +b

tanh ™ (

Mathematica [A] time = 0.0112525, size = 29, normalized size = 1.

-1 \/Esin(x)
tanh (—m )

VovVa +b

Antiderivative was successfully verified.

[In] Integrate[Cos[x]/(a + b*Cos[x]~2),x]

[Out] ArcTanh[(Sqrt[b]l*Sin[x])/Sqrt[a + bl]/(Sqrt[bl*Sqrtla + bl)

Maple [A] time = 0.011, size = 21, normalized size = 0.7

. 1 1
Artanh (Sm () b\/(a +b) b) Via+b)b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)/(at+b*cos(x)"2),x)

[Out] 1/((a+b)*b)~(1/2)*arctanh(b*sin(x)/((a+b)*b)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(atb*cos(x)~2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [B] time = 1.78319, size = 228, normalized size = 7.86

2 2 o o 32
10g (_bcos(x) 2 Vab+b4 sin(x)-a Zb) marctan(v ab-b sm(x))

b cos(x)2+u a+b

2\ab + 12 . ab + b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/2%1log(-(b*cos(x)~2 - 2*xsqrt(a*xb + b"2)*sin(x) - a - 2%b)/(b*cos(x)"2 + a
))/sqrt(axb + b~2), -sqrt(-a*b - b~2)*arctan(sqrt(-a*b - b~2)*sin(x)/(a + b

))/(a*xb + b~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.12551, size = 42, normalized size = 1.45

arctan( bsin(x) )
_ V-ab-b?

V—ab — b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(atb*cos(x)~2),x, algorithm="giac")

[Out] -arctan(b*sin(x)/sqrt(-a*b - b~2))/sqrt(-a*b - b~2)
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332 [y

a+b cos2(x)

Optimal. Leaf size=41

-1 \/Esin(x)
tanh ™ (sin(x)) Vb tanh ( T )
a ava+b

[Out] ArcTanh[Sin[x]]/a - (Sqrt[b]l*ArcTanh[(Sqrt[bl*Sin[x])/Sqrtla + bl]l)/(a*Sqrt
[a + bl)

Rubi [A] time = 0.0524032, antiderivative size = 41, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 13, T

integrand size
0.308, Rules used = {3186, 391, 206, 208}

-1 \/Esin(x)
tanh” (sin(y)  Ybtanh (=)
a ava+b

Antiderivative was successfully verified.

[In] Int[Sec[x]/(a + b*Cos[x]~2),x]

[Out] ArcTanh[Sin[x]]/a - (Sqrt[b]*ArcTanh[(Sqrt[b]l*Sin[x])/Sqrtla + bl])/(a*xSqrt
[a + b])

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst [Int [(1 - ££f72%xx72)"((m - 1)/2)*(a + b - b*ff"2*x~2)"p, x], x, Cosle +
fxx]/££f], x]]1 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 391

Int[1/(((a ) + (b_.)*x(x_)"(n_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(b*c - a*d), Int[1/(a + b*x"n), x], x] - Dist[d/(bxc - ax*d), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

sec(x) 3 1 .
f b oo T dx = Subst [f (1 - xZ) (a T bxz) dx, x, sm(x))

Subst ( f ﬁ dx, x, sin(x)) b Subst ( f m dx, x, sin(x))

a a
-1 \/Esin(x)
_ tanh”sing)  VPtanh =)
a ava+b

Mathematica [A] time = 0.0556557, size = 38, normalized size = 0.93

Va+b
Va+b

Btz

tanh ™ (sin(x)) —

a
Antiderivative was successfully verified.

[In] Integrate[Sec[x]/(a + b*Cos[x]~2),x]

[Out] (ArcTanh[Sin[x]] - (Sqrt[b]*ArcTanh[(Sqrt[b]*Sin[x])/Sqrtla + b]])/Sqrtla +
bl)/a

Maple [A] time = 0.028, size = 47, normalized size = 1.2

BB D L sin
2a a

1 ) 1 _In(sin(x) -1)
V@a+b)b) J@a+b)b 2a

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sec(x)/(a+b*cos(x)~2),x)

[Out] 1/2/a*1ln(sin(x)+1)-b/a/((a+b)*b)~(1/2)*arctanh(b*sin(x)/((a+b)*b)~(1/2))-1/
2/ax1n(sin(x)-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.87842, size = 329, normalized size = 8.02

b bcos(x)2+2 (a+b) % sin(x)—a-2b . .
— log [— \/_b +log (sin (x) +1) —log (-sin(x) +1) , [ b arctan( [ b sin (x)) +
a+b a+b

b cos(x)2+u

2a 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(atbxcos(x)~2),x, algorithm="fricas")

[Out] [1/2x(sqrt(b/(a + b))*log(-(b*cos(x)~2 + 2*x(a + b)*sqrt(b/(a + b))*sin(x) -
a - 2*b)/(b*cos(x)”"2 + a)) + log(sin(x) + 1) - log(-sin(x) + 1))/a, 1/2%(2
xsqrt(-b/(a + b))*arctan(sqrt(-b/(a + b))*sin(x)) + log(sin(x) + 1) - log(-
sin(x) + 1))/al

Sympy [F] time = 0., size = 0, normalized size = 0.

sec (x) P
fa + b cos? (x) *

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sec(x)/(atb*cos(x)**2),x)

[Out] Integral(sec(x)/(a + b*cos(x)**2), x)

Giac [A] time = 1.18786, size = 77, normalized size = 1.88

bsin(x)

barctan (\/ﬁ) . log (sin (x) +1) ~ log (—sin (x) +1)

V-ab - b2a 2a 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(atb*cos(x)~2),x, algorithm="giac")

[Out] bxarctan(b*sin(x)/sqrt(-a*xb - b~2))/(sqrt(-a*xb - b~2)*a) + 1/2*xlog(sin(x) +
1)/a - 1/2*log(-sin(x) + 1)/a
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333 [W g

a+b cos?(x)

Optimal. Leaf size=59

-1 \/I_Jsin(x)
b2 tanh ( Toah )+ (a — 2b) tanh ™ (sin(x)) , tan(@) sec()

a>Va+b 2a? 2a

[Out] ((a - 2#b)*ArcTanh[Sin[x]])/(2%a~2) + (b~ (3/2)*ArcTanh[(Sqrt[b]*Sin[x])/Sqr
tla + bl])/(a"2xSqrtla + b]) + (Sec[x]*Tan[x])/(2*a)

Rubi [A] time = 0.0981543, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e -

integrand size
0.333, Rules used = {3186, 414, 522, 206, 208}
3/2 -1 \/l;sin(x)
b2 tanh (—m ) , (a-2b) tanh " (sin(x)) , tan()sec(x)

a>Va+b 2a? 2a

Antiderivative was successfully verified.

[In] Int[Sec[x]~3/(a + b*Cos[x]"2),x]

[Out] ((a - 2#b)*ArcTanh[Sin[x]])/(2%a"2) + (b~ (3/2)*ArcTanh[(Sqrt[b]*Sin[x])/Sqr
tla + bl])/(a"2xSqrtla + b]) + (Sec[x]*Tan[x])/(2*a)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst [Int[(1 - ££72%xx72)"((m - 1)/2)*(a + b - b*ff"2%x"2)"p, x], x, Cosle +
f*x]/££f], x11 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> =Simp[(b*xx(a + b*x™n) “(p + 1)*(c + d*x"n)~(q + 1))/ (a*xn*x(p + 1)*(b*c -
axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - a*d)), Int[(a + b*x™n)~(p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, x], x]1 /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
&& !'( !'IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
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d, n, p, q, x]

Rule 522

Int[((e_ ) + (£_)*(x_)"(n_))/(((a)) + (b_)*x(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI
- Dist[(d*e - cxf)/(bxc - a*xd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, D,
c, d, e, f, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

sec3(x) B 1 .
f Wosz(x) dx = Subst [f (1 - x2)2 (u T bx2) dx, x, sm(X)]

Subst ( f (a_b;bxz dx, x, sin(x))

_sec(x) tan(x) 1-x2)(a+b-bx?)

2a 2a
1 . 1 .
| ec()tangy (@~ 20)Subst ( [ 2 dx,x, sm(x)) ) B2 Subst ( [ =t dxx, sm(x))
B 2a 25[2 112
_ 32 -1 ( Vbsin(x)
(a—2b)tanh(sin(x)) U tanh ( Tosh ) sec(x) tan(x)
- 242 " 2 * >

Mathematica [B] time = 0.36146, size = 152, normalized size = 2.58

2032 log(\/a+b—\/5 sin(x)) 20312 1og(\/a+b+ b sin(x))
- +
Va+b Va+b

—2(a —2b)log (cos (;—C) —sin (g)) +2(a - 2b)log (sin (g) + cos (

X
2

))+E

4a2

Antiderivative was successfully verified.
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[In] Integrate[Sec[x]~3/(a + b*Cos[x]~2),x]

[Out] (-2*(a - 2#b)*Log[Cos[x/2] - Sin[x/2]] + 2*x(a - 2*b)*Log[Cos[x/2] + Sin[x/2
11 - (2%b~(3/2)*Logl[Sqrt[a + bl - Sqrt[bl*Sin[x]])/Sqrtla + b] + (2%b~(3/2)
*xLog[Sqrt[a + bl + Sqrt[bl*Sin[x]])/Sqrtla + b] + a/(Cos[x/2] - Sin[x/2])"2

- a/(Cos[x/2] + Sin[x/2]1)72)/(4%a~2)

Maple [A] time = 0.039, size = 92, normalized size = 1.6

1 In(sin(x) +1) In(sin(x) +1)b b? .
44 (sin (x) +1) * 44 - 512 + a—zArtanh sin (x) b

1 ) 1 1
Va+b)b) Jla+b)b 4a(sin(x)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(x)~3/(atb*cos(x)”2),x)

[Out] -1/4/a/(sin(x)+1)+1/4/a*1n(sin(x)+1)-1/2/a"2*1n(sin(x)+1)*b+b"2/a"2/((a+b)*
b) ~(1/2)*arctanh(b*sin(x)/((a+b)*b)~(1/2))-1/4/a/(sin(x)-1)-1/4/a*x1n(sin(x)
-1)+1/2/a"2*%1n(sin(x)-1)*b

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~3/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.99673, size = 536, normalized size = 9.08

bcos(x)?-2 (a+h)y/ — sin(x)-a-2b
2b4/ a%b cos (x)2 log [— costy 2 )\/;S W + (a—2Db)cos (x)2 log (sin (x) +1) — (a — 2b) cos (x)2 log (- sin

b cos(x)2+u

4 a2 cos (x)*
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~3/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/4*(2xbxsqrt(b/(a + b))*cos(x) " 2xlog(-(b*cos(x)"2 - 2*(a + b)*sqrt(b/(a +
b))*sin(x) - a - 2*b)/(b*cos(x)"2 + a)) + (a - 2*b)*cos(x) 2xlog(sin(x) +
1) - (a - 2*b)*cos(x) "2*log(-sin(x) + 1) + 2%a*sin(x))/(a"2*cos(x)"2), -1/4
*x (4xb*sqrt (-b/(a + b))*arctan(sqrt(-b/(a + b))*sin(x))*cos(x)"2 - (a - 2xb)
xcos(x) "2xlog(sin(x) + 1) + (a - 2*b)*cos(x)"2xlog(-sin(x) + 1) - 2*axsin(x

))/(a"2*cos(x)"2)]

Sympy [F] time = 0., size = 0, normalized size = 0.
sec (x)
[ S
a+bcos? (x)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sec(x)**3/(atb*cos(x)**2),x)

[Out] Integral(sec(x)**3/(a + b*cos(x)**2), x)

Giac [A] time = 1.22048, size = 115, normalized size = 1.95

bsin(x)

_bz arctan (m) . (a-2b)log(sin(x) +1) (a-2b)log(=-sin(x) +1) sin (x)

V—ab — b2a? 4a? 4a 2 (sin (x)* - 1)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~3/(a+b*cos(x)”2),x, algorithm="giac")

[Out] -b~2*arctan(b*sin(x)/sqrt(-a*b - b~2))/(sqrt(-a*xb - b~2)*a”~2) + 1/4x(a - 2%
b)*log(sin(x) + 1)/a"2 - 1/4x(a - 2*b)*log(-sin(x) + 1)/a"2 - 1/2*sin(x)/((

sin(x)"2 - 1)*a)



171

334 [W g

a+b cos?(x)

Optimal. Leaf size=90

_ ) 5/2 -1 \/E sin(x)
(3112 —4ab + 8b2) tanh~\(sin(x)) 7?tanh ( N ) (3a — 4b) tan(x) sec(x)  tan(x) sec3(x)
- + +
8a3 B\a+b 842 4q

[Out] ((3*%a"2 - 4xa*b + 8xb~2)*ArcTanh[Sin[x]])/(8%a~3) - (b~ (5/2)*ArcTanh[(Sqrt[
bl *Sin[x])/Sqrtla + b]])/(a"3*Sqrt[a + b]) + ((3*xa - 4xb)*Sec[x]*Tan[x])/(8
*a~2) + (Sec[x] 3*Tan[x])/(4*a)

Rubi [A] time = 0.165703, antiderivative size = 90, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, T

integrand size
0.4, Rules used = {3186, 414, 527, 522, 206, 208}

1. 5/2 1 (b sin(x)
(3612 —4ab + 8172) tanh ™ (sin(x)) b ? tanh ( Jaib ) (3a — 4b) tan(x) sec(x)  tan(x)sec3(x)
-~ + +
8a3 B\Va+b 8a? 4a

Antiderivative was successfully verified.

[In] Int[Sec[x]~5/(a + bxCos[x]~2),x]

[Out] ((3*a”2 - 4xa*b + 8*b~2)*ArcTanh[Sin[x]])/(8%¥a~3) - (b~ (5/2)*ArcTanh[(Sqrt[
bl*Sin[x])/Sqrtla + b]])/(a"3*Sqrtl[a + b]l) + ((3*xa - 4xb)*Sec[x]*Tan[x])/(8
*a”~2) + (Sec[x] 3*Tan[x])/(4*a)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£72%xx72)"((m - 1)/2)*(a + b - b*ff"2*x~2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_)*(x_)"(n_ )~ (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + bxx™n) (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
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, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, %]

Rule 527

Int[((a_) + (b_)*(x_)" (@ ))"(p)*((c_) + (d_)*(x)"(n ))"(q_.)*((e)) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*xnx(b*c - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*x(c + d*x"n) “q*Simp[c*(bxe - axf) + exnx(b*c
- axd)*(p + 1) + dx(b*e - a*f)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] & LtQ[p, -1]

Rule 522

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, %]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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sec®(x) ~ 1 |
f 2+ boos2(x) dx = Subst [f (1 - x2)3 (a e be) dx, x, sm(x)]

st ( f (?M_bez dx, x, sin(x))

1—x2)2(a+b—bx2)

_ sec3(x) tan(x) .

4a 4a
2 2 2
Subst 3a“—ab+4b=—(3a—4b)bx d x, .
_ (3a — 4b) sec(x) tan(x) N sec3(x) tan(x) N s (f (1-22) (a+b-b22) X, X, sin(x)
- 8a? 4a 842
3 1 . ) 2
_ (3a - 4b) sec(x) tan(x) sec3(x) tan(x) b° Subst (f P dx, x, Sln(x)) (Ba —4ab + 8b
B 8a2 ¥ 4a - 5 +

_ . 5/2 -1 \/Esin(x)
~ (3:12 — 4ab + 8b2) tanh " (sin(x)) b 2 tanh ( N ) . (3a — 4b) sec(x) tan(x) N sec3(x) t

8a3 BVI+Db 842 4a

Mathematica [B] time = 1.09786, size = 215, normalized size = 2.39

X . X . X X ﬂz ﬂz
-2 (3512 —4ab + 8b2) log (cos (E) —sin (5)) +2 (3a2 —4ab + 8b2) log (sm (5) + cos (5)) + (Cos(g)_sm(g)f - ol
1643

Antiderivative was successfully verified.

[In] Integrate[Sec[x]~5/(a + bxCos[x]~2),x]

[Out] (-2%(3*a”2 - 4xaxb + 8*b~2)*Log[Cos[x/2] - Sin[x/2]] + 2x(3*a”2 - 4*a*xb + 8
*b~2) *Log[Cos [x/2] + Sin[x/2]] + (8+b~(5/2)*Logl[Sqrt[a + b] - Sqrt[b]*Sin[x
11)/Sqrtla + b] - (8xb~(5/2)*Logl[Sqrtl[a + bl + Sqrt[bl*Sin[x]])/Sqrt[a + b]

+ a”2/(Cos[x/2] - Sin[x/2])"4 - a~2/(Cos[x/2] + Sin[x/2])74 + (a*x(-3*a + 4
*xb))/(Cos[x/2] + Sin[x/2])72 + (ax(-3*%a + 4xb))/(-1 + Sin[x]))/(16%a~3)

Maple [B] time = 0.042, size = 165, normalized size = 1.8

1 3 b 3 In(sin(x) +1) B In(sin(x)+1)b N In (sin (x) + 1) b?
4 g2 243

164 (sin (x) + 1) 16a(sin(x) +1) * 4 a2 (sin (x) + 1) 16a

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sec(x)~5/(at+b*cos(x)~2),x)

[Out] -1/16/a/(sin(x)+1)"2-3/16/a/(sin(x)+1)+1/4/a"2/(sin(x)+1) *b+3/16/a*1n(sin(x
)+1)-1/4/a"2*1In(sin(x)+1)*b+1/2/a"3*1n(sin(x)+1) *b"2-b"3/a"3/((a+b) *b) ~(1/2
)Y*xarctanh (b*sin(x)/((a+b)*b)~(1/2))+1/16/a/(sin(x)-1)"2-3/16/a/(sin(x)-1)+1
/4/a”2/(sin(x)-1)*b-3/16/a*1ln(sin(x)-1)+1/4/a"2*1n(sin(x)-1)*b-1/2/a"3*1n(s
in(x)-1)*b~2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~5/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.1347, size = 709, normalized size = 7.88

5 . bcos()?+2 (a+b)y o sin(x)-a-2b . ‘
8b2,/mcos(x) log| - a +(3a2—4ab+8b2)cos(x) log(sm(x)+1)—(3a2—4ab+8k

b cos(x)2+a

16 a3 cos (x)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)”5/(atb*cos(x)”2),x, algorithm="fricas")

[Out] [1/16%(8*b~2*xsqrt(b/(a + b))*cos(x) 4xlog(-(b*cos(x)~2 + 2x(a + b)*sqrt(b/(
a + b))*sin(x) - a - 2xb)/(b*cos(x)”2 + a)) + (3*a”2 - 4xa*xb + 8xb~2)*cos(x

) "4xlog(sin(x) + 1) - (3*a™2 - 4*axb + 8%b~2)*cos(x) 4*log(-sin(x) + 1) + 2
*((3*a”2 - 4xaxb)*cos(x)”2 + 2*xa~2)*sin(x))/(a"3*cos(x)"4), 1/16%(16%¥b"2xsq
rt(-b/(a + b))*arctan(sqrt(-b/(a + b))*sin(x))*cos(x)"4 + (3*a”2 - 4*axb +

8*b~2) *cos(x) "4*log(sin(x) + 1) - (3*a”2 - 4*axb + 8%b~2)*cos(x) 4xlog(-sin

(x) + 1) + 2x((3*%a”2 - 4xaxb)*cos(x)"2 + 2*a~2)*sin(x))/(a"3*cos(x)~4)]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)**5/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.1724, size = 171, normalized size = 1.9

bsin(x)
b arctan(\/ﬁ) (3 a? —4ab+ 8b2) log (sin (x) + 1) (3 a® —4ab+ 8b2) log(—sin(x) +1)  3gsin (x)* - 4b.
" 1643 - 1643 - g

V—-ab - b?a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~5/(a+b*cos(x)”2),x, algorithm="giac")

[Out] b~3*arctan(b*sin(x)/sqrt(-a*b - b~2))/(sqrt(-a*xb - b"2)*a~3) + 1/16%(3*xa"2
- 4xaxb + 8%b~2)*log(sin(x) + 1)/a”3 - 1/16%(3*a”2 - 4*xaxb + 8*b~2)*log(-si
n(x) + 1)/a”3 - 1/8%(3*%a*sin(x)~3 - 4*b*sin(x)~3 - b*axsin(x) + 4*b*sin(x))

/((sin(x)"2 - 1)7"2*a"2)
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335 [0 g

a+b cos2(x)

Optimal. Leaf size=87

5/2 —1 ( Va+bcot(x)
X (8u2 —4ab + 3b2) a°2 tan ( N ) (4a - 3b) sin(x) cos(x)  sin(x) cos®(x)
+ - +
8b3 B\a+b 8b2 4b

[Out] ((8*a"2 - 4xaxb + 3*b~2)*x)/(8%b~3) + (a~(5/2)*ArcTan[(Sqrt[a + b]*Cot[x])/
Sqrt[all)/(b~3*Sqgrtla + b]l) - ((4*a - 3#*b)*Cos[x]*Sin[x])/(8*b"2) + (Cos[x]
~3%Sin[x])/ (4*b)

Rubi [A] time = 0.196291, antiderivative size = 87, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, i L

integrand size
0.4, Rules used = {3187, 470, 578, 522, 203, 205}

5/2 —1 ( Va+b cot(x)
x(8a% — 4ab +312) @  tan ( N7 ) (4a - 3b) sin(x) cos(x)  sin(x) cos3(x)
+ - +
8b3 Ba+b 8b? 4b

Antiderivative was successfully verified.

[In] Int[Cos[x]~6/(a + bxCos[x]~2),x]

[Out] ((8*a"2 - 4xaxb + 3*b~2)*x)/(8%b~3) + (a~(5/2)*ArcTan[(Sqrt[a + b]*Cot[x])/
Sqrt[all)/(b~3*Sqgrtla + b]l) - ((4*a - 3#*b)*Cos[x]*Sin[x])/(8*b"2) + (Cos[x]
~3%Sin[x])/ (4*b)

Rule 3187

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"m*x(a + (a + b)*ff 2*xx"2)"p)/(1 + £f£72*xx"2)"(m/2 + p + 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 470

Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(a*e”(2*n - 1)*(exx)”(m - 2*n + 1)*x(a + b*x"n)~
(p + Dx*(c + d*x™n)~(q + 1))/ (b*n*(b*c - a*xd)*(p + 1)), x] + Dist[e™(2*n)/(
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b*nx(b*c - axd)*(p + 1)), Int[(exx)"(m - 2*n)*(a + b*x"n) " (p + 1)*(c + d*x~
n) “g*Simp[a*xck(m - 2%n + 1) + (axd*(m - n + nxq + 1) + b*cxn*x(p + 1))*x"n,
x], x1, x] /; FreeQ[{a, b, c, d, e, q}, x] & NeQ[bxc - axd, 0] && IGtQ[n,
0] && LtQlp, -1] &% GtQ[m - n + 1, n] && IntBinomialQ[a, b, c, d, e, m, n,
P, 9, x]

Rule 578

Int[((g_.)*(x_))"(m_.)*x((a_) + (b_)*x(x_)"(m_ D))" (p_)*((c_) + (d_.)*x(x_)"(n_
)" (g)*((e ) + (£_)*(x_)"(n_)), x_Symbol] :> Simp[(g~(n - 1) *(bxe - axf)=*
(g*x)"(m - n + 1)*x(a + b*x™n) " (p + 1)*(c + d*x™n)"(q + 1))/ (b*n*x(b*c - axd)
*(p + 1)), x] - Distlg™n/(b*n*(b*c - axd)*(p + 1)), Int[(g*x) " (m - n)*(a +

b*x™n) " (p + 1)*(c + d*x"n) g*Simp[ck(bxe - a*xf)*x(m - n + 1) + (dx(bxe - axf
)*(m + n*q + 1) - bknx(cxf - dxe)*(p + 1))*x"n, x], x], x] /; FreeQ[{a, b,

c, d, e, £, g, qf, x] & IGtQ[n, 0] && LtQ[p, -1] && GtQ[m - n + 1, O]

Rule 522

Int[(Ce_) + (£_)*x(x_)"(m_))/(((a_) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cx*f)/(b*xc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, Db,
c, d, e, £, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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cos®(x) ~ X6
f 2+ beos2(x) dx = —Subst [f (1 . x2)3 (,1 s b)x2) dx, x, cot(x)J

x2(3a+(—u+3b)x2)

_ cos’(x) sin(x) _ ! (f (1422)* (a+ (a+b)2)
B 4b 4b

dx, x, cot(x))

a(4a-3b)+(—4a?+ab-3b2)x?

Subst ( f (o) @) dx, x, cot(x))

B _(4a — 3b) cos(x) sin(x) N cos3(x) sin(x) N

B 8b2 4b 8b2
3 2
_ (4a - 3Db) cos(x) sin(x) N cos®(x)sin(x) “* Subst (f a+(a+b)x2 x, x, Cot(x) ) (8a ~dab+ 3t
B 8h2 4b b3
5/2 -1 Va+b cot(x)
~ (8112 — 4ab + 3b2) x N a*? tan ( NG ) (4a — 3b) cos(x) sin(x) N cos(x) sin(x)

Mathematica [A] time = 0.212795, size = 76, normalized size = 0.87

Vatan(x) )

32452 tanfl( N
4x (8112 —4ab + 3b2) - = “0 L _ 8b(a - b) sin(2x) + b? sin(4x)

3203

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~6/(a + bxCos[x]~2),x]

[Out] (4*%(8*a~2 - 4*axb + 3xb~2)*x - (32xa~(5/2)*ArcTan[(Sqrt[al*Tan[x])/Sqrt[a +
bl1)/Sqrt[a + bl - 8*(a - b)*b*Sin[2*x] + b~2*Sin[4*x])/(32*b"3)

Maple [A] time = 0.022, size = 122, normalized size = 1.4

3

a
5 arctan (a tan (x)

1 ) 1 (tan (x))% a N 3 (tan (x))° atan (x)

Va+0a) Va+ha ap((an@@?+17  8b((an@?+1) 262 ((tan()f +1) ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~6/(at+b*xcos(x)”~2),x)
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[Out] -1/b~3/((at+b)*a)”(1/2)*arctan(axtan(x)/((a+b)*a)~(1/2))*a~3-1/2/b"2/(tan(x)
~2+1) "2%tan(x) "3*a+3/8/b/ (tan(x) ~2+1) "2*tan(x) "3-1/2/b"2/(tan(x) "2+1) "2*tan
(x)*a+5/8/b/(tan(x) ~2+1) "2xtan(x)+1/b~3*arctan(tan(x))*a~2-1/2/b " 2*arctan(t
an(x))*a+3/8/b*arctan(tan(x))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~6/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.94392, size = 666, normalized size = 7.66

8 a2+8 ab+b? cos(x)4—2 440243 ab cos(x)2+4 2 a2+3 ab+b? cos(x)S— a2+ab) cos(x))4/- — sin(x)+a>
)2 /_—ﬁlog[( ) ( ) (( ) (a2-+ab) cos(x))y -5 + (80— 4ab+ 31

12 cos(x)*+2 ab cos(x)?+a2

813

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~6/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/8*(2*a"2xsqrt(-a/(a + b))*log(((8*a”2 + 8xa*b + b~2)*cos(x)”4 - 2x(4*xa~2
+ 3*a*xb)*cos(x)"2 + 4*x((2*%a”2 + 3*a*b + b"2)*cos(x)"3 - (a2 + ax*b)*cos(x)
)*sqrt(-a/(a + b))*sin(x) + a~2)/(b"2*cos(x) "4 + 2*ax*b*xcos(x)"2 + a~2)) + (
8xa”2 - 4*axb + 3*xb”2)*x + (2*%b~2*cos(x)”3 - (4xaxb - 3*b~2)*cos(x))*sin(x)
)/b73, 1/8%(4xa~2*xsqrt(a/(a + b))*arctan(1/2*((2%a + b)*cos(x)"2 - a)*sqrt(

a/(a + b))/(axcos(x)*sin(x))) + (8%a"2 - 4*axb + 3*b"2)*x + (2*¥b"2*cos(x)”3

- (4*axb - 3*b"2)*cos(x))*sin(x))/b"3]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**6/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.16225, size = 140, normalized size = 1.61

X 4 I lsen (a) + arctan [ 2229 )) 53 2 2 3 3
~ BERP R retai\ e +(8ﬂ —4ab+30b )x_4atan(x) —3btan(x)’ +4atan (x) - 5btan (x)
Va? + abb? 802 8 (tan ()% + 1)2b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~6/(atb*cos(x)~2),x, algorithm="giac")

[Out] -(pi*floor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqrt(a”2 + a*b)))*a~3/(sqrt
(a2 + axb)*b~3) + 1/8%(8*a"2 - 4xa*xb + 3*b~2)*x/b"3 - 1/8*(4*axtan(x)”3 -
3xb*xtan(x) "3 + 4xaxtan(x) - 5*xbxtan(x))/((tan(x)”"2 + 1)72%b~2)
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336 [0 g

a+b cos2(x)

Optimal. Leaf size=60

3/ 1 \/mcot(x)
a%2 tan ( Ve ) _ x(2a - b) N sin(x) cos(x)

b2ﬂa+b 2b2 2b

[Out] -((2%a - b)*x)/(2*b"2) - (a~(3/2)*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtl[al]l)/(b"
2x3qrt[a + b]) + (Cos[x]*Sin[x])/(2*b)

Rubi [A] time = 0.0980954, antiderivative size = 60, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, Ll L

integrand size
0.333, Rules used = {3187, 470, 522, 203, 205}

3/ 1 \/ECot(x)
a%2 tan ( Ve ) _ x(2a - b) N sin(x) cos(x)

b2\la+b 2b2 2b

Antiderivative was successfully verified.

[In] Int[Cos[x]"4/(a + bxCos[x]~2),x]

[Out] -((2%a - b)*x)/(2*b~2) - (a~(3/2)*ArcTan[(Sqrt[a + b]*Cot[x])/Sqrt[all)/(b"
2xSqrt[a + b]) + (Cos[x]*Sin[x])/(2*b)

Rule 3187

Int[sinl(e_.) + (f_)*(x_)1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"m*x(a + (a + b)*ff 2*xx"2)"p)/(1 + £f£72*xx"2)"(m/2 + p + 1),
x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 470

Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(a*e”(2*n - 1)*(exx) " (m - 2*n + 1)*x(a + b*x"n)~
(p + *x(c + d*x"n)~(q + 1))/ (b*nx(bxc - a*xd)*(p + 1)), x] + Dist[e”(2*n)/(
bxn* (bxc - axd)*(p + 1)), Int[(exx)"(m - 2*n)*(a + b*x"n) " (p + 1)*(c + d*x~
n) “g*Simp[a*xck(m - 2%n + 1) + (axd*(m - n + nxq + 1) + b*ckn*x(p + 1))*x"n,
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x], x], x] /; FreeQ[{a, b, c, d, e, q}, x] && NeQ[b*c - a*d, 0] && IGtQ[n,
0] && LtQ[p, -1] &% GtQ[m - n + 1, n] && IntBinomialQ[a, b, ¢, d, e, m, n,
P, 4, x]

Rule 522

Int[(Ce_) + (£_)*x(x_)"(n_))/(((a_) + (b_)*(x_)"(n_))*((c_) + (d_.)*x(x_)"(
n_ ))), x_Symboll :> Dist[(b*e - axf)/(b*c - a*d), Int[1/(a + b*x"n), x], x]
- Dist[(d*e - c*f)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, f, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]1*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 205

Int[((a_) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
4 4
f —CZS (xz) dx = — Subst f 5 ad dx, x, cot(x)
@+ beost() (1+22) (a+ (@ + b))
a+(—a+b)x?
 cos(sin(x) Subst ( f ) s a0 dx, x, cot(x))
B 2b 2b
1 1
_ cos(¥)sin(x) a? Subst (f prveEw dx, x, Cot(x)) . (2a — b) Subst (f o dx, x, cot(x))
B 2b b2 p2
-1 Va+b cot(x)
_ @a-pp ©tan ( 7 )  cos() sin()
2 v\ a+b 2b

Mathematica [A] time = 0.120827, size = 52, normalized size = 0.87

Vet + 2x(b — 2a) + bsin(2x)
4h2?
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Antiderivative was successfully verified.

[In] Integrate[Cos[x]~4/(a + bxCos[x]~2),x]

[Out] (2%(-2*a + b)*x + (4*a~(3/2)*ArcTan[(Sqrt[a]*Tan[x])/Sqrtla + b]])/Sqrtla +
b] + b*Sin[2x*x])/(4*xb~2)

Maple [A] time = 0.02, size = 60, normalized size = 1.

72
— arctan (a tan (x)

1 ) 1 tan (x) arctan (tan (x)) _arctan (tan (x)) a
2

V(a+b)a \/(ﬂ+b)a+2b((tan(x))2+1)+ 2b b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~4/(at+b*cos(x)”2),x)

[Out] 1/b"2/((a+b)*a)~(1/2)*arctan(axtan(x)/((a+b)*a)~(1/2))*a~2+1/2/b*tan(x)/(ta
n(x)"2+1)+1/2/b*xarctan(tan(x))-1/b"2*arctan(tan(x))*a

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~4/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.89124, size = 533, normalized size = 8.88

) 7 (8 a2+8 ab+b2) cos(x)4—2 (4 a2+3 ab) cos(x)2—4 ((2 a2+3 ub+b2) Cos(x)s—(aerab) Cos(x)), I—ﬁ sin(x)+a?
2bcos (x)sin (x) + a —mlog( -

b2 cos(x)*+2 ab cos(x)?+a2

4 b?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~4/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/4*(2*b*cos(x)*sin(x) + a*sqrt(-a/(a + b))*Llog(((8*a~2 + 8*a*b + b~2)*cos
(x)74 - 2x(4%a”2 + 3*xaxb)*cos(x)"2 - 4%((2%xa”2 + 3*axb + b~2)*cos(x)"3 - (a
~2 + axb)*cos(x))*sqrt(-a/(a + b))*sin(x) + a~2)/(b"2xcos(x)"4 + 2¥axb*cos(
X)72 + a”2)) - 2x(2%a - b)*x)/b"2, 1/2x(bxcos(x)*sin(x) - a*sqrt(a/(a + b))
xarctan(1/2*x((2*a + b)*cos(x)"2 - a)xsqrt(a/(a + b))/(a*xcos(x)*sin(x))) - (

2%a - b)*x)/b"2]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**4/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.17355, size = 97, normalized size = 1.62

atan(x)

(n E + %Jsgn (a) + arctan(m))ﬂz _@a-bx  tan@)
Va2 + abb? 2b? 2 (tan (x)? + 1)b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~4/(a+b*cos(x)~2),x, algorithm="giac")

[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a”2 + ax*b)))*a~2/(sqrt(
a”2 + axb)*b~2) - 1/2%(2%a - b)*x/b"2 + 1/2*tan(x)/((tan(x)”"2 + 1)*b)
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337 [0 g

a+b cos?(x)

Optimal. Leaf size=38

-1 Va+b cot(x)
Vatan ( Va )+§

bVa+b b

[Out] x/b + (Sqrtlal*ArcTan[(Sqrtla + b]*Cot[x])/Sqrtla]]l)/(b*Sqrtla + b]l)

Rubi [A] time = 0.0596243, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e -

integrand size
0.2, Rules used = {3171, 3181, 205}

-1 \/@cot(x)
Vit (B)

bVa+b b

Antiderivative was successfully verified.

[In] Int[Cos[x]"2/(a + b*Cos[x]~2),x]

[Out] x/b + (Sqrtl[al*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtl[al]l)/(b*Sqrtl[a + b])

Rule 3171

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)]"2)/((a_) + (b_.)*sin[(e_.) + (f_
D*x(x_)]172), x_Symbol] :> Simp[(B*x)/b, x] + Dist[(A*b - a*B)/b, Int[1/(a +
b*xSinle + f*x]~2), x], x] /; FreeQ[{a, b, e, f, A, B}, x]

Rule 3181

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D)*ff~2%x"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 205

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]
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Rubi steps

1
f COSZ(X) dy = X af a+b cos2(x) dx

a + bcos?(x) Ty b
%, a Subst (IW dx, x, cot(x))
b b
-1 \/mcot(x)
Vatan! (F )

==+

b bVa+b

Mathematica [A] time = 0.0786466, size = 36, normalized size = 0.95

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~2/(a + bxCos[x]~2),x]

[Out] (x - (Sqrtlal*ArcTan[(Sqrt[al*Tan([x])/Sqrt[a + b]])/Sqrtla + b])/b

Maple [A] time = 0.017, size = 32, normalized size = 0.8

1 X

1
\/(a+b)a) V(@a+b)a T

a
3 arctan (a tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~2/(a+b*xcos(x)~2),x)

[Out] -1/b/((a+b)*a)~(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))*a+x/b

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(atb*cos(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.83715, size = 447, normalized size = 11.76

7 | (8 a%+8 ab+b2) cos(x)4—2 (4 a2+3 ab) cos(x)2+4 ((2 a2+3 ab+b2) Cos(x)3—(a2+ab) cos(x))1 [—# sin(x)+a? 4 r (
-—log +ax arctan| -

b2 cos(x)4+2 ab cos(x)2+a2

7

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [1/4*(sqrt(-a/(a + b))*log(((8*a™2 + 8*axb + b~2)*cos(x)"4 - 2*(4*a”2 + 3xa
xb)*cos(x) 72 + 4x((2%¥a”2 + 3*axb + b"2)*cos(x)”3 - (a”2 + a*b)*cos(x))*sqrt
(-a/(a + b))*sin(x) + a~2)/(b"2*cos(x)"4 + 2*xaxb*xcos(x)72 + a~2)) + 4*x)/Db,
1/2x(sqrt(a/(a + b))*arctan(1/2x((2%a + b)*cos(x)”"2 - a)*sqrt(a/(a + b))/(

a*xcos (x)*sin(x))) + 2+*x)/b]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**2/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.18379, size = 65, normalized size = 1.71

(n F + lJ sgn (a) + arctan (ata—n(x)))a
2 Va2-+ab X

Va2 + abb b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(atb*cos(x)~2),x, algorithm="giac")

[Out] -(pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a”2 + ax*b)))*a/(sqrt(a
T2 + axb)*b) + x/b
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338 [————dx

a+b cos?(x)

Optimal. Leaf size=30

-1 mcot(x)
tan? (F7)
\ava+b

[Out] -(ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlall/(Sqrt[al*Sqrt[a + b]l))

Rubi [A] time = 0.0187539, antiderivative size = 30, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, /e

0.2, Rules used = {3181, 205}

integrand size

-1 \/mcot(x)
O

Vava+b

Antiderivative was successfully verified.

[In] Int[(a + bxCos[x]"2)~(-1),x]
[Out] -(ArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all/(Sqrt[al*Sqrtla + bl))

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2*xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, £}, x]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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! 1
J ey te= s (f ar@r o Cot<x>)

-1 \/mcot(x)
S

T ava+b

Mathematica [A] time = 0.048437, size = 29, normalized size = 0.97

_1 [+atan(x)
tan (—m )

Vava+b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[x]~2)~(-1),x]

[Out] ArcTan[(Sqrt[al*Tan[x])/Sqrtl[a + bl]/(Sqrt[al*Sqrt[a + b])

Maple [A] time = 0.001, size = 21, normalized size = 0.7

1 1
V@+b)a) Va+b)a

arctan (a tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*cos(x)~2),x)

[Out] 1/((a+b)*a)”(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~2),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [B] time = 2.1992, size = 406, normalized size = 13.53

,——112 e log (8 a%+8 ab+b2) cos(x)4—2 (4 a2+3 ab) cos(x)2+4 ((2 a+b) cos(x)g—u cos(x))\/—az—ab sin(x)+a2 arctan ( (2 a+b) cos(x)z—a
b2 cos(x)*+2 ab cos(x)?+a2 ~ 2 VaZ+ab cos(x) sin(

- 4(a2+ab) ' 2 Va? + ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)~2),x, algorithm="fricas")

[Out] [-1/4*sqrt(-a”2 - a*b)*log(((8*a~2 + 8*xaxb + b~2)*cos(x)"4 - 2*(4*a”2 + 3xa
xb)*cos(x)72 + 4x((2%a + b)*cos(x)”3 - axcos(x))*sqrt(-a”2 - axb)*sin(x) +
a~2)/(b"2xcos(x) "4 + 2*xaxbxcos(x)"2 + a~2))/(a"2 + axb), -1/2*xarctan(1/2x*((

2%a + b)*cos(x)"2 - a)/(sqrt(a”2 + ax*b)*cos(x)*sin(x)))/sqrt(a”2 + ax*b)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.177, size = 50, normalized size = 1.67

i F + legn (a) + arctan (uta—n(x))
no2 Va2+ab

Va? +ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~2),x, algorithm="giac")
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[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqrt(a”2 + axb)))/sqrt(a”2 +
a*b)
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339 [0 g

a+b cos?(x)

Optimal. Leaf size=37

-1 mcot(x)
btan (—\/E ) . tan(x)
a32va +b a

[Out] (b*ArcTan[(Sqrtl[a + bl*Cot[x])/Sqrtlall)/(a~(3/2)*Sqrt[a + b]) + Tan[x]/a

Rubi [A] time = 0.0605322, antiderivative size = 37, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e -

integrand size
0.2, Rules used = {3187, 453, 205}

1 \/ECot(x)
btan ( 7 ) . tan(x)
a32v\a +b a

Antiderivative was successfully verified.

[In] Int[Sec[x]"2/(a + b*Cos[x]~2),x]

[Out] (b*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlal]l)/(a~(3/2)*Sqrt[a + b]) + Tan[x]/a

Rule 3187

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]172)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"mx(a + (a + b)*f£72*x"2)7p)/(1 + f£72%x"2)"(m/2 + p + 1),
x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 453

Int[((e_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(c*(e*x)"(m + 1)*x(a + bxx™n) " (p + 1))/(axex(m + 1)),
x] + Dist[(axd*(m + 1) - b*cx(m + nx(p + 1) + 1))/(a*e"n*x(m + 1)), Int[(ex
x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c
- axd, 0] & (IntegerQ[n] || GtQ[e, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
LtQn, 0] && GtQ[m + n, -11)) && !'ILtQlp, -1]
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

’ 2
[0 = Subst [ [ cot(x>]
x? (

a+ b cos?(x) a+(a+ b)xz)

_ tan(x) . b Subst (f P dx, x, cot(x))
Coa a
1 mcot(x)
btan ( 7 ) . tan(x)
- a32Na+b a

Mathematica [A] time = 0.0743614, size = 38, normalized size = 1.03

b (t2)

tan(x) ~ Vatb
a a32va + b

Antiderivative was successfully verified.

[In] Integrate[Sec[x]~2/(a + b*Cos[x]~2),x]

[Out] -((bxArcTan[(Sqrt[al*Tan[x])/Sqrtla + bl])/(a~(3/2)*Sqrt[a + b])) + Tan[x]/
a

Maple [A] time = 0.028, size = 33, normalized size = 0.9

tan (x) - ? arctan (tan (x)a ! ) !
a V@+b)a) V(@a+b)a

a
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(x)~2/(at+b*cos(x)”2),x)

[Out] tan(x)/a-b/a/((a+b)*a)~(1/2)*arctan(a*tan(x)/((a+b)*a)~(1/2))
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~2/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.92837, size = 543, normalized size = 14.68

,—_az —abb cos (x) log (8 a%+8 ab+b2) cos(x)4—2 (4 a?+3 ab) cos(x)2—4 ((2 a+b) cos(x)3—a cos(x))\/—az—ub sin(x)+a2) _4 (a2 N ab) sin (x

b2 COS(X)4+2 ab cos(x)2+a2

4 (a3 + azb) cos (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~2/(a+b*cos(x)~2),x, algorithm="fricas")

[Out] [-1/4*(sqrt(-a”2 - axb)*b*cos(x)*log(((8*a"2 + 8*axb + b~2)*cos(x)"4 - 2*(4
*a"2 + 3*axb)xcos(x)”2 - 4x((2*a + b)*cos(x)~3 - axcos(x))*sqrt(-a~2 - axb)
xsin(x) + a”2)/(b"2xcos(x)"4 + 2%a*xbxcos(x)”2 + a”2)) - 4*x(a”2 + a*b)*sin(x
))/((a™3 + a~2*b)*cos(x)), 1/2*(sqrt(a”2 + axb)*b*arctan(1/2+((2%a + b)*cos

(x)72 - a)/(sqrt(a”2 + axb)*cos(x)*sin(x)))*cos(x) + 2x(a”2 + a*b)*sin(x))/

((@a”3 + a™2*b)*cos(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.
sec? (x)
[0,
a+bcos? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)**2/(atb*cos(x)**2),x)



196

[Out] Integral(sec(x)**2/(a + b*cos(x)**2), x)

Giac [A] time = 1.12358, size = 49, normalized size = 1.32

atan(x)

_barctan (m) . tan (x)
Va2 + aba a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~2/(a+b*cos(x)”2),x, algorithm="giac")

[Out] -b*arctan(axtan(x)/sqrt(a”2 + axb))/(sqrt(a”2 + a*b)*a) + tan(x)/a
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340 [0

a+b cos2(x)

Optimal. Leaf size=56

_ \/mcot(x)
b2 tan~! ( v ) s (a - b) tan(x) N tan3(x)

a’2\a+b a? 3a

[Out] -((b~2*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtl[al])/(a~(56/2)*Sqrtla + bl)) + ((a -
b)*Tan[x])/a~2 + Tan[x]~3/(3*a)

Rubi [A] time = 0.0860343, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, T > "% _

integrand size
0.2, Rules used = {3187, 461, 205}

_ mcot(x)
b2 tan™! ( A ) s (a — b) tan(x) N tan3(X)

a’2\a+b a? 3a

Antiderivative was successfully verified.

[In] Int[Sec[x]"4/(a + bx*Cos[x]~2),x]

[Out] -((b~2*ArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all)/(a~(5/2)*Sqrtla + b])) + ((a -
b)*Tan[x])/a"2 + Tan[x]~3/(3*a)

Rule 3187

Int[sinl(e_.) + (f_)*(x_)1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"m*x(a + (a + b)*ff 2*xx"2)"p)/(1 + £f£72*xx"2)"(m/2 + p + 1),
x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 461

Int [((Ce_.)*(x_))~(m_.)*((a_) + (b_)*x(x_)"(m_))"(p_))/((c_) + (d_.)*(x_)"(
n_)), x_Symbol] :> Int[ExpandIntegrand[((e*xx) m*(a + b*x"n) p)/(c + d*x"n),
x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, O]
&% IGtQ[p, 0] && (IntegerQ[m] || IGtQ[2*(m + 1), 0] || !RationalQ[m])
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

a+ b cos?(x) a+(a+ b)xz)

5 2
f W - Subst [ f o (1+2) dx, x, Cot(x)]

1 _ 2
= —Subst f — + az S + b dx, x, cot(x)
ax* acxt g2 (u +(a+ b)xz)

2 1
_ (a-b)tan(x) . tan®(x) b* Subst (IW dx, x, cot(x))
B a? 3a a2
2 -1 \/mcot(x)
| P (F2) L @-Din | '
a52\a + b a? 3a

Mathematica [A] time = 0.135363, size = 55, normalized size = 0.98

1 ( Vatan(x)
P tan™ ( \/%x ) tan(x) (a sec?(x) +2a — 3b)
+

a%2va + b 3a?

Antiderivative was successfully verified.

[In] Integrate[Sec[x]~4/(a + b*Cos[x]~2),x]

[Out] (b~2%ArcTan[(Sqrtla]*Tan[x])/Sqrtla + b]])/(a~(5/2)*Sqrtla + b]) + ((2xa -
3*xb + axSec[x]~2)*Tan[x])/(3*a~2)

Maple [A] time = 0.03, size = 51, normalized size = 0.9

(tan (x))° tan(x) tan(x)b b2 ( 1 ) 1
y + . o + = arctan | tan (x) a\/(a 07 Ve hs

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sec(x)~4/(a+b*cos(x)~2),x)

[Out] 1/3*tan(x) ~3/a+tan(x)/a-1/a"2*xtan(x)*b+b"2/a~2/((a+b)*a)”(1/2)*arctan(a*tan
(x)/((atb)*a)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~4/(atb*cos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.89319, size = 672, normalized size = 12.

8 a2+8 ab+b? ‘2
3V-a2 — abb? cos (x)° log(( P48 ab+12) costa)’ 2

44243 ah) cos(x)2+4 ((2 a+Db) cos(x)s—a cos(x)) V-a2-ab sin(x)+a?

)—4(a3+a2b+

12 cos(x)*+2 ab cos(x)?+a2

12 (a4 + a3b) cos (x)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~4/(atb*cos(x)~2),x, algorithm="fricas")

[Out] [-1/12*%(3*sqrt(-a”2 - a*b)*b"2*cos(x) "3*log(((8*xa~2 + 8*axb + b~2)*cos(x) "4
- 2% (4%a”2 + 3*xaxb)*cos(x)"2 + 4*x((2%a + b)*cos(x)"3 - axcos(x))*sqrt(-a~2

- a*b)*sin(x) + a~2)/(b"2*cos(x)"4 + 2*axb*cos(x)"2 + a”2)) - 4*x(a"3 + a”2

xb + (2*%a”3 - a”"2xb - 3*xaxb"2)*cos(x)"2)*sin(x))/((a~4 + a~3*b)*cos(x)"3),
-1/6%(3*sqrt(a”2 + a*b)*b~2*arctan(1/2x((2*a + b)*cos(x)"2 - a)/(sqrt(a™2 +
axb)*cos(x)*sin(x)))*cos(x)"3 - 2%(a"3 + a™2*b + (2*xa~3 - a"2%b - 3*a*b”2)
*cos(x) "2)*sin(x))/((a"4 + a~3%*b)*cos(x)"3)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)**4/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.19087, size = 96, normalized size = 1.71

atan(x)

X 1 2
(n {E + EJ sgn (a) + arctan ( \/m))b N A tan (x)° + 3 2% tan (x) — 3abtan (x)

Va2 + aba? 343

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~4/(a+b*cos(x)~2),x, algorithm="giac")

[Out] (pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a”2 + a*b)))*b~2/(sqrt(
a”2 + axb)*a”2) + 1/3*%(a"2xtan(x)”"3 + 3*a”2xtan(x) - 3*axb*tan(x))/a"3
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341 [0 g

a+b cos?(x)

Optimal. Leaf size=79

3 -1 \/MCot(x)
(u2 —ab + bz) tan(x) .\ b” tan ( va ) s (2a - b) tan>(x) . tan’(x)
a3 a72\a + b 3a? 5a

[Out] (b~3*ArcTan[(Sqrtla + bl*Cot[x])/Sqrtlall)/(a~(7/2)*Sqrt[a + b]) + ((a"2 -
a*b + b~2)*Tan[x])/a~3 + ((2*a - b)*Tan[x]"3)/(3*a"2) + Tan[x]"5/(5*a)

Rubi [A] time = 0.101229, antiderivative size = 79, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e -

integrand size
0.2, Rules used = {3187, 461, 205}

3 -1 Va+b cot(x)
(u2 —ab + bz) tan(x) . b” tan ( va ) s (2a - b) tan>(x) . tan’(x)
a3 a72\a + b 3a? 5a

Antiderivative was successfully verified.

[In] Int[Sec[x]"6/(a + b*Cos[x]"2),x]

[Out] (b~3*ArcTan[(Sqrtla + bl*Cot[x])/Sqrtlall)/(a~(7/2)*Sqrtla + b]) + ((a"2 -
axb + b"2)xTan[x])/a~3 + ((2*a - b)*Tan[x]~3)/(3*a"2) + Tan[x]~5/(5%a)

Rule 3187

Int[sinl(e_.) + (f_)*(x_)]1 " (m_)*((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"mx(a + (a + b)*f£f72*x"2)"p)/(1 + f£72*x"2)"(w/2 + p + 1),
x], x, Tanle + fxx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 461

Int[((Ce_)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_))/((c_) + (d_.)*x(x_)"(
n_)), x_Symbol] :> Int[ExpandIntegrand[((e*xx) m*(a + b*x"n)"p)/(c + d*x"n),
x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[bxc - axd, 0] && IGtQ[n, O]
&& IGtQ[p, 0] && (IntegerQm] || IGtQ[2*(m + 1), 0] || !'RationalQ[m])
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Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

3
sec®(x) B (1 + xz)
f b oo2(0) o dx = — Subst f v (a . b)xz) dx, x, cot(x)

1 2a-b a*>-ab+1? b
= —Subst f — + + + dx, x, cot(x)
axt  a?x* as3x? a3 (—a —(a+ b)xz)
1
(LZZ —ab+ bZ) tan(x) N (Zﬂ _ b) tanB(x) . tanS(x) b3 Subst (f W dx, x, COt(X))
B a3 3a2 5a a3
3 -1 \/mcot(x)
B b” tan ( Va ) N (012 —ab+ bz) tan(x) . (24 — b) tan®(x) . tan’(x)

g7/2\/g +b as 3512 5a

Mathematica [A] time = 0.319061, size = 80, normalized size = 1.01

-1 Vatan(x)
tan(x) (3¢% sec*(x) + 82 + a(da - 5b) sec’(x) ~10ab +1542) b tan™ (%)

1543 a’2\a + b

Antiderivative was successfully verified.

[In] Integrate[Sec[x]~6/(a + b*Cos[x]~2),x]

[Out] -((b~3*ArcTan[(Sqrt[al*Tan[x])/Sqrtla + bl])/(a~(7/2)*Sqrtla + bl)) + ((8*a
2 - 10*axb + 15%b~2 + ax(4*a - 5xb)x*Sec[x]”2 + 3*a~2*Sec[x]~4)*Tan[x])/(15

*a”~3)

Maple [A] time = 0.034, size = 80, normalized size = 1.

(tan(x))° 2 (tan(x))® (tan(x))°b tan(x) tan(x)b b?tan(x) b° ol 1 1
=, + 32 - T2 + PR + 3 —Earc an(an(x)a\/(a_i_b)a) NCETY

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sec(x)~6/(at+b*xcos(x)~2),x)

[Out] 1/5*tan(x)~5/a+2/3*tan(x)~3/a-1/3/a"2*xtan(x) ~3*b+tan(x)/a-1/a"2*xtan(x)*b+1/
a”~3xb~2xtan(x)-b~3/a"3/((a+b)*a)~(1/2)*arctan(axtan(x)/((a+tb)*a)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~6/(atbxcos(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.8482, size = 832, normalized size = 10.53

15 /—112 — abb? cos (x)S log ((8 a2+8 ub+b2) cos(x)4_2 (4 a%+3 ab) cos(x)2—4 ((2 a+b) cos(x)3_a cos(x))\/—aZ_ab sin(x)+a2) 4 ((8 Ao,

b2 cos(x)4+2 ab cos(x)2+u2

60 (a5 + a4b) cos (x)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)”6/(atb*cos(x)”2),x, algorithm="fricas")

[Out] [-1/60%(15*sqrt(-a”2 - axb)*b~3*cos(x) " 5xlog(((8*a~2 + 8*a*xb + b~2)*cos(x)”

4 - 2x(4%a”2 + 3*xaxb)*cos(x)"2 - 4*((2xa + b)*cos(x)~3 - axcos(x))*sqrt(-a~

2 - axb)*sin(x) + a~2)/(b"2*cos(x)"4 + 2*axb*cos(x)"2 + a~2)) - 4x((8*a~4 -
2xa”3%b + 5xa”2%b"2 + 15*axb”~3)*cos(x)"4 + 3*a"4 + 3xa”3xb + (4*xa”4 - a"3x%

b - 5*a”2*xb~2)*cos(x)"2)*sin(x))/((a”5 + a~4xb)*cos(x)~5), 1/30%(16xsqrt(a”

2 + a*b)*b~3*arctan(1/2x((2*a + b)*cos(x)~2 - a)/(sqrt(a”2 + axb)*cos(x)*si
n(x)))*cos(x)"5 + 2x((8*xa"4 - 2*a~3*b + b5*a~2*b~2 + 15*a*b~3)*cos(x)"4 + 3%

a~4 + 3*%a”3%b + (4xa”4 - a~3*b - 5*a"2x¥b"2)*cos(x)"2)*sin(x))/((a”5 + a~4x*b
)*cos(x)~5)]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)**6/(atb*cos(x)**2),x)

[Out] Timed out

Giac [A] time = 1.18315, size = 140, normalized size = 1.77

atan(x)

X 1 3
~ (n {E * EJ sgn () + arctan ( \/m))b s 3a*tan (x)° +10a* tan (x)° - 5a3b tan (x)° + 15 a* tan (x) — 15 a3b tan (.

Va2 + aba’ 15a°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)~6/(atb*cos(x)~2),x, algorithm="giac")

[Out] -(pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a™2 + a*b)))*b~3/(sqrt
(a”2 + a*b)*a”3) + 1/16*(3*a"4*tan(x)”5 + 10*a~4*tan(x)”3 - 5xa~3*b*xtan(x)”
3 + 1b6%a"4xtan(x) - 15*%a”3*b*tan(x) + 15%a”~2%b~2*tan(x))/a"b
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1

3.42 dx
(a+176082(x))
Optimal. Leaf size=65
_ \/mcot(x)
_(Za +b)tan™! ( Va ) B b sin(x) cos(x)
2a%2(a + b)¥? 2a(a +b) (a +b cosz(x))

[Out] -((2%a + b)*ArcTan[(Sqrt[a + b]*Cot[x])/Sqrtl[all)/(2*a~(3/2)*(a + b)~(3/2))
- (bxCos[x]*Sin[x])/(2*xa*x(a + b)*(a + b*Cos[x]"2))

Rubi [A] time = 0.0493253, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 10, e .

integrand size
0.4, Rules used = {3184, 12, 3181, 205}

_ \/aﬁcot(x)
_(2‘1 +b) tan™! (T) _ b sin(x) cos(x)
2a%2(a + b)¥? 2a(a +b) (a +b cosz(x))

Antiderivative was successfully verified.

[In] Int[(a + b*Cos[x]~2)"(-2),x]

[Out] -((2%a + b)*ArcTan[(Sqrt[a + b]*Cot[x])/Sqrtlall)/(2*a~(3/2)*(a + b)~(3/2))
- (b*Cos[x]*Sin[x])/(2*a*x(a + b)*(a + b*Cos[x]"2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[le + fxx]*Sin[e + f*x]x(a + b*Sinf[e + £*x]72)"(p + 1))/ (2*axfx(p + 1)*(a +
b)), x] + Dist[1/(2xa*x(p + 1)*x(a + b)), Int[(a + b*Sin[e + f*x]"2)"(p + 1)
*xSimp [2%xa*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match

Qlu, (b_)=*(v_) /; FreeQ[b, x]]

Rule 3181
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Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 205

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
—-2a-b
f 1 = — b cos(x) sin(x) ~ f a+bcos2(x) dx
(a +b Cosz(x))2 2a(a +b) (61 +b Cosz(x)) 2a(a +b)
1

___ beoswsinw ot [ g dx
2a(a + b) (a +b cosz(x)) 2a(a + b)

___ bcos(x)sin(x) _ (2a + b) Subst (f e 0% cot(x))
2a(a +b) (a +b COSZ(X)) 2a(a +b)

-1 \/mcot(x)
_ _(2a +b)tan ( Va ) B b cos(x) sin(x)
- 2a%2(a + b)¥2 2a(a + b) (a +b cosz(x))

Mathematica [A] time = 0.221658, size = 70, normalized size = 1.08

_1 (+atan(x)
(-2a - b) tan (ﬁ) bsin(2x)
2a%2(a + b)3/2 2a(a + b)(2a + b cos(2x) + b)

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[x]~2)~(-2),x]

[Out] -((-2*a - b)*ArcTan[(Sqrt[al*Tan[x])/Sqrtla + b]])/(2*¥a~(3/2)*(a + b)~(3/2)
) - (b*Sin[2*x])/(2xax(a + b)*(2*a + b + b*Cos[2%x]))

Maple [A] time = 0.02, size = 81, normalized size = 1.3

btan (x) 1 1 ) 1

_(2a+2b)a((tan(x))2u+a+b) taepretan|etan Va+b)al VJa+b)a T 2a+2b)a

arctan |atan (x) —

\/




207

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(x)”2)72,x)

[Out] -1/2%b/(a+b)/axtan(x)/(tan(x) "2*a+a+b)+1/(a+b)/((a+b)*a) " (1/2)*arctan(a*tan
(x)/((atb)*a)~(1/2))+1/2/(a+b)/a/((atb)*a)~(1/2) *arctan(a*xtan(x)/((atb)*a)”
(1/2))*Db

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~2)72,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.91031, size = 774, normalized size = 11.91

44243 ab) cos(x)?+4 (

12 cos(x)*+2 ab

2 b+b2) cos(x) -
4 (azb + abz) cos (x) sin (x) + ((2 ab + bz) cos (x)2 +2a% + ab)\/—az —ab log((ga +Bab+1?) cost” 2

8 (a5 +2a*b + a3b? + (a4b +2a%b? + a2b3) COS (x)z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~2)72,x, algorithm="fricas")

[Out] [-1/8%(4x(a”2*b + a*b~2)*cos(x)*sin(x) + ((2xa*b + b~2)*cos(x)"2 + 2*a~2 +
axb)*sqrt(-a~2 - a*b)*log(((8*a~2 + 8*axb + b~2)*cos(x)"4 - 2*(4*a”2 + 3xax
b)*cos(x)”"2 + 4*x((2*%a + b)*cos(x)"3 - akxcos(x))*sqrt(-a~2 - a*b)*sin(x) + a

~2) /(b7 2*cos(x) "4 + 2*xaxbxcos(x)”2 + a”2)))/(a”5b + 2*xa"4xb + a”3*%b"2 + (a”4

*¥b + 2%a"3%b72 + a”"2*b"3)*cos(x)"2), -1/4x(2x(a"2*b + axb~2)*cos(x)*sin(x)

+ ((2*%axb + b~2)*cos(x)"2 + 2*%a”2 + axb)*sqrt(a”2 + axb)*arctan(1/2x((2*xa +
b)*cos(x)"2 - a)/(sqrt(a”2 + a*b)*cos(x)*sin(x))))/(a”5 + 2*a~4*b + a~3*b~

2 + (a™4xb + 2%a”3xb"2 + a"2xb~3)*cos(x)"2)]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**2)**2,x)

[Out] Timed out

Giac [A] time = 1.16169, size = 93, normalized size = 1.43

(RE + %Jsgn(u)+arctan(f/t%(:2))(20+b) ~ btan (x)
; 2 (a tan (x)* + a + b) (az + ab)

2 (a2 + ub)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~2)72,x, algorithm="giac")

[Out] 1/2*(pi*floor(x/pi + 1/2)*sgn(a) + arctan(a*tan(x)/sqrt(a”2 + ax*b)))*(2*xa +
b)/(a”2 + axb)~(3/2) - 1/2xbxtan(x)/((a*tan(x)”2 + a + b)*(a”2 + a*b))
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1
3.43 s dx
(a+176082(x))
Optimal. Leaf size=107
_ N/MCot(x)
) (84 + 8ab + 317 tan™! ( 7 ) _ 3b@a+bh)sin()cos@w)  bsin(x)cos(x)
8a52(a + b)>2 8a2(a + b)2 (u +b COSZ(x)) 4a(a +b) (11 N bCOSZ(x))Z

[Out] -((8%a"2 + 8*axb + 3*b~2)*ArcTan[(Sqrt[a + bl*Cot[x])/Sqrtlall)/(8*xa~(5/2)*
(a + b)"(5/2)) - (b*Cos[x]*Sin[x])/(4*a*x(a + b)*(a + bxCos[x]"2)"2) - (3*bx
(2%a + b)*Cos[x]*Sin[x])/(8*a~2x(a + b)"2x(a + b*Cos[x]"2))

Rubi [A] time = 0.117157, antiderivative size = 107, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, LT

integrand size
0.5, Rules used = {3184, 3173, 12, 3181, 205}

_ mcot(x)
_&m2+8ﬂr+3ﬂ)mn1l( 7 )_ 3b(2a + b) sin(x) cos(x) ~ b sin(x) cos(x)
8a%2(a + b)3/2 8a2(a + b)? (ﬂ +b COSZ(X)) 4a(a + b) (a + bcosz(x))2

Antiderivative was successfully verified.

[In] Int[(a + b*Cos[x]~2)~(-3),x]

[Out] -((8%a”2 + 8*axb + 3*b~2)*ArcTan[(Sqrt[a + b]l*Cot[x])/Sqrt[all)/(8*a~(5/2)*
(a + b)~(5/2)) - (bxCos[x]*Sin[x])/(4*xax(a + b)*(a + b*Cos[x]"2)72) - (3*b*
(2%a + b)*Cos[x]*Sin[x])/(8*a"2x(a + b)~2x(a + b*Cos[x]"2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + fxx]*Sin[e + fxx]x(a + b*Sinf[e + f*x]72)7(p + 1))/ (2*axfx(p + 1)*(a +
b)), x] + Dist[1/(2xax(p + 1)*(a + b)), Int[(a + bxSinl[e + f*xx]72)"(p + 1)
*Simp [2*%a*x(p + 1) + bx(2*p + 3) - 2xbx(p + 2)*Sinle + f*x]172, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 3173

Int[((a_) + (b_.)*sinf[(e_.) + (£_)*(x_)]1"2)"(p_)*((A_.) + (B_.)*sin[(e_.)
+ (f_.)*(x_)]172), x_Symbol] :> -Simp[((Axb - a*B)*Cos[e + f*x]*Sin[e + f*x]
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x(a + bxSinf[e + f*x]72)"(p + 1))/ (2%xaxf*x(a + b)*(p + 1)), x] - Dist[1/(2*ax
(a + b)x(p + 1)), Int[(a + b*Sinle + f*x]72)"(p + 1)*Simp[a*xB - Ax(2%ax(p +
1) + bx(2xp + 3)) + 2x(Axb - axB)*(p + 2)*Sinfe + f*x]72, x], x], x] /; Fr
eeQ[{a, b, e, f, A, B}, x] && LtQ[p, -1] && NeQ[a + b, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2*xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
—4a-3b+2b cos?(x)
1 b cos(x) sin(x) (a+b cos2(x))’
(a +b cosz(x)) 4a(a +b) (a +b cosz(x)) a(a +b)
-842-8ab-3b>
~ b cos(x) sin(x) _ 3b(2a + b) cos(x) sin(x) _ f Tatbcos2(x)
4a(a + b) (a +b Cosz(x))2 8a?(a + b)? (ﬂ +b COSZ(X)) 8a(a + by?
_ b cos(x) sin(x) __3b(2a + b) cos(x) sin(x) .\ (8‘12 +8ab + 3b2) f —
4a(a +b) (a +b Cosz(x))2 8a?(a + b)? (‘1 +b COSZ(X)) 8a(a + by?
beos()sin@)  3b(2a+b)cos(x)sin(x) (8a% + 8ab + 30%) Subst (f
4a(a + b) (a +b Cosz(x))2 8a?(a + b)? (ﬂ +b COSZ(X)) 8a(a + by?
-1 mcot(x)
(8’12 +8ab + 3b2) tan ( Va ) b cos(x) sin(x) 3b(2a + b) cos(x) sin(x)

8a%(a + b)>? 4a(a +b) (u +b cosz(x))2 8a%(a + b)? (ﬂ + b cos?(x
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Mathematica [A] time = 0.615142, size = 106, normalized size = 0.99

2\, 1(yatan()
(8a%+8ab+31?) tan ( Vb ) Vb sin(2x)(1642+3b(2a-+b) cos(2x)+16ab+3b?)
(a+b)52 B (a+b)2(2a+b cos(2x)+b)2
8[15/2

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[x]~2)~(-3),x]

[Out] (((8xa~2 + 8xaxb + 3*b~2)*ArcTan[(Sqrt[al*Tan[x])/Sqrt[a + bl])/(a + b)~(5/
2) - (Sqrt[al*b*(16%a”2 + 16*axb + 3*xb~2 + 3*bx(2*a + b)*Cos[2*x])*Sin[2*x]
)/ ((a + b)72%(2%a + b + b*Cos[2xx])"2))/(8*a~(5/2))

Maple [A] time = 0.022, size = 175, normalized size = 1.6

3
1 b(8a+5b)(tan (x)) ~ (8a + 3b)btan (x) N arctan |atan (x)

((tan(X))za+a+b)2 ) 8”(”2+2“b+b2) 8% (a +1b) ot +2ab + b2

1
V(a + b)a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(x)~2)73,x)

[Out] (-1/8%b*(8*a+5*b)/a/(a”~2+2*a*xb+b~2)*tan(x) ~3-1/8*(8*a+3*b)/a~2*b/ (a+b)*tan(
x))/ (tan(x) "2*a+a+b) "2+1/(a"2+2*a*xb+b~2) / ((a+b)*a) ~(1/2) *arctan(a*tan(x)/ ((
a+b)*a) " (1/2))+1/(a"2+2xaxb+b~2) /a/((a+b) *a) ~(1/2) *arctan(axtan(x)/((a+b) *a

)~ (1/2)) *b+3/8/ (a~2+2*a*b+b~2) /a~2/ ((a+b) *a) " (1/2) *arctan(a*tan(x)/((a+b) *a

)" (1/2))*b"2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)~2)73,x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [B] time = 2.18925, size = 1381, normalized size = 12.91

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~2)73,x, algorithm="fricas")

[Out] [-1/32%x(((8*a~2xb~2 + 8*a*xb~3 + 3*b~4)*cos(x)"4 + 8*a~4 + 8*a~3*b + 3*a~2*b
T2 + 2x(8%a”3%b + 8%a”24b"2 + 3xaxb~3)*cos(x)"2)*sqrt(-a"2 - a*b)*log(((8*a
"2 + 8xaxb + b"2)*cos(x)"4 - 2x(4*a”2 + 3*xaxb)*cos(x)”2 + 4*x((2*xa + b)*xcos(
x)73 - axcos(x))*sqrt(-a”2 - axb)*sin(x) + a~2)/(b"2*cos(x)~4 + 2*axb*cos(x
)72 + a”2)) + 4%(3%(2%a”"3*b"2 + 3*a"2%b"3 + a*b”4)*cos(x)”"3 + (8*xa~4xb + 13
*a”"3*b"2 + 5xa"2*b"3)*cos(x))*sin(x)) /(a8 + 3*a”7*xb + 3*a"6*%b"2 + a~5*b~3
+ (a"6*b”2 + 3*a"bxb~3 + 3*a"4*b”4 + a”3*b”"5)*cos(x)"4 + 2%x(a”T7*b + 3*a”6x*b
"2 + 3*%a”b*b”3 + a"4*xb"4)*cos(x)72), -1/16%(((8*a"2*xb"2 + 8xaxb~3 + 3*¥b~4)*
cos(x)74 + 8*a"4 + 8*a”3*xb + 3*a"2*%b"2 + 2% (8*a"3*b + 8*a"2*xb”"2 + 3*axb~3)*
cos(x)"2)xsqrt(a”2 + axb)*arctan(1/2*x((2*a + b)*cos(x)"2 - a)/(sqrt(a™2 + a
*b)*cos(x)*sin(x))) + 2*x(3*(2*a~3*%b"2 + 3*a”"2*b~3 + a*b"4)*cos(x)"3 + (8*a”
4*xb + 13*a”3*b"2 + 5*a"2*b"3)*cos(x))*sin(x))/(a"8 + 3*a”~7*b + 3*a~6xb”"2 +
a~5*%b”3 + (a"6*b”2 + 3*a~5xb~3 + 3*a"4*b”4 + a~3*b"5)*cos(x)"4 + 2*x(a”7*b +
3*a~6*%b"2 + 3*%a"bxb"3 + a~4*b"4)*cos(x)"2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**2)**3,x)

[Out] Timed out

Giac [A] time = 1.15086, size = 201, normalized size = 1.88

atan(x)

X 1 2 2
(n b + EJ sgn (a) + arctan ( ViZeah ))(8 a~+8ab+3b ) 8a2btan (x)° + 5ab? tan (x)° + 8 a2b tan (x) + 11 ab? tan (
> 1 h 2
8 (ﬂ4 +2a%b + azbz) a2 + ab 8 (a4 +2a’%b + azbz)(a tan (x)* +a + b)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~2)73,x, algorithm="giac")

[Out] 1/8*(pixfloor(x/pi + 1/2)*sgn(a) + arctan(axtan(x)/sqrt(a™2 + axb)))*(8xa~2
+ 8*xaxb + 3*b72)/((a”4 + 2*a”3*b + a”2*b"2)*sqrt(a”2 + axb)) - 1/8%(8xa~2x
bxtan(x) "3 + b¥a*xb~2+tan(x)”3 + 8*a 2*b*tan(x) + 1l*a*b”2*tan(x) + 3*b~3*ta
n(x))/((a"4 + 2%xa~3*%b + a"2*b"2)*(axtan(x)”"2 + a + b)~2)



214
1
344 f m dx

Optimal. Leaf size=34

—1 ( sin(x)cos(x)
X _tan (cosz(x)+\/§+1)

V2 V2

[Out] x/Sqrt[2] - ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)]/Sqrt([2]

Rubi [A] time = 0.0129128, antiderivative size = 34, normalized size of antiderivative =

. . number of rules
1., number of steps used = 2, number of rules used = 2, integrand size = 8, e = =

integrand size
0.25, Rules used = {3181, 203}

—1 [ sin(x)cos(x)
X tan (cosz(x)+\/§+1)

V2o V2

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]~2)"(-1),x]
[Out] x/Sqrt[2] - ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)]/Sqrt[2]

Rule 3181

Int[((a) + (b_.)*sinl(e_.) + (f_.)*(x)1"°2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff ~2%x"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps



1 1
ITOSZ(X) dx = —Subst (fl-i-—zxz dx, X, COt(X))

—1( cos(x)sin(x)
x tan (1+\/§+cosz(x))

V2 V2

Mathematica [A] time = 0.0239075, size = 15, normalized size = 0.44

tan'l (tan(x))

V2
V2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]~2)~(-1),x]

[Out] ArcTan[Tan([x]/Sqrt[2]]/Sqrt[2]

215

Maple [A] time = 0.011, size = 14, normalized size = 0.4

V2

— arctan (

tan (x) V2
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)"2),x)

[Out] 1/2*arctan(1l/2*tan(x)*2~(1/2))*2~(1/2)

Maxima [A] time = 1.48428, size = 18, normalized size = 0.53

% V2 arctan (% V2 tan (x))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cos(x)~2),x, algorithm="maxima")

[Out] 1/2*sqrt(2)*arctan(1/2*sqrt(2)*tan(x))

Fricas [A] time =1.61721, size = 99, normalized size = 2.91

2
_411 \/Earctan[?) \/ECOS )"~ \/E)

4 cos (x) sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2),x, algorithm="fricas")

[Out] -1/4xsqrt(2)*arctan(1/4*(3*sqrt(2)*cos(x)~2 - sqrt(2))/(cos(x)*sin(x)))

Sympy [A] time = 1.0749, size = 63, normalized size = 1.85

ﬁ(atan(@tan(g) 1)+ nff ) ﬁ(atan(@tan(g) +1) +nff |)

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)**2),x)

[Out] sqrt(2)*(atan(sqrt(2)*tan(x/2) - 1) + pi*floor((x/2 - pi/2)/pi))/2 + sqrt(2
)*(atan(sqrt(2)*tan(x/2) + 1) + pixfloor((x/2 - pi/2)/pi))/2

Giac [A] time = 1.186, size = 62, normalized size = 1.82

% \/E(x + arctan [_ V2sin (2 x) - sin (2 x) )]

\/Ecos(Zx) + \/E—COS(ZX) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)”2),x, algorithm="giac")
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[Out] 1/2*sqrt(2)*(x + arctan(-(sqrt(2)*sin(2*x) - sin(2+*x))/(sqrt(2)*cos(2*x) +
sqrt(2) - cos(2*x) + 1)))
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1

3.45  dx
(1—kcos2(x))
Optimal. Leaf size=55
_1( sin(x)cos(x)
3x  sin(x)cos() M (=)
442 4(cosz(x)+1) 442

[Out] (3%x)/(4xSqrt[2]) - (3*ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)])/(4
xSqrt[2]) - (Cos[x]*Sin[x])/(4*x(1 + Cos[x]~2))

Rubi [A] time = 0.0257585, antiderivative size = 55, normalized size of antiderivative =

. . number of rules
1., number of steps used = 4, number of rules used = 4, integrand size = 8, o = =

0.5, Rules used = {3184, 12, 3181, 203}

integrand size

—1 ( sin(x)cos(x)
3x sin(x) cos(x) _ 3tan (cosz(x)+\/§+1)

42 4 (cosz(x) + 1) 42

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]"2)"(-2),x]

[Out] (3*x)/(4*Sqrt[2]) - (3*ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]"2)])/(4
xSqrt[2]) - (Cos[x]*Sin[x])/(4x(1 + Cos[x]~2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> -Simpl[(b*Co
sle + f*x]xSin[e + fxx]*(a + bxSinle + fxx]72)"(p + 1))/ (2*xaxfx(p + 1)*(a +
b)), x] + Dist[1/(2*xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2)"(p + 1)
*xSimp [2%a*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match

Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps

dx = = | T dx
1+ cosz(x))2 4 (1 + cosz(x)) 4 1+ cos?(x)

f 1 B cos(x)sin(x) 1 3
(

cos(x)sin(x) 3 1
- —_ —_ - d
4 (1 + COSZ(JC)) ¥ 4 f 1 + cos?(x) *

_ cos(x)sin(x) 3 1
= —m ~1 Subst (f 1202 dx, x, cot(x))

—1( cos(x)sin(x)
_ 3x 3 tan (1+\/§+C052(x)) __cos(x) sin(x)
42 42 4(1 + cos(x))

Mathematica [A] time = 0.0757308, size = 35, normalized size = 0.64

—_1 { tan(x)
3tan 1( NA ) _ sin(2x)
42 4(cos(2x) + 3)

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]~2)~(-2),x]

[Out] (3*ArcTan[Tan[x]/Sqrt[2]])/(4*Sqrt[2]) - Sin[2*x]/(4*(3 + Cos[2*x]))

Maple [A] time = 0.017, size = 27, normalized size = 0.5

tan (x) 32 tan (x) V2
- + arctan| ————
4 (tan(x))*+8 8 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)”2)"2,x)

[Out] -1/4xtan(x)/(tan(x)~2+2)+3/8*arctan(1/2*tan(x)*2"(1/2))*2~(1/2)

Maxima [A] time = 1.49173, size = 35, normalized size = 0.64

tan (x)

3 1
3 V2 arctan (E V2tan (x)) - m

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)72,x, algorithm="maxima")

[Out] 3/8*sqrt(2)*arctan(1/2*sqrt(2)*tan(x)) - 1/4xtan(x)/(tan(x)"2 + 2)

Fricas [A] time = 1.66115, size = 178, normalized size = 3.24

3 V2 cos()’ -2 ,
3 (\/5 cos (x)2 + \/E) arctan (m) + 4 cos (x) sin (x)

16 (cos (x)2 + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(1+cos(x)~2)72,x, algorithm="fricas")

[Out] -1/16%(3*(sqrt(2)*cos(x)~2 + sqrt(2))*arctan(1/4*(3*sqrt(2)*cos(x)~2 - sqrt
(2))/(cos(x)*sin(x))) + 4*cos(x)*sin(x))/(cos(x)"2 + 1)

Sympy [B] time = 7.45973, size = 218, normalized size = 3.96

rr
2 2

3\5(%%(@%(;)_1)” ’2“j|)tan4(g) 3\5(%%(@%(;)_1)” ) 3ﬁ(atan(ﬁtan(g)

8tan4(§) +8 8 tan? (’2-‘) +8 8 tan'

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cos(x)**2)**2,x)

[Out] 3xsqrt(2)*(atan(sqrt(2)*tan(x/2) - 1) + pixfloor((x/2 - pi/2)/pi))*tan(x/2)
x*x4/(8+tan(x/2)**x4 + 8) + 3*xsqrt(2)*(atan(sqrt(2)*tan(x/2) - 1) + pi*floor(

(x/2 - pi/2)/pi))/(8*tan(x/2)**4 + 8) + 3xsqrt(2)*(atan(sqrt(2)*tan(x/2) +

1) + pixfloor((x/2 - pi/2)/pi))*tan(x/2)**4/(8*tan(x/2)**4 + 8) + 3*sqrt(2)
x(atan(sqrt(2)*tan(x/2) + 1) + pixfloor((x/2 - pi/2)/pi))/(8*xtan(x/2)**4 +

8) + 2xtan(x/2)**3/(8*tan(x/2)**4 + 8) - 2xtan(x/2)/(8xtan(x/2)*x4 + 8)

Giac [A] time = 1.19517, size = 80, normalized size = 1.45

V2sin (2x) - sin 2 x) _ tan (x)
V2 cos 2x) + V2 - cos 2x)+1 4(tan (x)2 +2)

3
§ \/E[x + arctan (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)72,x, algorithm="giac")

[Out] 3/8*sqrt(2)*(x + arctan(-(sqrt(2)*sin(2*x) - sin(2+*x))/(sqrt(2)*cos(2*x) +
sqrt(2) - cos(2*x) + 1))) - 1/4*tan(x)/(tan(x)”"2 + 2)
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1

3.46 s dx
(1—kcos2(x))
Optimal. Leaf size=71
—1 ( sin(x)cos(x)
19x  9sin(x) cos(x) _ sin(x) cos(x) ~ 19tan (cosz(x)+\/§+1)
3242 32 (cosz(x) + 1) 8 (cosz(x) n 1)2 3242

[Out] (19%x)/(32%Sqrt[2]) - (19%ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)])
/(32%3qrt[2]) - (Cos[x]*Sin[x])/(8%(1 + Cos[x]~2)72) - (9*Cos[x]*Sin[x])/(3
2x(1 + Cos[x]72))

Rubi [A] time = 0.0523739, antiderivative size = 71, normalized size of antiderivative =

. . number of rules
1., number of steps used = 5, number of rules used = 5, integrand size = 8, ————

0.625, Rules used = {3184, 3173, 12, 3181, 203}

integrand size

—1 ( sin(x)cos(x)
19x 9 sin(x) cos(x) sin(x) cos(x) 19tan (cosz(x)+\/§ 1 )
32v2  32(cos?(v)+1) g (cos?(x) + 1)2 32v2

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]~2)~(-3),x]

[Out] (19%x)/(32%Sqrt[2]) - (19*%ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)])
/(32%Sqrt[2]) - (Cos[x]*Sin[x])/(8%(1 + Cos[x]~2)72) - (9*Cos[x]*Sin[x])/(3
2x(1 + Cos[x]~2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + fxx]*Sin[e + f*x]x(a + b*Sinf[e + f*x]72)"(p + 1))/ (2*axf*x(p + 1)*(a +
b)), x] + Dist[1/(2xa*x(p + 1)*x(a + b)), Int[(a + b*Sin[e + f*x]"2)"(p + 1)
*xSimp [2%a*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 3173

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_)*((A_.) + (B_.)*sin[(e_.)
+ (f_.)*(x_)]172), x_Symbol] :> -Simp[((Axb - a*B)*Cos[e + f*x]*Sin[e + f*x]
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x(a + bxSinf[e + f*x]72)"(p + 1))/ (2%xaxf*x(a + b)*(p + 1)), x] - Dist[1/(2*ax
(a + b)x(p + 1)), Int[(a + b*Sinle + f*x]72)"(p + 1)*Simp[a*xB - Ax(2%ax(p +
1) + bx(2xp + 3)) + 2x(Axb - axB)*(p + 2)*Sinle + f*x]72, x], x], x] /; Fr
eeQ[{a, b, e, f, A, B}, x] && LtQ[p, -1] && NeQ[a + b, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

I+ COSZ(X))3 ) 8 (1 + cosz(x)
cos(x) sm(x) 9 cos(x) sin() 119

8 (1 + Cosz(x))2 32 (1 + COSZ(X)) 32 1+ cos?(x)
cos(x) sin(x) 9 cos(x) sin(x) + 1 0

8 (1 + cosz(x)) 2 (1 + cosz(x)) 32 1+ cos?(x)

cos(x) sin(x) 9 cos(x) sin(x) 19
=~ - - d
8(1+ cos2(x))2 32 (1 + cos2(x)) 32 2 (f T+ 22 COt(x))

19 tan™ (

1+ cosz(x)

f 1 gy = — cos(x) sm(x) f -7+2 COSZ(JC)
( 8

cos(x) sin(x) )
1+V2+cos2(x)) cos(x) sin(x) 9 cos(x) sin(x)

3242 3242 8 (1 + cosZ(x))Z 32 (1 + cosz(x))
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Mathematica [A] time = 0.123027, size = 51, normalized size = 0.72

_1 ( tan(x)
19 tan ( 7 ) 9 8in(2x) sin(2x)

322  32(cos(2x) +3)  4(cos(2x) + 3)2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]~2)~(-3),x]

[Out] (19%ArcTan[Tan[x]/Sqrt[2]])/(32%xSqrt[2]) - Sin[2*x]/(4*(3 + Cos[2*x])~2) -
(9*8in[2*x])/(32%(3 + Cos[2%*x]))

Maple [A] time = 0.016, size = 35, normalized size = 0.5

1 13 (tan(x))3 11 tan (x) 192 ¢ tan(x)\@
((tan () +2)2 T 32 16 )T e M

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(1+cos(x)”2)73,x)

[Out] (-13/32%tan(x)"3-11/16*tan(x))/(tan(x)"2+2) " 2+19/64*arctan(1/2*xtan(x)*2~(1/
2))*27(1/2)

Maxima [A] time = 1.45831, size = 55, normalized size = 0.77

13 tan (x)3 + 22 tan (x)
32 (tan (x)4 + 4 tan (x)2 + 4)

19 1
o V2 arctan (5 V2 tan (x)) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)73,x, algorithm="maxima")

[Out] 19/64*sqrt(2)*arctan(l/2xsqrt(2)*tan(x)) - 1/32x(13*tan(x)”3 + 22*tan(x))/(
tan(x) "4 + 4*tan(x)"2 + 4)
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Fricas [A] time = 1.6348, size = 251, normalized size = 3.54

4 2 3 \/Ecos(x)z—\/i
19 (\/E cos (x)* + 2 V2 cos (x)* + \/E) arctan (m

128 (cos (x)4 + 2 cos (x)2 + 1)

) +4 (9 cos (x)3 +13 cos (x)) sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)73,x, algorithm="fricas")

[Out] -1/128%(19*(sqrt(2)*cos(x)~4 + 2*sqrt(2)*cos(x)~2 + sqrt(2))*arctan(1/4* (3%
sqrt(2)*cos(x)”2 - sqrt(2))/(cos(x)*sin(x))) + 4*(9*cos(x)~3 + 13*cos(x))*s
in(x))/(cos(x)"4 + 2*cos(x)"2 + 1)

Sympy [B] time = 34.9375, size = 439, normalized size = 6.18

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)**2)**3,x)

[Out] 19*sqrt(2)*(atan(sqrt(2)*tan(x/2) - 1) + pi*floor((x/2 - pi/2)/pi))*tan(x/2
)**8/ (64*tan(x/2) **8 + 128*tan(x/2)**4 + 64) + 38xsqrt(2)*(atan(sqrt(2)*tan
(x/2) - 1) + pi*floor((x/2 - pi/2)/pi))*tan(x/2)**x4/(64*tan(x/2)**8 + 128%t
an(x/2)**4 + 64) + 19*sqrt(2)*(atan(sqrt(2)*tan(x/2) - 1) + pixfloor((x/2 -
pi/2)/pi))/ (64*tan(x/2)**8 + 128*tan(x/2)**4 + 64) + 19*sqrt(2)*(atan(sqrt
(2)*tan(x/2) + 1) + pixfloor((x/2 - pi/2)/pi))*tan(x/2)**8/(64*tan(x/2)**8
+ 128*tan(x/2)**4 + 64) + 38*sqrt(2)*(atan(sqrt(2)*tan(x/2) + 1) + pixfloor
((x/2 - pi/2)/pi))*tan(x/2)**4/(64*tan(x/2)**8 + 128xtan(x/2)*x4 + 64) + 19
xsqrt (2) *(atan(sqrt(2) *tan(x/2) + 1) + pi*floor((x/2 - pi/2)/pi))/(64*tan(x
/2)*x8 + 128*xtan(x/2)**4 + 64) + 22xtan(x/2)*x7/(64xtan(x/2)**8 + 128*tan(x
/2)*%x4 + 64) - 1l4xtan(x/2)*+*5/(64*tan(x/2)**8 + 128xtan(x/2)**4 + 64) + 14x
tan(x/2)**3/ (64*xtan(x/2)**8 + 128*tan(x/2)**4 + 64) - 22xtan(x/2)/(64*tan(x
/2)*%%8 + 128xtan(x/2)*x4 + 64)

Giac [A] time = 1.22654, size = 92, normalized size = 1.3

19 N V2sin (2x) —sin (2x) 13 tan (x)3 + 22 tan (x)
— V2| x + arctan | — - >
64 V2cos(2x) + V2 - cos (2x) + 1 32 (tan ()* + 2)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)73,x, algorithm="giac")

[Out] 19/64*sqrt(2)*(x + arctan(-(sqrt(2)*sin(2*x) - sin(2*x))/(sqrt(2)*cos(2*x)
+ sqrt(2) - cos(2*x) + 1))) - 1/32*%(13*tan(x)”"3 + 22xtan(x))/(tan(x)"2 + 2)

2
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3.47 [ V1 = cos?(x) dx

Optimal. Leaf size=12
sinz(x)(— cot(x))

[Out] -(Cot[x]*Sqrt[Sin[x]~2])

Rubi [A] time = 0.0158364, antiderivative size = 12, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e .

0.25, Rules used = {3176, 3207, 2638}

integrand size

sin?(x)(- cot(x))

Antiderivative was successfully verified.

[In] Int[Sqrt[1l - Cos[x]~2],x]
[Out] -(Cot[x]*Sqrt[Sin[x]~2])

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axcos[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, O]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (£_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sin[e + f*x]~
n) “FracPart[p])/(Sinle + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTrig[u]*(Sin
[e + f*x]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]
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Rubi steps

f\/l — cos?(x)dx = f\/sinz(x) dx
= (csc(x) sinz(x)) f sin(x) dx

= —cot(x) sinz(x)

Mathematica [A] time = 0.0061805, size = 12, normalized size = 1.

sinz(x)(— cot(x))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - Cos[x]~2],x]

[Out] -(Cot[x]*Sqrt[Sin[x]~2])

Maple [A] time = 0.463, size = 13, normalized size = 1.1

1
—cos (x) sin (x) ————
V(sin (1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1l-cos(x)"2)"(1/2),x)

[Out] -sin(x)*cos(x)/(sin(x)"2)"(1/2)

Maxima [A] time = 1.44539, size = 14, normalized size = 1.17

1
\/tan (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((l-cos(x)~2)"(1/2),x, algorithm="maxima")

[Out] -1/sqrt(tan(x)"2 + 1)

229

Fricas [A] time = 1.89958, size = 12, normalized size = 1.

—cos (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cos(x)~2)7(1/2),x, algorithm="fricas")

[Out] -cos(x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f V1 - cos? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cos(x)**2)**(1/2),x)

[Out] Integral(sqrt(l - cos(x)**2), x)

Giac [B] time = 1.271, size = 32, normalized size = 2.67
2som [tan (L) + tan (2
sgn (tan |5 x an|>x

1 \2
tan(ix) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cos(x)~2)7(1/2),x, algorithm="giac")

[Out] -2xsgn(tan(1/2*x)"3 + tan(1/2*x))/(tan(1/2*x)"2 + 1)
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3.48 [ V-1 + cos?(x) dx

Optimal. Leaf size=14
—sin?(x)(- cot(x))

[Out] -(Cot[x]*Sqrt[-Sin[x]~2])

Rubi [A] time = 0.0158867, antiderivative size = 14, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e e .

0.3, Rules used = {3176, 3207, 2638}

integrand size

—sin?(x)(- cot(x))

Antiderivative was successfully verified.

[In] Int[Sqrt[-1 + Cos[x]~2],x]
[Out] -(Cot[x]*Sqrt[-Sin[x]~2])

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axcos[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, O]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (£_)*(x )17 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sin[e + f*x]~
n) “FracPart[p])/(Sinl[e + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTrig[u]*(Sin
[e + fxx]/ff) " (n*p), x], x]]1 /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]
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Rubi steps

f\/—l + cos?(x) dx = f\/—sinz(x) dx
= (csc(x) —sinz(x)) f sin(x) dx

= —cot(x)\/— sinz(x)

Mathematica [A] time = 0.0046514, size = 14, normalized size = 1.

- sinz(x)(— cot(x))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 + Cos[x]~2],x]

[Out] -(Cot[x]*Sqrt[-Sin[x]~2])

Maple [A] time = 0.231, size = 14, normalized size = 1.

1
cos (x) sin () —————
V- (sin (1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cos(x)~2)~(1/2),x)

[Out] sin(x)*cos(x)/(-sin(x)~2)~(1/2)

Maxima [A] time = 1.45688, size = 16, normalized size = 1.14

.
\/—tan (x)2 -1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1+cos(x)~2)7(1/2),x, algorithm="maxima")

[Out] -1/sqrt(-tan(x)"2 - 1)

Fricas [A] time = 1.77924, size = 4, normalized size = 0.29

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)~2)7(1/2),x, algorithm="fricas")

[Out] O

Sympy [F] time = 0., size = 0, normalized size = 0.

f yeos? (x) —1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)**2)*x(1/2),x)

[Out] Integral(sqrt(cos(x)*x2 - 1), x)

Giac [C] time = 1.1781, size = 38, normalized size = 2.71

2isen (tan (1 x) - tan (1
15g1 an 2x an zx

1 \2
tan(ax) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)~2)~(1/2),x, algorithm="giac")

[Out] 2*I*sgn(-tan(1/2xx)"3 - tan(1/2*x))/(tan(1/2*x)"2 + 1)
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3.49 f (1 - cosz(x))sj/2 dx

Optimal. Leaf size=29

—% sin?(x)¥2 cot(x) — gylsinz(x) cot(x)

[Out] (-2*Cot[x]*Sqrt[Sin[x]~2])/3 - (Cot[x]*(Sin[x]72)7(3/2))/3

Rubi [A] time = 0.022335, antiderivative size = 29, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 12, number of rules_

integrand size
0.333, Rules used = {3176, 3203, 3207, 2638}

—% sin?(x)¥2 cot(x) — %y/sinz(x) cot(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]~2)~(3/2),x]
[Out] (-2*Cot[x]*Sqrt[Sin[x]~2])/3 - (Cot[x]*(Sin[x]72)~(3/2))/3

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3203

Int[((b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> -Simp[(Cot[e + f*x
Ix(bxSin[e + fxx]~2)7p)/(2*f*p), x] + Dist[(b*x(2*p - 1))/(2%p), Int[(b*Sin[
e + £xx]172)"(p - 1), x], x] /; FreeQ[{b, e, f}, x] && !IntegerQ[p] && GtQ[
p, 1]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sinl[e + f*x]~
n) “FracPart[p])/(Sinle + f*x]/ff)  (n*FracPart[p]), Int[ActivateTrig[u]l*(Sin
[e + £*xx]/ff)"(n*xp), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
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FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)
Rule 2638
Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps

f (1 - cosz(x))s/2 dx = f sin?(x)32 dx

1 2
=3 cot(x) sin?(x)¥2 + 3 f \/sin?(x) dx

_ _% COt(X) sinz(x)3/2 + % (2 CSC(x) sinz(x)) fSiIl(X) dx

2 1
=3 cot(x)+/sin?(x) - 3 cot(x) sin?(x)32

Mathematica [A] time = 0.0263914, size = 23, normalized size = 0.79

11—2 sinz(x)(cos(?)x) — 9 cos(x)) csc(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]~2)7(3/2),x]

[Out] ((-9%Cos[x] + Cos[3*x])*Csc[x]*Sqrt[Sin[x]~2])/12

Maple [A] time = 0.756, size = 19, normalized size = 0.7

cos (x) sin (x) ((cos (x))2 - 3) 1
3

(sin (x))*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-cos(x)~2)"(3/2),x)



[Out] 1/3*sin(x)*cos(x)*(cos(x)~2-3)/(sin(x)~2)~(1/2)

235

Maxima [A] time = 1.63589, size = 15, normalized size = 0.52

3
R cos(3x) + 7 cos (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cos(x)~2)7(3/2),x, algorithm="maxima"

[Out] -1/12%cos(3%x) + 3/4*cos(x)

Fricas [A] time = 1.72423, size = 31, normalized size = 1.07

% cos (x)3 — cos (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cos(x)~2)7(3/2),x, algorithm="fricas")

[Out] 1/3%cos(x)"3 - cos(x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cos(x)**2)**(3/2),x)

[Out] Timed out
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Giac [B] time = 1.21325, size = 61, normalized size = 2.1
435 (tan (2x) +tan (2 2))tan (2 2) +sen tan (22) + tan (2
sgn(tan (x| +tan(sx||tan|>x) +sgn|tan Ex) + an(ix)
_ - ;
3(tan(%x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cos(x)~2)7(3/2),x, algorithm="giac")

[Out] -4/3%(3*sgn(tan(1/2xx)~3 + tan(1/2*x))*tan(1/2xx)"2 + sgn(tan(1/2%x)"3 + ta
n(1/2*x)))/(tan(1/2*x)"2 + 1)73
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3.50 f (—1 - COSZ(X))3/2 dx

Optimal. Leaf size=33

%\/ - sinz(x) cot(x) — % (— sinz(x))?’/2 cot(x)

[Out] (2*Cot[x]*Sqrt[-Sin[x]~2])/3 - (Cot[x]*(-Sin[x]~2)~(3/2))/3

Rubi [A] time = 0.0246809, antiderivative size = 33, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 10, number of rules_

integrand size
0.4, Rules used = {3176, 3203, 3207, 2638}

%\/ - sinz(x) cot(x) — % (— sinz(x))g)/2 cot(x)

Antiderivative was successfully verified.

[In] Int[(-1 + Cos[x]"2)"(3/2),x]
[Out] (2*Cot[x]*Sqrt[-Sin[x]172])/3 - (Cot[x]*(-Sin[x]~2)~(3/2))/3

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3203

Int[((b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> -Simp[(Cot[e + f*x
Ix(bxSin[e + fxx]~2)7p)/(2*f*p), x] + Dist[(b*x(2*p - 1))/(2%p), Int[(b*Sin[
e + £xx]172)"(p - 1), x], x] /; FreeQ[{b, e, f}, x] && !IntegerQ[p] && GtQ[
p, 1]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sinl[e + f*x]~
n) “FracPart[p])/(Sinle + f*x]/ff)  (n*FracPart[p]), Int[ActivateTrig[u]l*(Sin
[e + £*xx]/ff)"(n*xp), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
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FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rubi steps

f (—1 + COSZ(X))3/2 dx = f (— sinz(x))go’/2 dx

= —% cot(x) (— Sinz(x))3/2 - ; f A\ sin(x) dx

= —% cot(x) (— Sinz(x))B/2 - % (2 csc(x)\ — sinz(x)) f sin(x) dx

= ; cot(x)+/— sin?(x) — % cot(x) (— sinz(x))g/2

Mathematica [A] time = 0.0255911, size = 25, normalized size = 0.76

BN sinz(x)(cos(?)x) — 9 cos(x)) csc(x)

Antiderivative was successfully verified.

[In] Integrate[(-1 + Cos[x]~2)7(3/2),x]

[Out] -((-9*Cos[x] + Cos[3*x])*Csc[x]*Sqrt[-Sin[x]~2])/12

Maple [A] time = 0.464, size = 21, normalized size = 0.6

cos (x) sin (x) ((sin (x))2 + 2) 1
V- Gin @)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cos(x)~2)~(3/2),x)



[Out] -1/3*sin(x)*cos(x)*(sin(x)~2+2)/(-sin(x)~2)~(1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (cos (x)* - 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)~2)7(3/2),x, algorithm="maxima"

[Out] integrate((cos(x)"2 - 1)7(3/2), x)

Fricas [A] time = 1.54771, size = 4, normalized size = 0.12

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)~2)7(3/2),x, algorithm="fricas")

[Out] O

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)**2)*x(3/2),x)

[Out] Timed out
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Giac [C] time = 1.24418, size = 74, normalized size = 2.24
12i tan (1) = tan (L)) ban (Lx) +ai tan (1) tan (L
isgn|-tan|sx| —tan{;x||tan{;x| +4isgn|-tan{;x| —tan(;x
5 3
3(tan(%x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cos(x)~2)7(3/2),x, algorithm="giac")

[Out] -1/3%(12*I*sgn(-tan(1/2*x)~3 - tan(1/2+*x))*tan(1/2*x)~2 + 4*xIxsgn(-tan(1/2x*
x)73 - tan(1/2%x)))/(tan(1/2*x)"2 + 1)73
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1
3.51 f \/TT(JC) dx

Optimal. Leaf size=15
_sin(x) tanh ™" (cos(x))
\/sinz(x)

[Out] -((ArcTanh[Cos([x]]*Sin[x])/Sqrt[Sin[x]~2])

Rubi [A] time = 0.0198256, antiderivative size = 15, normalized size of antiderivative =

. . . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, e -

0.25, Rules used = {3176, 3207, 3770}

integrand size

~ sin(x) tanh ™" (cos(x))

\Jsin?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[l - Cos[x]~2],x]

[Out] -((ArcTanh[Cos[x]]1*Sin[x])/Sqrt[Sin[x]~2])

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axcos[e + f*x]72)7pl, x] /; FreeQl{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sin[e + f*x]~
n) “FracPart [p])/(Sin[e + fx*x]/ff)” (nxFracPart[p]), Int[ActivateTrig[ul*(Sin
e + f*xx]/ff) "~ (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

1 1
f—mdx:f—mdx

_ sin(x) f csc(x) dx

\/sin?(x)

3 _tanh_l(cos(x)) sin(x)

N. sin? (x)

Mathematica [A] time = 0.0153835, size = 28, normalized size = 1.87

sin(x) (log (sin (g)) —log (COS (g)))

\/sinz(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1l - Cos[x]~2],x]

[Out] ((-LoglCos[x/2]] + Logl[Sin[x/2]]1)*Sin[x])/Sqrt[Sin[x]"2]

Maple [A] time = 0.336, size = 14, normalized size = 0.9

1
—Artanh (cos (x)) sin (x) ————
\Gin @)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1l-cos(x)"2)"(1/2),x)

[Out] -arctanh(cos(x))*sin(x)/(sin(x)"2)"(1/2)
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Maxima [B] time = 1.63955, size = 47, normalized size = 3.13

1 1

> log (cos (x)2 + sin (x)2 + 2 cos (x) + 1) -5 log (cos (x)2 + sin (x)2 -2 cos (x) + 1)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1-cos(x)~2)~(1/2),x, algorithm="maxima")

[Out] 1/2*log(cos(x)"2 + sin(x)”2 + 2xcos(x) + 1) - 1/2*log(cos(x)"2 + sin(x)"2 -

2*%cos(x) + 1)

Fricas [A] time = 1.61243, size = 77, normalized size = 5.13

1 1 1\ 1 1 1
—Zlog|= 42 100(=2 -
> og(2 cos(x)+2)+2 og( 2cos(x)+2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] -1/2xlog(1/2xcos(x) + 1/2) + 1/2xlog(-1/2*cos(x) + 1/2)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f V1 - cos? (x) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**2)**(1/2),x)

[Out] Integral(1l/sqrt(l - cos(x)**2), x)




244

Giac [F] time = 0., size = 0, normalized size = 0.

1
f \/— cos (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(1-cos(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(-cos(x)"2 + 1), x)
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1
352 Nl

Optimal. Leaf size=17
_sin(x) tanh ™" (cos(x))
N sinz(x)

[Out] -((ArcTanh[Cos[x]]*Sin[x])/Sqrt[-Sin[x]~2])

Rubi [A] time = 0.0184225, antiderivative size = 17, normalized size of antiderivative =

. . . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e -

0.3, Rules used = {3176, 3207, 3770}

integrand size

~ sin(x) tanh ™" (cos(x))

/- sin?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 + Cos[x]~2],x]

[Out] -((ArcTanh[Cos[x]]*Sin[x])/Sqrt[-Sin[x]~2])

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axcos[e + f*x]72)7pl, x] /; FreeQl{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sin[e + f*x]~
n) “FracPart [p])/(Sin[e + fx*x]/ff)” (nxFracPart[p]), Int[ActivateTrig[ul*(Sin
e + f*xx]/ff) "~ (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

1 1
f V=1 + cos?(x) " f /- sin?(x) "

B sin(x) f csc(x) dx

N sin®(x)

_ _tanh_l(cos(x)) sin(x)

\ - sin?(x)

Mathematica [A] time = 0.0102452, size = 30, normalized size = 1.76

X X

o) o sin (2) - o (s ()

N sinz(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 + Cos[x]~2],x]

[Out] ((-LoglCos[x/2]] + Logl[Sin[x/2]])*Sin[x])/Sqrt[-Sin[x]~2]

Maple [B] time = 0.233, size = 34, normalized size = 2.

_sin () —(cos (x))2 arctan ! !
V- (eos @) ) yf

cosx) ~ (sin (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1+cos(x)"2)"(1/2),x)

[Out] -sin(x)*(-cos(x)~2)~(1/2)*arctan(1l/(-cos(x)"2)"(1/2))/cos(x)/(-sin(x)"2)" (1
/2)
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Maxima [A] time = 1.58404, size = 23, normalized size = 1.35

—arctan (sin (x), cos (x) + 1) + arctan (sin (x), cos (x) = 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)~2)~(1/2),x, algorithm="maxima"

[Out] -arctan2(sin(x), cos(x) + 1) + arctan2(sin(x), cos(x) - 1)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

1
- 4
f Veos? (x) -1 g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)**2)**(1/2),x)

[Out] Integral(1l/sqrt(cos(x)**2 - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1

f /CcOs (x)2 -1

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(cos(x)”2 - 1), x)
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1

3.53 dx

3/2
(1—cosz(x))/
Optimal. Leaf size=32
cot(x) _ sin(x) tanh_l(cos(x))

_2\ /sinz(x) 2\/sin2(x)

[Out] -Cot[x]/(2%Sqrt[Sin[x]~2]) - (ArcTanh[Cos[x]]*Sin[x])/(2%Sqrt[Sin[x]~2])

Rubi [A] time = 0.0269628, antiderivative size = 32, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, ~—— "

0.333, Rules used = {3176, 3204, 3207, 3770}

integrand size

cot(x) _ sin(x) tanh_l(cos(x))
2\/sin2(x) 2\/sin2(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"2)~(-3/2),x]

[Out] -Cot[x]/(2%Sqrt[Sin[x]~2]) - (ArcTanh[Cos[x]]*Sin[x])/(2%Sqrt[Sin[x]~2])

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axcos[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, O]

Rule 3204

Int[((b_.)*sin[(e_.) + (£_.)*(x_)172)"(p_), x_Symbol] :> Simp[(Cot[e + f*x]
x(bxSinfe + fxx]72)7(p + 1))/ (bxfx(2xp + 1)), x] + Dist[(2%(p + 1))/ (b*x(2*p
+ 1)), Int[(bxSin[e + f*xx]~2)~(p + 1), x], x] /; FreeQ[{b, e, f}, x] && !
IntegerQ[p] && LtQ[p, -1]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + f*x], x]}, Dist[((b*ff~n) IntPart[pl*(b*Sinfe + f*x]~
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n) “FracPart[p])/(Sinle + f*xx]/ff)~ (n*FracPart([p]), Int[ActivateTrig[u]l*(Sin
[e + f*xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

1 1
f (1 _ COSZ(X))3/2 ax = f sinz(x)3/2 ax

cot(x) 1 1 i
)

i _Zwlsinz(x) ' 2 f \/sinz(x

cot(x) sin(x) f csc(x) dx

=- +
24 sin? (x) 24/sin? (x)

cot(x) ~ tanh_l(cos(x)) sin(x)

i _ZN/Sinz(x) 2\/sin2(x)

Mathematica [A] time = 0.0441808, size = 51, normalized size = 1.59

_sin(x) (csc2 (g) - sec? (;—C) —4log (sin (g)) +4log (COS (E)))

84/ sin? (x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]~2)~(-3/2),x]

[Out] -((Csc[x/2]72 + 4xLogl[Cos[x/2]] - 4*Log[Sin[x/2]] - Sec[x/2]72)*Sin[x])/(8%
Sqrt[Sin[x]~2])
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Maple [A] time = 0.812, size = 37, normalized size = 1.2

1 (cos (x)  (In(1+ cos(x))—In(cos(x)—1))(sin (x))z] 1

+
2 : (sin ()

Verification of antiderivative is not currently implemented for this CAS.

~sin (x)

[In] int(1/(1l-cos(x)~2)~(3/2),x)

[Out] -(1/2*cos(x)+1/4x(ln(1l+cos(x))-1n(cos(x)-1))*sin(x)"2)/sin(x)/(sin(x)"2)"(1
/2)

Maxima [B] time = 1.63815, size = 405, normalized size = 12.66

4(cos(Bx) +cos(x))cos(dx)—4(2 cos(2x) —1)cos(3x) —8 cos(2x) cos(x) + (2 (2 cos(2x)—1)cos(4x) —cos (4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)~(3/2),x, algorithm="maxima"

[Out] 1/4*x(4*(cos(3*x) + cos(x))*cos(4*x) - 4*x(2*xcos(2*x) - 1)*cos(3*x) - 8*cos(2
*x)*cos(x) + (2% (2*xcos(2*x) - 1)*cos(4*x) - cos(4*x)”2 - 4*xcos(2%x)"2 - sin
(4%x)72 + 4*sin(4*x)*sin(2%x) - 4*sin(2*x)72 + 4*cos(2*x) - 1)*log(cos(x)~2

+ sin(x)72 + 2xcos(x) + 1) - (2*(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2 - 4
*cos(2%x) 72 - sin(4*x)72 + 4xsin(4+*x)*sin(2*x) - 4*sin(2*x)”~2 + 4*cos(2#*x)

- 1)*log(cos(x)”2 + sin(x)"2 - 2*cos(x) + 1) + 4x(sin(3*x) + sin(x))*sin(4x

x) - 8*sin(3*x)*sin(2*x) - 8*sin(2*x)*sin(x) + 4xcos(x))/(2*x(2*¥cos(2*x) - 1
)*cos(4*x) - cos(4*x)72 - 4*xcos(2*x)72 - sin(4*x)72 + 4*sin(4*x)*sin(2*x) -
4xsin(2*x) "2 + 4xcos(2*x) - 1)

Fricas [A] time = 1.60996, size = 150, normalized size = 4.69

(cos (x)2 - 1) log (% cos (x) + %) - (cos (x)2 - 1) log (—% cos (x) + %) —2 cos (x)
B 4 (cos (x)2 - 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cos(x)~2)~(3/2),x, algorithm="fricas")

[Out] -1/4%((cos(x)"2 - 1)*log(1/2*cos(x) + 1/2) - (cos(x)”2 - 1)*log(-1/2*cos(x)
+ 1/2) - 2xcos(x))/(cos(x)"2 - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**2)**(3/2),x)

[Out] Timed out

Giac [B] time = 1.27541, size = 105, normalized size = 3.28

2 2 2
1 1 1
tan (5 x) log (tan(ix) ) 2 tan (5 x) +1

1\ 1 ¥ 1\ 1 1\ 1 1 \?
SSgn(tan(Ex) +tan(§x) 4sgn(tan(5x) +tan(§x)) 8sgn tan(ix) +tan(5x))tan(5x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~2)~(3/2),x, algorithm="giac")

[Out] 1/8*tan(1/2xx)~2/sgn(tan(1/2*x)~3 + tan(1/2*x)) + 1/4xlog(tan(1/2*x)~2)/sgn
(tan(1/2*x) "3 + tan(1/2*x)) - 1/8*(2xtan(1/2*x)"2 + 1)/(sgn(tan(1/2*x)"3 +

tan(1/2*x) ) *tan(1/2*x) ~2)
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1

3.54 dx

3/2
(—1+cosz(x)) /
Optimal. Leaf size=36
cot(x) sin(x) tanh ™! (cos(x))
24/- sin(x) 24— sin®(x)

[Out] Cot[x]/(2*%Sqrt[-Sin[x]~2]) + (ArcTanh[Cos[x]]*Sin[x])/(2*Sqrt[-Sin[x]~2])

Rubi [A] time = 0.025746, antiderivative size = 36, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 10, number of rules

0.4, Rules used = {3176, 3204, 3207, 3770}

integrand size

cot(x) sin(x) tanh ™ (cos(x))
24— sinz(x) 24— sinz(x)

Antiderivative was successfully verified.

[In] Int[(-1 + Cos[x]72)"(-3/2),x]
[Out] Cot[x]/(2*%Sqrt[-Sin[x]~2]) + (ArcTanh[Cos[x]]*Sin[x])/(2*Sqrt[-Sin[x]~2])

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axcos[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, O]

Rule 3204

Int[((b_.)*sin[(e_.) + (£_.)*(x_)172)"(p_), x_Symbol] :> Simp[(Cot[e + f*x]
x(bxSinfe + fxx]72)7(p + 1))/ (bxfx(2xp + 1)), x] + Dist[(2%(p + 1))/ (b*x(2*p
+ 1)), Int[(bxSin[e + f*xx]~2)~(p + 1), x], x] /; FreeQ[{b, e, f}, x] && !
IntegerQ[p] && LtQ[p, -1]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + f*x], x]}, Dist[((b*ff~n) IntPart[pl*(b*Sinfe + f*x]~
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n) “FracPart[p])/(Sinle + f*xx]/ff)~ (n*FracPart([p]), Int[ActivateTrig[u]l*(Sin
[e + f*xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )[e + £xx]1)"(m_.) /;

FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol]
/; FreeQ[{c, d}, x]

Rubi steps

Jom

—1 + cos?(x)

:> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

—sin? (x))3

1
dx = f s dx
o

_ cot(x) _1 f 1 i

__cot(x) sin(x) f csc(x) dx

) 2\/—st(x) 2+4/—sin?(x)
tanh ™ (cos(x)) sin(x)

cot(x)

i 24/ sinz(x)

Mathematica [A]

+
24/ sin’(x)

time = 0.0300801, size = 53, normalized size = 1.47

sin(x) (csc2 (g) - sec? (;—C) —4log (Siﬂ (g)) +4log (COS (’25)))

84/ sinz(x)

Antiderivative was successfully verified.

[In] Integrate[(-1 + Cos[x]~2)~(-3/2),x]

[Out] ((Csc[x/2]72 + 4xLogl[Cos([x/2]] - 4xLogl[Sin[x/2]] - Sec[x/2]72)*Sin[x])/(8%S

grt [-Sin[x]"2])
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Maple [A] time = 0.499, size = 51, normalized size = 1.4

—2;.\/— (cos (x))2 —arctan ; (sin (x))2 +4/—(cos (x))2 ;
cos (x) sin (x) /_ (cos (x))z | (sin (x))z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1+cos(x)"2)~(3/2),x)

[Out] -1/2*(-cos(x)"2)"(1/2)*(-arctan(1/(-cos(x)~2)~(1/2))*sin(x) "2+ (-cos(x)~2) " (
1/2))/sin(x)/cos(x)/(-sin(x)~2)~(1/2)

Maxima [B] time = 1.67064, size = 383, normalized size = 10.64

(2 (2 cos(2x) —1)cos(4x) —cos (4 x)2 —4 cos (2 x)2 —sin (43()2 +4 sin (4 x)sin (2x) — 4 sin (2x)2 +4 cos(2x) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)~2)~(3/2),x, algorithm="maxima"

[Out] 1/2*((2*%(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)”2 - 4dxcos(2*x)"2 - sin(4x*x)~2

+ 4xsin(4xx)*sin(2*x) - 4*sin(2*x)~2 + 4x*xcos(2*x) - 1)*arctan2(sin(x), cos(

x) + 1) = (2%x(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2 - 4*xcos(2*x)”"2 - sin(4*

x) 72 + 4xsin(4*xx)*sin(2*x) - 4*sin(2%x)”2 + 4*cos(2*x) - 1)*arctan2(sin(x),
cos(x) - 1) + 2*%(sin(3*x) + sin(x))*cos(4*x) - 2*(cos(3*x) + cos(x))*sin(4

*x) — 2*%(2*xcos(2*x) - 1)*sin(3*x) + 4*cos(3*x)*sin(2*x) + 4*cos(x)*sin(2#*x)

- 4*cos(2*x)*sin(x) + 2xsin(x))/(2*(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2

- 4%cos(2*x)72 - sin(4*x)7"2 + 4*sin(4#*x)*sin(2*x) - 4*sin(2*x)~2 + 4*cos (2%

x) - 1)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)~2)7(3/2),x, algorithm="fricas")



256

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)**2)**(3/2),x)

[Out] Timed out

Giac [C] time = 1.29558, size = 122, normalized size = 3.39

2 2 2
. 1 oo [tan (X . 1 )
1tan(5x) Llog|tanyi>x 2i tan(ix) +1

8sgn (— tan (% x)3 — tan (1 x)) 4sgn (— tan (% x)3 ~ tan (% x)) 8sgn (— tan (% x)3 —tan (% x)) tan (% x)z

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cos(x)~2)~(3/2),x, algorithm="giac")

[Out] -1/8xIxtan(1/2xx)~2/sgn(-tan(1/2*x)~3 - tan(1/2*x)) - 1/4*Ixlog(tan(l/2*x)"
2)/sgn(-tan(1/2*x)~3 - tan(1/2*x)) + 1/8%(2*I*xtan(1/2*x)"2 + I)/(sgn(-tan(1

/2*x) "3 - tan(1/2*x))*tan(1/2%x)"2)
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3.55 [ V1 + cos?(x) dx

Optimal. Leaf size=9

[Out] EllipticE[Pi/2 + x, -1]

Rubi [A] time = 0.0080177, antiderivative size = 9, normalized size of antiderivative =

. . b f rul
1., number of steps used = 1, number of rules used = 1, integrand size = 10, e L

integrand size
X |

Antiderivative was successfully verified.

[In] Int[Sqrt[1l + Cos[x]~2],x]

[Out] EllipticE[Pi/2 + x, -1]

Rule 3177

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a

1*EllipticE[e + fxx, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, 0]

Rubi steps

f\/l-i-cT(x)dx:E(g+x|—1)

Mathematica [A] time = 0.0211922, size = 11, normalized size = 1.22

x/EE(x %)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Cos[x]"2],x]
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[Out] Sqrt[2]*EllipticE[x, 1/2]

Maple [B] time = 0.747, size = 41, normalized size = 4.6

sin (x)

_ EllipticE (cos (x) i) \/ (1 + (cos (x))z) (sin (x))Z\/ (sin (x))2 —1
V1 - (cos (x))4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+cos(x)"2)"(1/2),x)

[Out] -((1+cos(x)"2)*sin(x)~2)~(1/2)*(sin(x)~2)~(1/2)*EllipticE(cos(x),I)/(1-cos(
x)~4)~(1/2) /sin(x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f 4/ cos (x)2 +1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cos(x)~2)7(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(cos(x)"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (\/cos (x)2 +1, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cos(x)~2)7(1/2),x, algorithm="fricas")

[Out] integral(sqrt(cos(x)~2 + 1), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f Veos? (x) +1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cos(x)**2)**(1/2),x)

[Out] Integral(sqrt(cos(x)**2 + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f 4/ cos (x)2 +1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cos(x)~2)7(1/2),x, algorithm="giac")

[Out] integrate(sqrt(cos(x)"2 + 1), x)
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3.56 [ V-1 = cos?(x) dx

Optimal. Leaf size=32

- cos?(x) —1E(x+ §| —1)

\cos?(x) +1

[Out] (Sqrt[-1 - Cos[x]"2]*EllipticE[Pi/2 + x, -11)/Sqrt[1 + Cos[x]~2]

Rubi [A] time = 0.0222627, antiderivative size = 32, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e -

0.167, Rules used = {3178, 3177}

integrand size

—cos?(x) —1E (x + g| - 1)

\eos?(x) +1

Antiderivative was successfully verified.

[In] Int[Sqrt[-1 - Cos[x]~2],x]
[Out] (8qrt[-1 - Cos[x]"2]*EllipticE[Pi/2 + x, -1]1)/Sqrt[1 + Cos[x]~2]

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ bxSin[e + f*x]~2]/Sqrt[1 + (b*Sin[e + f*x]~2)/al, Int[Sqrt[1l + (b*Sin[e +
f*x]172)/al, x]1, x] /; FreeQ[{a, b, e, £}, x] && !GtQ[a, O]

Rule 3177
Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrtl[a

1*EllipticE[e + f*x, -(b/a)]1)/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rubi steps
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V-1 - cos2(x) f\/l + cos?(x) dx

V-1 — cos2(x) dx =
f cosix)dx V1 + cos?(x)

—1 - cos?(x)E (g + x| - 1)

B V1 + cos?(x)

Mathematica [A] time = 0.0375725, size = 34, normalized size = 1.06

\/Ex/cos(Zx) + 3E (x |%)
- V—cos(2x) -3

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 - Cos[x]~2],x]

[Out] -((Sqrt[2]*Sqrt[3 + Cos[2*x]]*EllipticE[x, 1/2])/Sqrt[-3 - Cos[2*x]])

Maple [B] time = 1.302, size = 75, normalized size = 2.3

1

—1 (2 EllipticF (i cos (x:i,rf)(;)EllipticE (icos (x),1)) \/_ (1 + (cos (x))z) (sin (x))z \/1 + (cos (x))2 \/ (sin (x))2

)

(cos (x)

Verification of antiderivative is not currently implemented for this CAS.
[In] int((-1-cos(x)72)~(1/2),x)

[Out] -I*x(-(1+cos(x)"2)*sin(x)~2)~(1/2)*(1+cos(x)~2)~(1/2)*(sin(x)~2)~(1/2)*(2*E1l
lipticF(I*cos(x),I)-EllipticE(I*cos(x),I))/(cos(x)~4-1)"(1/2)/sin(x)/(-1-co

s(x)"2)"(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/— cos (x)2 —1ldx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1-cos(x)72)7(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-cos(x)”"2 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

4 Ve 4621 +1(e210)+1)

6ix)_2 e(5ix)+7e(4ix)_12 e(3ix)+7e(2i x)_z e(ix)+1

z(dh*)—eﬁﬂ)

2 (e(Zix) - e(ix))integral( ( ,x) + Veldin) 1 662 4 1(6(”‘) + 1)
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/2%(2%(e~(2xIxx) - e~ (I*x))*integral(4*xsqrt(e”(4*xIxx) + 6xe”(2xIxx) + 1)*(

e” (2xIxx) + 1)/(e”(6xI*x) - 2%e” (5xIxx) + Txe” (4*I*xx) - 12%e”(3*I*x) + T*e~
(2xIxx) - 2%e”(I*x) + 1), x) + sqrt(e”™(4*I*xx) + 6%e” (2%xIxx) + 1)*(e”(I*x) +
1))/ (e~ (2xI*x) - e~ (I*x))

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/— cos? (x) —1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cos(x)**2)*x(1/2),x)

[Out] Integral(sqrt(-cos(x)**2 - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/— cos (x)2 —1dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1-cos(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-cos(x)”"2 - 1), x)



264

3.57 [ Va+bcos?(x) dx

Optimal. Leaf size=42

2 T_t
a+ bcos (x)E(x+ 2| a)

b cos?(x)
a

+1

[Out] (Sqrtl[a + bxCos[x]~2]*EllipticE[Pi/2 + x, -(b/a)])/Sqrt[1l + (b*Cos[x]~2)/al

Rubi [A] time = 0.0350783, antiderivative size = 42, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e

0.167, Rules used = {3178, 3177}

integrand size

2 T_t
a+ bcos (x)E(x+ 2| a)

b cos2(x)
a

+1

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cos[x]~2],x]
[Out] (Sgrtl[a + b*Cos[x]~2]*EllipticE[Pi/2 + x, -(b/a)])/Sqrt[1 + (b*Cos[x]~2)/a]

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ b*xSin[e + f*x]~2]/Sqrt[1 + (b*Sin[e + f*x]72)/al, Int[Sqrt[1 + (b*Sin[e +
f*x]172)/al, x], x] /; FreeQ[{a, b, e, f}, x] && !GtQ[a, O]

Rule 3177
Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Simp[(Sqrt[a

1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rubi steps
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\a+ bcosz(x)fwll + MOTSZ(X) dx

2
1+ b cos?(x)
a

a +bcos?(x)E (g + x| — Z)

f\/a + bcos?(x)dx =

b cos2(x)

a

1+

Mathematica [A] time = 0.0722043, size = 46, normalized size = 1.1

v2a + b cos(2x) + bE (x |£)

/2a+b cos(2x)+b
a+b

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cos[x]~2],x]

[Out] (Sqrt[2*a + b + b*Cos[2*x]]*EllipticE[x, b/(a + b)])/Sqrt[(2*a + b + b*Cos[
2xx])/(a + b)]

Maple [A] time = 0.336, size = 49, normalized size = 1.2

2
o : \/(sin (x))? MEllipticE (cos (x), \/z] !
o ! ) \Ja + b (cos (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*cos(x)~2)~(1/2),x)

[Out] -a*x(sin(x)~2)~(1/2)*((a+b*cos(x)~2)/a)~(1/2)*EllipticE(cos(x), (-b/a)~(1/2))
/sin(x)/(atbxcos(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/b cos (x)2 +adx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(b*cos(x)”2 + a), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.
integral (\/b coSs (x)2 +a, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(b*cos(x)"2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
f\/a + bcos? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)**2)**x(1/2),x)

[Out] Integral(sqrt(a + b*cos(x)**2), x)

Giac [F] time = 0., size = 0, normalized size =

f\/b cos (x) +adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(b*cos(x)”2 + a), x)
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3.58 f (1 + cosz(x))S/2 dx

Optimal. Leaf size=43

2 1
_§F (x + g| - 1) +2E (x + gl - 1) + 3 sin(x) cos(x)ycos2(x) + 1

[Out] 2#EllipticE[Pi/2 + x, -1] - (2*#EllipticF[Pi/2 + x, -1]1)/3 + (Cos[x]*Sqrt[1
+ Cos[x]72]*Sin[x])/3

Rubi [A] time = 0.054289, antiderivative size = 43, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 10, number of rules_

0.4, Rules used = {3180, 3172, 3177, 3182}

2 1
_§F (x + g| - 1) +2E (x + g| - 1) + 3 sin(x) cos(x)vcos2(x) + 1

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]"2)"(3/2),x]

[Out] 2#EllipticE[Pi/2 + x, -1] - (2%EllipticF[Pi/2 + x, -1])/3 + (Cos[x]*Sqrt[1
+ Cos[x]~2]*Sin[x])/3

Rule 3180

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + fxx]*Sin[e + f*xx]*(a + b*Sinf[e + f*x]72)"(p - 1))/(2*f*p), x] + Dist[
1/(2xp), Int[(a + b*Sin[e + f*x]~2)"(p - 2)*Simp[ax(b + 2%a*p) + b*(2%a + b
)*x(2xp - 1)*Sin[e + f*x]~2, x], x], x] /; FreeQ[{a, b, e, f}, x] && NeQ[a +
b, 0] & GtQ[p, 1]

Rule 3172

Int[((A_.) + (B_.)#*sin[(e_.) + (£f_.)*(x_)]172)/Sqrt[(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]"2], x_Symbol] :> Dist[B/b, Int[Sqrt[a + b*Sin[e + f*x]~2], x],
x] + Dist[(Axb - a*B)/b, Int[1/Sqrt[a + b*Sin[e + f*x]172], x], x] /; FreeQ
[{a, b, e, f, A, B}, x]

Rule 3177
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Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrtl[a
1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, £}, x] && GtQ[a, 0]

Rule 3182

Int[1/Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Simp[(1*El
lipticF[e + f*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
2
f (1 + cosz(x))3/2 dx = % cos(x)V1 + cos?(x) sin(x) + % f % dx
= %cos(x)\/l + cos?(x) sin(x) — %f \/ﬁm dx + Zf\/l + cos?(x) dx
=2E (g + x| - 1) - ;F(g + x| - 1) + %cos(x)\/l + cos?(x) sin(x)

Mathematica [A] time = 0.047725, size = 39, normalized size = 0.91

_4F (x |§) +24F (x|%) + sin(2x)y/cos(2x) + 3
6v2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]~2)7(3/2),x]

[Out] (24*EllipticE[x, 1/2] - 4xEllipticF[x, 1/2] + Sqrt[3 + Cos[2*x]]*Sin[2%*x])/
(6%Sqrt[2])

Maple [B] time = 1.055, size = 101, normalized size = 2.4

\/ (1 + (cos (1)) (sin (x))? (— cos (x) (sin (x))* + 2 \/ (sin (x))z\/ — (sin (x))? + 2EllipticF (cos (x) i) — 6 4/ (sin

3 sin (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1+cos(x)~2)~(3/2),x)

[Out] 1/3*((1+cos(x)"2)*sin(x)~2)~(1/2)*(-cos(x)*sin(x) "4+2*(sin(x)~"2)~(1/2)*(-si
n(x)~2+2)~(1/2)*EllipticF(cos(x),I)-6*(sin(x)"2) " (1/2)*x(-sin(x) "2+2)~(1/2)*
EllipticE(cos(x),I)+2xcos(x)*sin(x)~2)/(1-cos(x)~4)~(1/2)/sin(x)/(1+cos(x)~

2)7(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (cos (x)* + 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cos(x)~2)7(3/2),x, algorithm="maxima"

[Out] integrate((cos(x)~2 + 1)7(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

3
integral ((cos (x)* + 1)2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cos(x)~2)~(3/2),x, algorithm="fricas")

[Out] integral((cos(x)~2 + 1)7(3/2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cos(x)**2)**(3/2),x)



[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f(cos (x)2 + 1)g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cos(x)~2)7(3/2),x, algorithm="giac")

[Out] integrate((cos(x)~2 + 1)7(3/2), x)
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3.59 f (—1 - COSZ(X))3/2 dx
Optimal. Leaf size=89

2 cosz(x)+1F(x+§|—1) 2 —Cosz(x)—lE(x+§|—1)
34/—cos?(x) -1 \cos2(x) +1
[Out] (-2*Sqrt[-1 - Cos[x]"2]*EllipticE[Pi/2 + x, -1])/Sqrt[1l + Cos[x]~2] - (2%Sq

rt[1 + Cos[x]~2]*EllipticF[Pi/2 + x, -1])/(3*Sqrt[-1 - Cos[x]~2]) - (Cos[x]
xSqrt[-1 - Cos[x]~2]*Sin[x])/3

—% sin(x) cos(x)y— cos?(x) =1 —

Rubi [A] time = 0.0941136, antiderivative size = 89, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 12, number of rules _

0.5, Rules used = {3180, 3172, 3178, 3177, 3183, 3182}

—% sin(x) cos(x)y— cos?(x) =1 —

integrand size

2 COSZ(X)+1F(X+§|—1) 2 —COSZ(X)—lE(x+§|—1)

34— cos?(x) — 1 \cosZ(x) +1

Antiderivative was successfully verified.

[In] Int[(-1 - Cos[x]~2)"(3/2),x]

[Out] (-2*Sqrt[-1 - Cos[x]"2]*EllipticE[Pi/2 + x, -1])/Sqrt[1 + Cos[x]"2] - (2*Sq
rt[1 + Cos[x]~2]*EllipticF[Pi/2 + x, -1])/(3*Sqrt[-1 - Cos[x]~2]) - (Cos[x]
*Sqrt [-1 - Cos[x]"2]*Sin[x])/3

Rule 3180

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + f*x]*Sin[e + fxx]*(a + b*Sinl[e + f*x]72)"(p - 1))/(2xf*p), x] + Dist([
1/(2*p), Int[(a + b*Sin[e + f*x]72)"(p - 2)*Simp[a*(b + 2%a*xp) + b*(2*a + b
)*(2*%p - 1)*Sinle + f*x]72, x], x], x] /; FreeQ[{a, b, e, £}, x] && NeQ[a +
b, 0] && GtQ[p, 1]

Rule 3172

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]172)/Sqrt[(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]"2], x_Symbol] :> Dist[B/b, Int[Sqrt[a + b*Sin[e + f*x]~2], x],
x] + Dist[(Axb - a*B)/b, Int[1/Sqrt[a + b*Sin[e + f*x]72], x], x] /; FreeQ
[{a, b, e, f, A, B}, x]
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Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[a
+ b*Sin[e + f*x]~2]/Sqrt[1 + (b*Sin[e + f*x]~2)/al, Int[Sqrt[l + (b*Sin[e +
fxx]~2)/al, x], x] /; FreeQl[{a, b, e, £}, x] && !GtQ[a, O]

Rule 3177

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a
1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[
1 + (b*Sinl[e + f*x]~2)/al/Sqrtla + b*Sin[e + f*x]~2], Int[1/Sqrt[l + (b*Sin
[e + f*xx]72)/al, x], x] /; FreeQ[{a, b, e, f}, x] && 'GtQ[a, 0]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticF[e + f*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps

2
—1 - cos?(x) - cos(¥)y/=1 — cos?(x) sin(x) + 1 [Ax6cos)
3 3

i |
= —% cos(x)y/-1 - cos(x) sin(x) - % f \/%osz(x)

dx -2 f V-1 — cos?(x) dx

(2\/—1 - COSZ(X)) fx/l + cos?(x) dx B (2 1+ COSZ(X)) f N

= —% cos(x)y—1 — cos?(x) sin(x) —

V1 + cos?(x) V= co?

2y-1 - co?(E (3 +2| 1)  2yi+coF (F+24]-1) 1
= — _ 1 - 5 »
VI + cos(x) 3y/-1 - cos2(x) 3 cos(x)V—T — cos?(x) sin(

Mathematica [A] time = 0.0680792, size = 66, normalized size = 0.74

6 sin(2x) + sin(4x) — 84/cos(2x) + 3F (x E) + 48+/cos(2x) + 3E (x E)
12\/5\/— cos(2x) — 3

Antiderivative was successfully verified.
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[In] Integrate[(-1 - Cos[x]72)7(3/2),x]

[Out] (48*Sqrt[3 + Cos[2*x]]*EllipticE[x, 1/2] - 8%Sqrt[3 + Cos[2*x]]*EllipticF[x
, 1/2] + 6*Sin[2*x] + Sin[4x*x])/(12xSqrt[2]*Sqrt[-3 - Cos[2*x]])

Maple [A] time = 1.364, size = 110, normalized size = 1.2

L \/— (1 + (cos (1))?) (sin (x))? (— cos (x) (sin (x))* + 10 i\/ — (sin (x))* + 2\/(sin (x))*EllipticF (i cos (x), i) — 6

3 sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-cos(x)~2)~(3/2),x)

[Out] 1/3%(-(1+cos(x)"2)*sin(x)"2)"(1/2)*(-cos(x)*sin(x) "4+10*I*(-sin(x)~2+2) " (1/
2)*(sin(x)~2)~(1/2)*E1llipticF(I*cos(x),I)-6*%I*(-sin(x)~2+2)~(1/2)*(sin(x)"2
)~ (1/2)*E1lipticE(I*cos(x),I)+2*cos(x)*sin(x)~2)/(cos(x)~4-1)"(1/2)/sin(x)/

(-1-cos(x)~2)"(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (— cos (x)2 - 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cos(x)~2)7(3/2),x, algorithm="maxima")

[Out] integrate((-cos(x)"2 - 1)7(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

, , V@) g 2 @i), 5 (i) ' ' _ _ ‘
24 (4 — o) integral (- AV 6B 1(5eEM 4260 45) ) = (519 = 400 4 24,6010 4 24 6270) _ oli) 4
3 (e6—2.650) 17 o112 6019 +7 627017 41)

24 (e(4ix) — e(3ix))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1-cos(x)~2)7(3/2),x, algorithm="fricas")

[Out] 1/24%(24x(e”(4xI*x) - e~ (3*Ixx))*integral (-4/3*sqrt(e” (4*I*xx) + 6%e” (2%I*x)
+ 1)*(bxe” (2xI*x) + 2%e~(I*x) + 5)/(e”(6xI*x) - 2xe” (bxI*x) + Txe” (4*I*x)
- 12%e” (3*%I*x) + 7*xe” (2xI*x) - 2%~ (I*x) + 1), x) - (e”(b*xI*x) - e~ (4*I*x)
+ 24*e” (3*%Ixx) + 24*e”(2*%Ixx) - e (Ixx) + 1)*sqrt(e”(4*xIxx) + 6*xe” (2xI*x) +

1))/ (e” (4xI*x) - e~ (3*Ixx))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cos(x)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
3
f (— cos (x)? - 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cos(x)~2)7(3/2),x, algorithm="giac")

[Out] integrate((-cos(x)"2 - 1)7(3/2), x)
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3.60 f (a +b cosz(x))3/2 dx

Optimal. Leaf size=121

2
a(a + b)‘/bcoj © L 1F (x + §| - g) 2(2a + b)\a + b cos?(x)E (x + §| - Z)
+
3+/a + b cos?(x) 3./bes® ¢

a

%b sin(x) cos(x)ya + b cos?(x) -

[Out] (2x(2*a + b)*Sqrt[a + b*Cos[x]"2]*EllipticE[Pi/2 + x, -(b/a)])/(3xSqrt[1 +
(bxCos[x]72)/a]) - (a*x(a + b)*Sqrt[1 + (b*Cos[x]~2)/al*EllipticF[Pi/2 + x,
-(b/a)])/(3*%Sqrt[a + b*Cos[x]~2]) + (b*Cos[x]*Sqrtl[a + b*Cos[x]~2]*Sin[x])/

3

Rubi [A] time = 0.161739, antiderivative size = 121, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 12, number of rules_

integrand size
0.5, Rules used = {3180, 3172, 3178, 3177, 3183, 3182}

2
a(a+ by qp (x L ?) 2(2a + b)\Ja + b co2(DE (x + 1= 9)
+
3+/a + b cos?(x) 3. [beos?@®

a

%b sin(x) cos(x)va + b cos?(x) —

Antiderivative was successfully verified.

[In] Int[(a + b*Cos[x]~2)~(3/2),x]

[Out] (2x(2*a + b)*Sqrtla + b*Cos[x]~2]*EllipticE[Pi/2 + x, -(b/a)])/(3*Sqrt[1 +
(bxCos[x]72)/al) - (a*x(a + b)*Sqrt[1 + (b*Cos[x]~2)/al*EllipticF[Pi/2 + x,
-(b/a)])/(3*Sgrt[a + bxCos[x]~2]) + (b*Cos[x]*Sqrtl[a + bxCos[x]~2]*Sin[x])/

3

Rule 3180

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
sle + fxx]*Sin[e + fxx]*(a + b*Sin[e + f*x]~2)"(p - 1))/(2*f*p), x] + Dist[
1/(2xp), Int[(a + b*Sin[e + f*xx]"2)"(p - 2)*Simp[lax(b + 2*axp) + b*x(2xa + b
)*(2xp - 1)*Sinfe + f*x]72, x], x], x] /; FreeQ[{a, b, e, £}, x] && NeQ[a +
b, 0] && GtQ[p, 1]

Rule 3172
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Int[((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]172)/Sqrtl[(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1"2], x_Symbol] :> Dist[B/b, Int[Sqrt[a + b*Sin[e + f*x]~2], x],
x] + Dist[(Axb - a*B)/b, Int[1/Sqrt[a + b*Sin[e + f*x]172], x], x] /; FreeQ
[{a, b, e, f, A, B}, x]

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ b*Sin[e + f*x]~2]/Sqrt[1 + (b*Sinf[e + f*x]~2)/al, Int[Sqrt[l + (b*Sin[e +
fxx]72)/al, x]1, x] /; FreeQ[{a, b, e, £}, x] & !'GtQ[a, O]

Rule 3177

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a
1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[
1 + (b*Sinl[e + f*x]~2)/al/Sqrtla + b*Sin[e + f*x]~2], Int[1/Sqrt[l + (b*Sin
[e + f*xx]72)/al, x], x] /; FreeQ[{a, b, e, f}, x] && 'GtQ[a, 0]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticF[e + f*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
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2
f (a+b cosz(x))a/2 dx = %b cos(x)Va + b cos2(x) sin(x) + % f 1Ga+b) —;EI;(:;Z(Z S
dx+%QQa+@XfVa+b

= %b cos(x)va + b cos2(x) sin(x) - %(a(a +0)) f \/ﬁ

(2(2a +b)+\a+ bcosz(x)) fw/l + Z)COTSZ(’C) dx

b cos?(x)

1
= gb cos(x)Va + b cos?(x) sin(x) +
341+
a

2(2a + b)Ja + b o (E (g Fxl- Z) a(a + D)1+ M%%F(g +x - 2)

3./1 4 oot 3+v/a + b cos?(x)

a

(a(a + D)+

+ %b cos(x)\ﬂ

Mathematica [A] time = 0.451918, size = 123, normalized size = 1.02

8 (207 + 3ab + 1) 2SI (| L) 4 3 sin(20)(2a + beos(20) + ) ~ da(a + b)y LI x

12+/2a + bcos(2x) + b

b
a+b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[x]~2)7(3/2),x]

[Out] (8%(2*xa~2 + 3*axb + b~2)*Sqrt[(2*a + b + b*Cos[2*x])/(a + b)]*EllipticE[x,
b/(a + b)] - 4xa*x(a + b)*Sqrt[(2*a + b + b*Cos[2*x])/(a + b)]*EllipticF[x,

b/(a + b)] + Sqrt[2]*b*(2%*a + b + b*Cos[2*x])*Sin[2*x])/(12*Sqrt[2*a + b +
b*Cos [2*x]])

Maple [A] time = 0.783, size = 192, normalized size = 1.6

’ 2 / 2
—zj\/(sin (x))2 wEllipﬁcF (COS (%), \/g) - %b\/(sin (x))2 MEllipticF [cos

Verification of antiderivative is not currently implemented for this CAS.

1
sin (x)

[In] int((at+b*cos(x)~2)~(3/2),x)
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[Out] -(-1/3*(sin(x)~2)~(1/2)*((a+b*cos(x)~2)/a)~(1/2)*EllipticF(cos(x), (-b/a)~ (1
/2))*a~2-1/3*a*x(sin(x) ~2) ~(1/2) *((atb*cos(x)~2)/a) " (1/2)*EllipticF(cos(x), (
-b/a)~(1/2)) *b+4/3* (sin(x) ~2) ~(1/2) * ((atb*cos(x)~2)/a) " (1/2)*EllipticE(cos(

x), (-b/a)~(1/2))*a~2+2/3*(sin(x)"2) " (1/2)*((atb*cos(x)~2) /a) ~(1/2)*Elliptic
E(cos(x), (-b/a)~(1/2)) *a*b+1/3*cos (x) “5*b~2+1/3*cos (x) "3*b*a-1/3*cos (x) ~3*b
~2-1/3%a*b*xcos(x))/sin(x)/(a+b*cos(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f(b cos (x)? + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(3/2),x, algorithm="maxima")

[Out] integrate((bxcos(x)"2 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

3
integral ((b cos (x)* + a) z x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(3/2),x, algorithm="fricas")

[Out] integral((b*cos(x)~2 + a)~(3/2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cos(x)**2)**(3/2),x%)



[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f (b cos ()% + a)g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(3/2),x, algorithm="giac")

[Out] integrate((bxcos(x)"2 + a)~(3/2), x)
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1
3.61 f \/TT(JC) dx

Optimal. Leaf size=9

Flee3l-1)
x —_ —
2

[Out] EllipticF[Pi/2 + x, -1]

Rubi [A] time = 0.0077743, antiderivative size = 9, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 10, L

integrand size
0.1, Rules used = {3182}
Flx+5]-1)
x —_— p—
2

Antiderivative was successfully verified.

[In] Int[1/Sqrt[1l + Cos[x]~2],x]

[Out] EllipticF[Pi/2 + x, -1]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Simp[(1*El

lipticF[e + f*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps

Mathematica [A] time = 0.0330313, size = 11, normalized size = 1.22

V2
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Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[1 + Cos[x]~2],x]

[Out] EllipticF[x, 1/2]/Sqrt[2]

Maple [B] time = 0.683, size = 41, normalized size = 4.6

1

_ElliptiCF (cos (x),1) \/(l T (cos (x))z) (sin (x))%+/ (sin (x))? —————
sin (x) 1 - (cos (x))*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)~2)"(1/2),x)

[Out] -((1+cos(x)"2)*sin(x)~2)~(1/2)*(sin(x)~2)~(1/2)/(1-cos(x)~4)~(1/2)*Elliptic
F(cos(x),I)/sin(x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f ~\/cos (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(1+cos(x)~2)~(1/2),x, algorithm="maxima")

[Out] integrate(l/sqrt(cos(x)"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
1

integral | ————,
\/cos (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

X
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[In] integrate(1/(1+cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(1l/sqrt(cos(x)”2 + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
—_—
f Veos? (x) +1 g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)**2)**x(1/2),x)

[Out] Integral(l/sqrt(cos(x)**2 + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f ~/cos (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(1+cos(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(l/sqrt(cos(x)"2 + 1), x)



283

1
362 [ ———ax

Optimal. Leaf size=32

cos?(x) + 1F (x + §| - 1)

\—cos2(x) -1

[Out] (Sqrt[1 + Cos[x]~2]*EllipticF[Pi/2 + x, -1]1)/Sqrt[-1 - Cos[x]~2]

Rubi [A] time = 0.0183404, antiderivative size = 32, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 2, integrand size = 12, number of rules

0.167, Rules used = {3183, 3182}

integrand size

cos?(x) + 1F(x + §| - 1)

\/—cos?(x) -1

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 - Cos[x]~2],x]
[Out] (Sqrt[1 + Cos[x]~2]*EllipticF[Pi/2 + x, -1])/Sqrt[-1 - Cos[x]~2]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[
1 + (b*Sinf[e + f*x]72)/al/Sqrtla + b*Sin[e + f*x]~2], Int[1/Sqrt[1 + (b*Sin
[e + fxx]~2)/al, x], x] /; FreeQ[{a, b, e, f}, x] && !'GtQ[a, O]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Simp[(1*El
lipticF[e + fx*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
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5 1
f ; e V1 + cos?(x) f ——1+cosz(x) dx
V-1 — cos?(x) V-1 — cos?(x)

_ 1+ cosz(x)F(g +x| —1)

- -1 — cos?(x)

Mathematica [A] time = 0.0403404, size = 33, normalized size = 1.03

ycos(2x) + 3F (x |%)
\/E\/— cos(2x) — 3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 - Cos[x]~2],x]

[Out] (8qrt[3 + Cos[2*x]]*EllipticF[x, 1/2])/(Sqrt[2]*Sqrt[-3 - Cos[2#*x]])

Maple [A] time = 0.943, size = 62, normalized size = 1.9

1 1
\/ (cos (x))4 -1 \/ -1 —(cos (x))2

iEllipticF (i cos (x), i) \/_ (1 + (cos (1))?) (sin (x))z\/l + (cos (x))Z\/ (sin (x))*

sin (x)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(-1-cos(x)~2)"(1/2),x)

[Out] I*(—(1l+cos(x)"2)*sin(x)"2)"(1/2)*(1+cos(x)"2)"(1/2)*(sin(x)"2)"(1/2)/(cos(x
)"4-1)"(1/2)*EllipticF (I*cos(x),I)/sin(x)/(-1-cos(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1

f \/—cos (x)2 -1

dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(1/sqrt(-cos(x)"2 - 1), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

2
integral (— , x)
Veiv) 4 620 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(-2/sqrt(e” (4xI*x) + 6%e” (2xI*x) + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
[—
V-cos? (x) -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)**2)**(1/2),x)

[Out] Integral(l/sqrt(-cos(x)**2 - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1

f \/—cos (x)2 -1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)~2)~(1/2),x, algorithm="giac")
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[Out] integrate(1/sqrt(-cos(x)"2 - 1), x)
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3.63

1
d
f \a+b cos?(x) X

Optimal. Leaf size=42

Rty qp (x+ oI~ Z—’)
a 2 a
va + b cos?(x)

[Out] (Sqrt[1 + (bxCos[x]"2)/al*EllipticF[Pi/2 + x, -(b/a)])/Sqrt[a + bxCos[x]~2]

Rubi [A] time = 0.0289905, antiderivative size = 42, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e e =

integrand size
0.167, Rules used = {3183, 3182}

7
beos"™ | qF (x + 3 - é)
a 2 a

va + bcos?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrtla + b*Cos[x]~2],x]
[Out] (Sqrt[1 + (b*Cos[x]~2)/al*EllipticF[Pi/2 + x, -(b/a)])/Sqrtl[a + b*Cos[x]~2]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sinf[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[
1 + (b*Sin[e + f*x]~2)/al/Sqrtl[a + b*Sin[e + f*x]~2], Int[1/Sqrt[1 + (b*Sin
[e + £xx]72)/al, x], x] /; FreeQl{a, b, e, f}, x] && !'GtQ[a, O]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticF[e + fxx, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
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b cos? 1
A1+ cos™(x) f dx
a bcosz(x)
\V =

1
. gy =
f va + bcos?(x) * va + bcos?(x)

2
1+ beos (X)F(E +x| - 9)
_ a 2 a
va + bcos?(x)

Mathematica [A] time = 0.0641081, size = 46, normalized size = 1.1

/2u+b cos(Zx)+bF (X L )
a+b a+b

v2a + bcos(2x) + b

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + bxCos[x]~2],x]

[Out] (Sqrt[(2*a + b + b*Cos[2xx])/(a + b)]*EllipticF[x, b/(a + b)])/Sqrt[2*a + b
+ bxCos [2*x] ]

Maple [A] time = 0.37, size = 48, normalized size = 1.1

2
—= ! Y (sin (x))? MEHipﬁcF (COS (), \/z) !
) g v \a+ b(cos (x))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(x)~2)~(1/2),x)

[Out] -(sin(x)~2)"(1/2)*((a+b*cos(x)~2)/a)~(1/2)*EllipticF(cos(x),(-b/a)~(1/2))/s
in(x)/(atb*cos(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
1

f \bcos (x)2 +a

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)~2)7(1/2),x, algorithm="maxima"

[Out] integrate(1/sqrt(b*cos(x)”2 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
1

integral | ————=
\ b cos (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

X

[In] integrate(1l/(a+b*cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(1/sqrt(b*cos(x)"2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
|
f Va + b cos? (x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)**2)**(1/2),x)

[Out] Integral(1l/sqrt(a + bxcos(x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f \ b cos (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx
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[In] integrate(1/(atb*cos(x)~2)7(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(b*cos(x)”2 + a), x)
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1

3.64 dx

3/2
(1 +C082(x))
Optimal. Leaf size=32

lE (x N g| ~ 1) _ sin(x) cos(x)

2 24/cos?(x) +1

[Out] EllipticE[Pi/2 + x, -1]1/2 - (Cos[x]*Sin[x])/(2xSqrt[1 + Cos[x]~2])

Rubi [A] time = 0.0182579, antiderivative size = 32, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 10, number of rules_

integrand size
0.3, Rules used = {3184, 21, 3177}

lE (x N g| _ 1) B sin(x) cos(x)

2 24/cos?(x) +1

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]~2)"(-3/2),x]
[Out] EllipticE[Pi/2 + x, -1]1/2 - (Cos[x]*Sin[x])/(2xSqrt[1 + Cos[x]~2])

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(p_), x_Symbol] :> -Simpl[(b*Co
sle + f*x]xSin[e + fxx]*(a + bxSinle + fxx]72)7(p + 1))/ (2*xaxfx(p + 1)*x(a +
b)), x] + Dist[1/(2xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2)"(p + 1)
*xSimp [2%a*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 21

Int[(u_.)*((a_) + (b_.)*x(v_)) " (m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[u*(c + d*v)"(m + n), x], x] /; FreeQl{a, b, ¢, 4, n}, x]
&& EqQ[bxc - a*d, 0] && IntegerQ[m] && ( !IntegerQ[n] || SimplerQ[c + d*x,
a + b*x])

Rule 3177

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a
1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]
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Rubi steps

f 1 e _cos(x)sin(x) f -1- cosz(x) i
(1 n cosz(x))3/2 24/1 + cos?(x) V1 + cos?(x)

= _ cossin(v) t5 f\/l + cos?(x) dx

24/1 + cos?(x)
1 (n cos(x) sin(x)
(Fd-)- e

= —E(=
2 24/1 + cos?(x)

Mathematica [A] time = 0.0599886, size = 35, normalized size = 1.09

E (x E) sin(2x)

V2 2\/5\/008(2x) +3

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos([x]72)"(-3/2),x]

[Out] EllipticE[x, 1/2]1/Sqrt[2] - Sin[2*x]/(2*Sqrt[2]*Sqrt[3 + Cos[2*x]])

Maple [B] time = 1.058, size = 70, normalized size = 2.2

\/ (sin (x)) + 2 (sin (x)) (\/ (sin (x)) \/ (sin (x)) + 2EllipticE (cos (x), i) + cos (x) (sin (x)) )\/:1
1 - (cos

2 sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)~2)~(3/2),x)

[Out] -1/2*%(-sin(x)~4+2*xsin(x)~2)"(1/2)*((sin(x)"2)~(1/2)*(-sin(x)"2+2)~(1/2)*E1l1l
ipticE(cos(x),I)+cos(x)*sin(x)~2)/(1-cos(x)~4)~(1/2)/sin(x)/(1+cos(x)~2)" (1

/2)




Maxima [F] time = 0., size = 0, normalized size = 0.

1
dx

%)

(cos (x)2 + 1)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)~(3/2),x, algorithm="maxima")

[Out] integrate((cos(x)~2 + 1)7(-3/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

+\/cos (x)2 +1

cos (x)4 + 2 cos (x)2 +1

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(1+cos(x)~2)~(3/2),x, algorithm="fricas")

[Out] integral(sqrt(cos(x)~2 + 1)/(cos(x)”4 + 2*cos(x)"2 + 1), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)**2)**(3/2),x%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

w

cos (x)2 +1)2
( )
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~2)~(3/2),x, algorithm="giac")

[Out] integrate((cos(x)”"2 + 1)7(-3/2), x)
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1

3.65 dx

(—1—c:osz(x))3/2

Optimal. Leaf size=56

sin(x) cos(x) V- cos?(x) —1E (x + g| - 1)

24/—cos?(x) -1 24/cos?(x) +1

[Out] (Sqrt[-1 - Cos[x]~2]*EllipticE[Pi/2 + x, -1])/(2%Sqrt[1 + Cos[x]~2]) + (Cos
[x]*Sin[x])/(2xSqrt[-1 - Cos[x]~2])

Rubi [A] time = 0.03296, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e -

0.333, Rules used = {3184, 21, 3178, 3177}

integrand size

sin(x) cos(x) LV cos?(x) - 1E (x + §| - 1)

24/—cos?(x) -1 2+4/cos?(x) +1

Antiderivative was successfully verified.

[In] Int[(-1 - Cos[x]"2)~(-3/2),x]

[Out] (Sqrt[-1 - Cos[x]~2]*EllipticE[Pi/2 + x, -1])/(2%Sqrt[1 + Cos[x]~2]) + (Cos
[x]*Sin[x])/(2%Sqrt[-1 - Cos[x]~2])

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
sle + f*x]xSin[e + fxx]*(a + bxSinle + fxx]72)7(p + 1))/ (2*xaxfx(p + 1)*x(a +
b)), x] + Dist[1/(2xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2)"(p + 1)
*xSimp [2%a*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 21

Int[(u_.)*((a_) + (b_.)*(v_)) " (m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[u*x(c + d*v)"(m + n), x], x] /; FreeQl{a, b, ¢, 4, n}, x]
&& EqQ[bxc - a*d, 0] && IntegerQ[m] && ( 'IntegerQ[n] || SimplerQ[c + dx*x,
a + b*x])
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Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[a
+ b*Sin[e + f*x]~2]/Sqrt[1 + (b*Sin[e + f*x]~2)/al, Int[Sqrt[l + (b*Sin[e +
fxx]~2)/al, x], x] /; FreeQl[{a, b, e, £}, x] && !GtQ[a, O]

Rule 3177
Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a

1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rubi steps

f 1 e cos(x) sin(x) f 1+ cosz(x)
(_1 _ cosz(x))s/z 24/-1 = cos?(x) 2 V-1- COSZ(X

_ cos(x) sin(x)
= m + E f\/ -1- COSZ(X) dx
_ cos(x) sin(x) N V-1 - cos2(x) f V1 + cos?(x) dx
N cos?(x) 24/1 + cos?(x)

-1 — cos?(x)E (g + xl - 1) N cos(x) sin(x)

24/1 + cos?(x) 24/-1 = cos?(x)

Mathematica [A] time = 0.0413073, size = 43, normalized size = 0.77
sin(2x) — 24/cos(2x) + 3E (x E)
24/2+/= cos(2x) — 3

Antiderivative was successfully verified.

[In] Integrate[(-1 - Cos[x]~2)~(-3/2),x]

[Out] (-2*Sqrt[3 + Cos[2*x]]*EllipticE[x, 1/2] + Sin[2x*x])/(2*Sqrt[2]*Sqrt[-3 - C
os[2xx]]1)

Maple [A] time = 1.184, size = 101, normalized size = 1.8

“Tem o )\/(sm(x)) —2 (sin (x)) (21\/(8111 (x))\/ (sm(x)) + 2EllipticF (i cos (x), l)—l\/(SlIl (x))\/ (sm(x)) +
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1-cos(x)"2)"(3/2),x)

[Out] -1/2*%(sin(x)~4-2*xsin(x)~2)~(1/2)*(2*I*(sin(x)~2) " (1/2)*(-sin(x)"2+2)~(1/2)*
EllipticF(I*cos(x),I)-I*(sin(x)"2)~(1/2)*(-sin(x)~2+2)~(1/2)*E1llipticE(I*co
s(x),I)-cos(x)*sin(x)"2)/(cos(x)"4-1)"(1/2)/sin(x)/(-1-cos(x)"2)"(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1

5 dx
(— cos (x)2 - 1) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)~2)~(3/2),x, algorithm="maxima"

[Out] integrate((-cos(x)~"2 - 1)7(-3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

. . (2ix) - - . .
2 (6(41 Y+ 66 + 1)integra1 8 x) - Ve 1+ 6@ 4 1(6(31 ) + 3¢l x))
2 Velin) 160210 +1

2 (6(41"‘) + 6e@i%) 4 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/2%(2*(e” (4*xIxx) + 6xe”(2*I*x) + 1)*integral(1/2*(e”(2*xIxx) + 3)/sqrt(e” (4
xI*x) + 6%e” (2%xIxx) + 1), x) - sqrt(e” (4*xIxx) + 6xe” (2*%I*x) + 1)*(e” (3*%Ixx)
+ 3%e” (I*x)))/(e” (4xI*xx) + 6xe” (2xI*xx) + 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1

5 dx
(— cos (x)2 - 1) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cos(x)~2)~(3/2),x, algorithm="giac")

[Out] integrate((-cos(x)~2 - 1)7(-3/2), x)
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! dx

3.66

(a+b cosz(x))3/2

Optimal. Leaf size=78

bré b
a + b cos?(x)E (x + El - ;) bsin(x) cos(x)

a(a +b) bcozz(x) +1 B a(a + b)+/a + b cos?(x)

[Out] (Sgrtl[a + b*Cos[x]"2]*EllipticE[Pi/2 + x, -(b/a)])/(ax(a + b)*Sqrt[1 + (bxC
os[x]~72)/al) - (bxCos[x]*Sin[x])/(ax(a + b)*Sqrt[a + bxCos[x]~2])

Rubi [A] time = 0.0474696, antiderivative size = 78, normalized size of antiderivative =
number of rules

1., number of steps used = 4, number of rules used = 4, integrand size = 12, “ntegrand size =
0.333, Rules used = {3184, 21, 3178, 3177}

n, b
a + b cos?(x)E (x + El - ;) b sin(x) cos(x)

‘1 ) a(a + b)ya + b cos?(x)

b cos2(x)
a

a(a +b)

Antiderivative was successfully verified.

[In] Int[(a + b*Cos[x]"2)"(-3/2),x]

[Out] (Sgrtl[a + b*Cos[x]"2]*EllipticE[Pi/2 + x, -(b/a)])/(a*x(a + b)*Sqrt[1 + (b*xC
os[x]72)/al) - (bxCos[x]*Sin[x])/(ax(a + b)*Sqrt[a + bxCos[x]~2])

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + f*x]xSin[e + fxx]*(a + bxSinle + fxx]72)7(p + 1))/ (2*xaxfx(p + 1)*(a +
b)), x] + Dist[1/(2xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2)"(p + 1)
xSimp [2%a*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 21

Int[(u_.)*((a_) + (b_)*(v_)) " (m_.)*((c_) + (d_.)*(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[u*(c + d*v)"(m + n), x], x] /; FreeQl{a, b, ¢, d, n}, x]
&& EqQ[b*c - axd, 0] && IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + dx*x,
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a + b*xx])

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ b*Sin[e + f*x]~2]/Sqrt[1 + (b*Sinl[e + f*x]~72)/al, Int[Sqrt[l + (b*Sin[e +
f*x]72)/al, x], x] /; FreeQ[{a, b, e, £}, x] & !GtQ[a, O]

Rule 3177

Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a
1*EllipticE[e + f*x, -(b/a)]1)/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, 0]

Rubi steps

f —a—b cos?(x) dx
f 1 = b cos(x) sin(x) Va+b cos2(x)

(a +b (3osz(x))3/2 B _a(tl +b)\Ja+ bcos?(x) - ala+b)
__ b cos(x) sin(x) N f \/mosz(x)dx
a(a + b)\Ja + b cos?(x) a(a + b)
__ boos@sing) Va+beos?() [ 1+ 220 gy
a(a + b)\/a + b cos?(x) a(a_i_b)@

n b
u+bm§@ﬁ(5+ﬂ—;) b cos(x) sin(x)

a(a + b)A[1 + bCOTSZ(x) a(a + b)ya + bcos?(x)

Mathematica [A] time = 0.175397, size = 75, normalized size = 0.96

20+ D)y N (x| L) - Vabsingx)

2a(a + b)y2a + b cos(2x) + b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[x]~2)~(-3/2),x]

[Out] (2x(a + b)*Sqrt[(2*a + b + b*Cos[2*x])/(a + b)]*EllipticE[x, b/(a + b)] - S
grt [2] *b*Sin[2*x])/(2%ax(a + b)*Sqrt[2*a + b + b*Cos[2*x]])
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Maple [A] time = 0.798, size = 73, normalized size = 0.9

1

1 [ 5 | bsin@)y® a+b __ . \/77 o
_m[ (sin (x)) \/— . + . aElhptlcE[cos(x), —E)+bcos(x) (sin (x)) ]m

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(x)~2)~(3/2),x)

[Out] -((sin(x)~2)~(1/2)*(-b/axsin(x) ~2+(a+b)/a)~(1/2)*a*xEllipticE(cos(x), (-b/a)”
(1/2))+b*cos(x)*sin(x)~2)/a/(a+b)/sin(x)/(a+bxcos(x)~2) " (1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
dx

W

(b cos (x)2 + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~2)7(3/2),x, algorithm="maxima"

[Out] integrate((b*cos(x)~2 + a)~(-3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

\ b cos (x)2 +a

B2 cos (x)* + 2 ab cos (x)* + a2’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~2)7(3/2),x, algorithm="fricas")

[Out] integral(sqrt(b*xcos(x)”2 + a)/(b"2xcos(x)"4 + 2xa*bxcos(x)”2 + a”2), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

w

(b cos (x)2 + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)~2)~(3/2),x, algorithm="giac")

[Out] integrate((b*cos(x)~2 + a)~(-3/2), x)
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cos(x)
3.67 ~[‘:7fii;;§?§§‘ix:

Optimal. Leaf size=9

il (sin(x))
\2

[Out] ArcSin[Sin[x]/Sqrt[2]]

Rubi [A] time = 0.0211736, antiderivative size = 9, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 2, integrand size = 13, number of rules _

0.154, Rules used = {3186, 216}
il (sin(x))
V2

Antiderivative was successfully verified.

integrand size

[In] Int[Cos[x]/Sqrt[l + Cos[x]~2],x]
[Out] ArcSin[Sin[x]/Sqrt[2]]

Rule 3186

Int[sinl(e_.) + (f_)x(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst[Int[(1 - ££72%xx72)"((m - 1)/2)*(a + b - b*ff"2%xx"2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
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cos(x) 3 1 _
f \/TT(x) dx = Subst (f N dx, x, sm(x))

sin(x)

:Sm_l( V2 )

Mathematica [A] time = 0.0073821, size = 9, normalized size = 1.

il (sin(x))
V2

Antiderivative was successfully verified.

[In] Integrate[Cos[x]/Sqrt[1 + Cosl[x]~2],x]

[Out] ArcSin[Sin[x]/Sqrt[2]]

Maple [B] time = 0.377, size = 33, normalized size = 3.7

B arcsin ((COS (x))z) 1

: (1 + (cos (1)) (sin (x)) ———=—=
2 sin (x) \/ /1 + (cos (x))z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)/(1+cos(x)"2)"(1/2),x)

[Out] -1/2*((1+cos(x)"2)*sin(x)~2) " (1/2)*arcsin(cos(x)~2)/sin(x)/(1+cos(x)~2)~(1/
2)

Maxima [A] time = 1.42654, size = 11, normalized size = 1.22

arcsin (% \/E sin (x))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(x)/(1l+cos(x)”~2)7(1/2),x, algorithm="maxima")

[Out] arcsin(1/2*sqrt(2)*sin(x))

Fricas [B] time = 1.716, size = 162, normalized size = 18.

\/cos (x)2 +1 cos (x)2 sin (x) —cos (x)sin(x) | 1 sin (x)
+ = arctan( )

cos (x)4 + cos (x)2 -1 2 cos (x)

1

= arctan
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(x)/(1l+cos(x)~2)7(1/2),x, algorithm="fricas")

[Out] 1/2*arctan((sqrt(cos(x)”2 + 1)*cos(x) "2*sin(x) - cos(x)*sin(x))/(cos(x)"4 +
cos(x)72 - 1)) + 1/2*arctan(sin(x)/cos(x))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(1+cos(x)**2)**(1/2),x)

[Out] Timed out

Giac [A] time = 1.33444, size = 11, normalized size = 1.22

arcsin (% V2 sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(1l+cos(x)~2)7(1/2),x, algorithm="giac")

[Out] arcsin(1/2*sqrt(2)*sin(x))
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3+cos2(5+3x)

3 68 f \/ cos(5+3x)

Optimal. Leaf size=15

1 1
3 sin™! (E sin(3x + 5))

[Out] ArcSin[Sin[5 + 3*x]/2]/3

Rubi [A] time = 0.0272563, antiderivative size = 15, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 21, e -

0.095, Rules used = {3186, 216}

integrand size

1 1
3 sin”! (E sin(3x + 5))
Antiderivative was successfully verified.

[In] Int[Cos[5 + 3*x]/Sqrt[3 + Cos[5 + 3xx]~2],x]
[Out] ArcSin[Sin[5 + 3x%x]/2]/3

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - f£72%xx72)"((m - 1)/2)*(a + b - b*ff"2%xx"2)"p, x], x, Cosle +
f*x]1/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rubi steps
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cos(5 + 3x) 1 ( 1 . )
dx = = Subst dx, x,sin(5 + 3x)
f V3 + cos2(5 + 3x) 3 V4 — x2

1

1
=3 sin”! (E sin(5 + 3x))

Mathematica [A] time = 0.0239926, size = 15, normalized size = 1.

1 1
3 sin”? (5 sin(3x + 5))

Antiderivative was successfully verified.

[In] Integrate[Cos[5 + 3*x]/Sqrt[3 + Cos[5 + 3*x]~2],x]

[Out] ArcSin[Sin[5 + 3%*x]/2]/3

Maple [B] time = 0.484, size = 57, normalized size = 3.8

1
6 sin(5+3x)

\/(3 + (cos(5+3 x))z) (sin(5+3 x))2 arcsin| -1 +

(sin(5+3 x))z) 1
2 \/3 + (cos (5 + 3x))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(5+3*x)/(3+cos(b+3*xx)"2)"(1/2),x)

[Out] 1/6%((3+cos(5+3%*x)"2)*sin(5+3%x)~2) " (1/2)*arcsin(-1+1/2*sin(5+3*x)~2)/sin(5
+3*x) / (3+cos (5+3%x)~2)~(1/2)

Maxima [A] time = 1.45339, size = 15, normalized size = 1.

1 1
3 arcsin (z sin (3x + 5))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(5+3*x)/(3+cos(5+3*x)~2)"(1/2),x, algorithm="maxima")

[Out] 1/3*arcsin(1/2*sin(3*x + 5))

Fricas [B] time = 1.72898, size = 248, normalized size = 16.53

1 \/cos(3x+5)2+3(cos(3x+5)2+1)Sin(3x+5)—4 cos(Bx+5)sin(Bx+5)| 1
+6 arctan

— arctan 1 5
6 cos(Bx+5)"+6cos(Bx+5) -3

sin(3x + 5.
cos(Bx+5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(5+3%*x)/(3+cos(5+3*x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/6*arctan((sqrt(cos(3*x + 5)72 + 3)*(cos(3*x + 5)72 + 1)*sin(3*x + 5) - 4x
cos(3*x + 5)*sin(3*x + 5))/(cos(3*x + 5)74 + 6*%cos(3*x + 5)72 - 3)) + 1/6%*a

rctan(sin(3*x + 5)/cos(3*x + 5))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(5+3%x)/(3+cos(5+3x*x)**2)**(1/2),x)

[Out] Timed out

Giac [A] time = 1.41556, size = 15, normalized size = 1.

1 1
3 arcsin (5 sin(3x + 5))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(5+3%*x)/(3+cos(5+3*x)~2)~(1/2),x, algorithm="giac")

[Out] 1/3*arcsin(1/2*sin(3*x + 5))
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cos(x)
3.69 ~f‘:]if§3§5E;§‘i}:

Optimal. Leaf size=9

sinh ™} (Siil/(gx))

[Out] ArcSinh[Sin[x]/Sqrt[3]]

Rubi [A] time = 0.0257469, antiderivative size = 9, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 15, e -

0.133, Rules used = {3186, 215}

integrand size

sinh™} (—Siil/(gx) )

Antiderivative was successfully verified.

[In] Int[Cos[x]/Sqrt[4 - Cos[x]~2],x]
[Out] ArcSinh[Sin[x]/Sqrt[3]]

Rule 3186

Int[sinl(e_.) + (f_)x(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst[Int[(1 - ££72%xx72)"((m - 1)/2)*(a + b - b*ff"2%xx"2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 215
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[al]/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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cos(x) ( 1 . )
————— dx = Subst dx, x, sin(x
f 4 — cos?(x) V3 + x2 )

Mathematica [A] time = 0.0093868, size = 9, normalized size = 1.

sin(x) )
V3

sinh ™! (

Antiderivative was successfully verified.

[In] Integrate[Cos[x]/Sqrt[4 - Cosl[x]~2],x]

[Out] ArcSinh[Sin[x]/Sqrt[3]]

Maple [B] time = 0.897, size = 53, normalized size = 5.9

1 > L
S ~ (-4 + (cos (0)?) (sin (x))* In (— (sin (x))* + \/ (sin ()" +3 (sin ()" - ‘) —
2 sin (x)\/ 2 V4 - (cos (x))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)/(4-cos(x)"2)"(1/2),x)

[Out] -1/2*%(-(-4+cos(x) " 2)*sin(x)"2)"(1/2)*1n(-sin(x) "2+ (sin(x) “4+3*sin(x)"2)~(1/
2)-3/2)/sin(x)/(4-cos(x)"2)"(1/2)

Maxima [A] time = 1.52196, size = 11, normalized size = 1.22

arsinh (% V3sin (x))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(x)/(4-cos(x)”~2)7(1/2),x, algorithm="maxima")

[Out] arcsinh(1/3*sqrt(3)*sin(x))

Fricas [B] time = 1.66927, size = 119, normalized size = 13.22
1 [
7 log (8 cos (x)4 -4 (2 cos (x)2 - 5) — oS (x)2 + 4 sin (x) — 40 cos (x)2 + 41)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(4-cos(x)”~2)7(1/2),x, algorithm="fricas")

[Out] 1/4*log(8*cos(x)~4 - 4x(2*cos(x)"2 - 5)*sqrt(-cos(x)"2 + 4)*sin(x) - 40%cos
(x)72 + 41)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(4-cos(x)**2)**(1/2),x)

[Out] Timed out

Giac [A] time = 1.23394, size = 22, normalized size = 2.44
—log (\/sin (x)2 + 3 —sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)/(4-cos(x)~2)7(1/2),x, algorithm="giac")

[Out] -log(sqrt(sin(x)~2 + 3) - sin(x))
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370 [————dx

a+b cos?(x)

Optimal. Leaf size=487

(\/_ —Va+ b) log ((a + b)¥4 cot?(x) - \/E\%\/—\/E\/a +b+a+beot(x) + Vava+ b) (\/_ —Va+ b) log ((a + b’
- +

4\/§u3/4\/4a+b\/—\/5\/a+b+a+b 4

[Out] ((Sqrtl[al + Sqrtl[a + b])*ArcTan[(a~(1/4)*Sqrt[a + b - Sqrtl[al*Sqrtla + b]]
- Sqrt[2]*(a + b)~(3/4)*Cot[x])/(a~(1/4)*Sqrt[a + b + Sqrt[al*Sqrt[a + bl])
1)/ (2*xSqrt[2]*a~(3/4)*(a + b)~(1/4)*Sqrt[a + b + Sqrt[a]*Sqrtla + bl]) - ((
Sqrtlal + Sqrtl[a + b])*ArcTan[(a~(1/4)*Sqrt[a + b - Sqrtlal*Sqrt[a + b]] +
Sqrt[2]*(a + b)~(3/4)*Cot[x])/(a~(1/4)*Sqrtla + b + Sqrtla]*Sqrtla + bl])])
/(2xSqrt [2]*a~(3/4)*(a + b)~(1/4)*Sqrt[a + b + Sqrtlal*Sqrt[a + bl]) - ((Sq
rt[a] - Sqrtla + bl)*Logl[Sqrtlal*(a + b)~(1/4) - Sqrt[2]*a~(1/4)*Sqrt[a + b
- Sqrtlal*Sqrt[a + bl]*Cot[x] + (a + b)~(3/4)*Cot[x]~2])/(4xSqrt[2]*a~(3/4
)*¥(a + b)~(1/4)*Sqrt[a + b - Sqrt[al*Sqrt[a + bl]) + ((Sqrtl[a] - Sqrt[a + b
1) *Log[Sqrt[al*(a + b)~(1/4) + Sqrt[2]*a~(1/4)*Sqrt[a + b - Sqrt[al*Sqrt[a
+ bl]1*Cot[x] + (a + b)~(3/4)*Cot[x]~2])/(4*Sqrt[2]*a~(3/4)*(a + b)~(1/4)*Sq
rt[a + b - Sqrt[al*Sqrtla + bll)

Rubi [A] time = 1.10087, antiderivative size = 487, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 6, integrand size = 10, e .

integrand size
0.6, Rules used = {3209, 1169, 634, 618, 204, 628}

(\/— - Va+ b) log ((u + b)¥4 cot?(x) - \/5\4/5\/—\/5\/51 +b+a+bcot(x) + \/E\/4 a+ b) (\/_ -Va+ b) log ((a + by’
- +

4\/§a3/4\/4a+b\/—\/5\/a+b+a+b 4

Antiderivative was successfully verified.

[In] Int[(a + b*Cos[x]"4)~(-1),x]

[Out] ((Sqrtl[al + Sqrtl[a + b])*ArcTan[(a~(1/4)*Sqrt[a + b - Sqrtl[al*Sqrtl[a + b]]
- Sqrt[2]*(a + b)~(3/4)*Cot[x])/(a~(1/4)*Sqrt[a + b + Sqrtla]*Sqrt[a + bl])
1)/ (2*xSqrt[2]*a~(3/4)*(a + b)~(1/4)*Sqrt[a + b + Sqrtla]*Sqrtla + bl]) - ((
Sqrt[al + Sqrtl[a + bl)*ArcTan[(a~(1/4)*Sqrt[a + b - Sqrtlal*Sqrt[a + b]] +
Sqrt[2]*(a + b)~(3/4)*Cot [x])/(a”(1/4)*Sqrt[a + b + Sqrt[a]*Sqrtla + b]])])
/(2%Sqrt [2]*a~(3/4)*(a + b)~(1/4)*Sqrt[a + b + Sqrt[al*Sqrt[a + bl]) - ((Sq
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rt[a]l - Sqrtl[a + bl)*Logl[Sqrtl[al*(a + b)~(1/4) - Sqrt[2]*a~(1/4)*Sqrtla + b

- Sqrtla]*Sqrt[a + bl]*Cot[x] + (a + b)~(3/4)*Cot[x]~2])/(4*Sqrt[2]*a~(3/4
)*(a + b)~(1/4)*Sqrt[a + b - Sqrtl[al*Sqrtla + b]]) + ((Sqrtla]l - Sqrt[a + b
1)*Log[Sqrt[al*x(a + b)~(1/4) + Sqrt[2]*a~(1/4)*Sqrtla + b - Sqrt[al*Sqrt[a
+ b]1*Cot[x] + (a + b)~(3/4)*Cot[x]~2])/(4*Sqrt[2]*a~(3/4)*(a + b)~(1/4)%*Sq
rt[a + b - Sqrt[al*Sqrtla + bl])

Rule 3209

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]174)"(p_.), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*a*xff " 2*x"2 + (a
+ b)*ff74*x74)"p/ (1 + ££72xx72)~(2*%p + 1), x], x, Tanl[e + f*xx]/ff], x1] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 1169

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b"2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 01 || LtQ[b, 01)

Rule 628

Int[((d_) + (e_)x(x_))/((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
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e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

1 1+ x?
f a + b cos*(x) dx =~ Subst (f a+2ax? + (a + b)x* 4%, X, cot(x))

o 6, LERCaN

a+b)3/ v a+b)3/
Va + bSubst l (ah) dx x,cot(x)|  Va+bSubst [— 7
\/’ \f\ﬁ\hﬁb f u+bx

\/’ \/7\/5\[51+b \f a+l

_ Varb (@bt _ Varb | @t
2\/§a3/4\/a+b— Vava+b 2V2a%4\Ja + b — \aV.
\/M) 1 ( Va+b ) 1
Subst dx, x, cot(x Subst| | —————
( Va f Vi V2 YarJarb—~aarbx ) ( ) Va f va V2 %\/;
__ Vatb (a+b)3/ x B Vo (a+1
4(a +b) 4(a +b)

Ja+b (1 -~ \/%) log (\/E\/4 a+b- \/E\%\/a +b—+Java +bcot(x) + (a + b)¥* cotz(x)) (\/E

+
4\/_a3/4\/a +b—+ava+b
(a+b)3/4[ N G -2

(a+b)3/4[ Vayatb—ias

(a+b)3/4 COt(x)] (a+b)3/4

YayJa+b+Java+b YayJa+b+ay
2\/§a3/4\/4a+b\/a+b+\/5\/a+b 2v2a34a + brJa + b + yJava 4

(\/E + M) tan™! (\/E + M) tan™!

Mathematica [C] time = 0.222464, size = 121, normalized size = 0.25

tan—1[ \/Etanoo] tanh—1( Vatan(y) ]

\Ja+inavh B J—a+inavb
2varJa+ivavb  2\arJ-a +ivavb

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[x]~4)~(-1),x]

[Out] ArcTan[(Sqrt[al*Tan[x])/Sqrt[a + IxSqrtl[al*Sqrt[b]]l]/(2*Sqrt[a]*Sqrtla + I*
Sqrt[al*Sqrt[b]]) - ArcTanh[(Sqrtl[al*Tan[x])/Sqrt[-a + I*Sqrt[a]*Sqrt[bl]l]/
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(2xSqrt[al*Sqrt[-a + I*Sqrt[al*Sqrt[bl])

Maple [B] time = 0.153, size = 3348, normalized size = 6.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*cos(x)"4),x)

[Out] -1/4/a/(a+b)~(3/2)/(4*a~(1/2)*(a+b) ~(1/2)-2*x((a+b)*a) "~ (1/2)+2*a) ~(1/2) *arct
an((2*a”~ (1/2)*tan(x)+(2x((atb)*a)~(1/2)-2*a)~(1/2))/(4*a~(1/2)*(a+b) ~(1/2) -
2% ((atb)*a)~(1/2)+2*a) ~(1/2))*(2x((a+b)*a) " (1/2)-2*a) " (1/2) *(2x (a"2+a*xb) " (1
/2)-2xa)~ (1/2)*(a"2+a*xb) ~(1/2)+1/4*a/b/(a+b) ~(3/2)/ (4*a~ (1/2)*(atb) " (1/2)-2
*((a+b)*a) " (1/2)+2*a) " (1/2)*arctan((-2*a~ (1/2) *tan(x) +(2*x ((a+b)*a) ~(1/2) -2
a)~(1/2))/(4*xa~ (1/2)*(a+b) ~(1/2)-2*x((a+b) *a) " (1/2)+2x*a) ~(1/2) ) * (2*x ((at+b) *a)
~(1/2)-2*a) " (1/2)* (2% (a~2+a*xb) " (1/2)-2*a) " (1/2)+1/4/b/(a+b) ~(3/2) / (4*a~(1/2
Yx(a+b) " (1/2)-2*%((a+b)*a) " (1/2)+2xa) "~ (1/2) *arctan((-2*a~ (1/2) *tan (x)+(2*((a
+b)*a)~(1/2)-2*a) ~(1/2))/(4*a~(1/2)*(a+b) ~(1/2)-2*((a+b) *a) ~(1/2)+2*a) " (1/2
D) *x(2x((atb)*a)~(1/2)-2*a) ~(1/2)* (2% (a~2+a*xb) ~(1/2)-2%a) "~ (1/2) * (a~2+a*b) ~ (1
/2)+1/4/a/(a+b) ~(3/2)/ (4xa~(1/2) *(a+b) " (1/2)-2x((atb)*a) ~(1/2)+2*a) " (1/2) *a
rctan((-2*a”~(1/2)*tan(x)+(2x((atb)*a)~(1/2)-2*a)~(1/2))/(4*a~(1/2)*(a+b) " (1
/2)-2x((atb)*a) " (1/2)+2*a) ~(1/2) ) * (2 ((a+b)*a) ~(1/2)-2xa) " (1/2) *(2* (a"2+a*b
)~ (1/2)-2%a)~(1/2)*(a~2+a*xb) ~(1/2)-1/4*a/b/(a+b)~(3/2) / (4xa~ (1/2) *(a+b) ~(1/
2)-2*%((a+b)*a) " (1/2)+2*a) "~ (1/2)*arctan((2*xa~ (1/2) *tan(x)+ (2% ((a+b) *a) ~(1/2)
-2xa)~(1/2))/(4xa~(1/2)*(a+b) ~(1/2)-2x((a+tb)*a) =~ (1/2)+2*a) ~(1/2) ) * (2% ((a+b)
*a) " (1/2)-2*a) " (1/2)*(2x(a~2+axb) ~(1/2)-2*a) ~(1/2)-1/4/b/(a+b) ~(3/2) / (4*a™~(
1/2)*(a+b) "~ (1/2)-2*((a+b)*a) ~(1/2)+2*xa) ~(1/2)*arctan((2*a~ (1/2) *tan(x)+(2x(
(atb)*a)~(1/2)-2%a)~(1/2))/(4xa~(1/2)*(a+b) ~(1/2)-2x((atb)*a) " (1/2)+2*a) ~ (1
/2))*(2x((a+b)*a) ~(1/2)-2%a) " (1/2)*(2x(a~2+axb) " (1/2)-2*a) ~(1/2)*(a~2+a*b) "~
(1/2)+1/4/a~(3/2) /(a+b) / (4xa~ (1/2) *(a+b) ~(1/2)-2* ((a+b) *a) " (1/2)+2*a) ~(1/2)
xarctan((2*a”~ (1/2)*xtan(x)+(2*x((a+b)*a) ~(1/2)-2*a) ~(1/2))/(4*xa~(1/2)*(a+b) ~(
1/2)-2*%((a+b)*a) " (1/2)+2*xa) " (1/2) ) *x(2*x ((a+b)*a) " (1/2)-2*a) ~ (1/2) * (2* (a~2+a*
b)~(1/2)-2%a) "~ (1/2)*(a"2+axb) ~(1/2)+1/4*a” (1/2) /b/ (a+b) / (4xa”~ (1/2) *(a+b) ~ (1
/2)-2*%((a+b)*a) " (1/2)+2*a) "~ (1/2) *arctan((2*xa~ (1/2) *tan(x)+(2* ((a+b) *a) ~(1/2
)-2%a)~(1/2))/(4*a~(1/2)*x(a+b) ~(1/2)-2*((a+b) *a) ~(1/2)+2*xa) " (1/2) ) *(2x((at+b
)*a) " (1/2)-2%a) "~ (1/2) * (2% (a"2+axb) ~(1/2)-2*a) ~(1/2)-1/4/a~(3/2) / (a+b) / (4*a~
(1/2) *(a+b) ~(1/2)-2*((a+b)*a) ~(1/2)+2*a) " (1/2)*arctan((-2*a”~ (1/2) *tan(x)+(2
*((atb)*a)~(1/2)-2%a) ~(1/2))/(4*a~ (1/2)*(a+b) " (1/2)-2*((a+b) *a) ~(1/2)+2*a) "
(1/2))*(2x((a+b) *a) ~(1/2)-2%a) " (1/2)*(2x (a"2+axb) " (1/2) -2*a) ~(1/2) * (a"2+axb
)~ (1/2)-1/4%a~(1/2) /b/(atb) /(4*a~ (1/2) *(a+b) ~(1/2)-2*((atb)*a) ~(1/2)+2xa) ~(
1/2)*arctan((-2*a~ (1/2)*tan(x)+(2x((a+b)*a) ~(1/2)-2*a)~(1/2))/(4*xa~(1/2)*(a
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+b) " (1/2)-2x((a+b)*a) "~ (1/2)+2*a) ~(1/2) ) * (2% ((atb) *a) ~(1/2) -2*xa) ~(1/2) * (2% (a
“2+axb) " (1/2)-2%a) "~ (1/2)-1/4/(a+b)~(3/2)/(4xa~(1/2) *(a+b) " (1/2)-2*((atb) *a)
~(1/2)+2*a) " (1/2)*arctan((2*xa~ (1/2) *tan(x)+(2*x((a+b)*a) ~(1/2)-2*a)~(1/2)) /(
4xa~(1/2)*(a+b) ~(1/2)-2x((atb)*a) " (1/2)+2*a) ~(1/2) ) *x (2* ((a+b) *a) ~(1/2)-2%a)
~(1/2) % (2% (a~2+a*xb) " (1/2)-2*a) "~ (1/2)+1/8/a"(3/2) / (a+b) *1n(-a~ (1/2) *tan(x) "2
+tan(x)*(2x ((atb)*a) ~(1/2)-2*a) " (1/2)-(a+b) ~(1/2) ) *(2x(a"2+axb) ~(1/2)-2*a) "~
(1/2)*(a"2+axb) ~(1/2)+1/8*a~ (1/2) /b/(a+b) *1n(-a~ (1/2) *tan(x) “2+tan (x) * (2* ((
atb)*a) ~(1/2)-2%a)~(1/2)-(a+b)~(1/2))*(2x(a~2+axb) ~(1/2)-2*a) ~(1/2)-1/8/a"(
3/2)/(a+b)*1n(a”~(1/2)*tan(x) "2+tan(x) *(2x ((a+b)*a) ~(1/2)-2*a) ~(1/2)+(a+b) ~(
1/2))*(2x(a~2+axb) ~(1/2)-2*a) ~(1/2)*(a"2+a*b) ~(1/2)-1/8*a"~ (1/2) /b/ (a+b) *1n(
a~(1/2)*tan(x) "2+tan(x)*(2*x ((a+b)*a) ~(1/2)-2*a) " (1/2)+(a+b)~(1/2))*(2*x(a~2+
a*xb)~(1/2)-2%a)~(1/2)-1/8*a/b/(a+b) " (3/2)*1n(-a~ (1/2) *tan(x) ~2+tan (x) * (2* ((
atb)*a) ~(1/2)-2%a)~(1/2)-(a+b)~(1/2))*(2x(a~2+axb) " (1/2)-2*a) ~(1/2)-1/8/b/(
a+b) " (3/2)*In(-a~ (1/2)*tan(x) "2+tan (x) * (2% ((a+b) *a) ~(1/2)-2*a) "~ (1/2)-(a+b) "~
(1/2))*(2x(a~2+axb) ~(1/2)-2*a) " (1/2) *(a"2+a*b) ~(1/2)-1/8/a/(a+b) " (3/2) *1n(-
a~(1/2)*tan(x) "2+tan(x)* (2x((a+b)*a) ~(1/2)-2*a) "~ (1/2)-(a+b) ~(1/2)) *(2*x (a~2+
axb) " (1/2)-2%a) " (1/2)*(a"2+a*b) ~(1/2)+1/4/(a+b)~(3/2) / (4xa~(1/2) *(a+b) ~(1/2
)—2x((a+b)*a) ~(1/2)+2*a) " (1/2)*arctan((-2*a~(1/2) *tan(x)+(2x((a+b)*a)~(1/2)
-2%a)”~(1/2))/(4xa~(1/2)*(a+b) ~(1/2)-2x((atb)*a) " (1/2)+2*a) ~(1/2) ) * (2* ((a+b)
*a) " (1/2)-2%a) " (1/2)*(2*x (a~2+a*b) ~(1/2)-2*a) ~(1/2)+1/8*a/b/(a+b) " (3/2) *1n(a
~(1/2)*tan(x) "2+tan(x) *(2*x ((a+b)*a) ~(1/2)-2*a) " (1/2)+(a+b) ~(1/2) ) * (2 (a"2+a
*b) " (1/2)-2*%a) " (1/2)+1/8/b/ (a+b) ~(3/2)*1n(a” (1/2) *tan(x) ~2+tan(x) * (2% ((a+b)
*xa) " (1/2)-2%a) " (1/2)+(a+b) ~(1/2) ) *(2* (a~2+a*b) ~(1/2)-2xa) " (1/2) * (a~2+a*b) ~(
1/2)+1/8/a/(a+b)~(3/2)*1n(a” (1/2)*tan(x) “2+tan (x) * (2* ((a+b) *a) ~(1/2)-2*a) ~(
1/2)+(a+b) ~(1/2) ) * (2% (a~2+a*b) ~(1/2)-2%xa) " (1/2) *(a~2+a*b) ~(1/2)+1/8/(atb) ~(
3/2)*1n(a” (1/2)*tan(x) "2+tan(x) *(2x((a+b)*a) ~(1/2)-2*a) "~ (1/2)+(a+b) ~(1/2) ) *
(2% (a~2+axb) " (1/2)-2*%a)~(1/2)-1/8/(a+b) "~ (3/2)*1n(-a~ (1/2) *tan(x) ~2+tan (x) *(
2% ((a+b)*a)~(1/2)-2%a) ~(1/2)-(a+b) " (1/2) ) *(2*x(a"2+a*b) ~(1/2)-2*a) ~(1/2)+1/8
/a~(1/2)/(a+b)*In(-a~ (1/2)*tan(x) "2+tan(x) * (2x((a+b)*a) ~(1/2)-2*a) "~ (1/2)-(a
+b) " (1/2))*(2x(a~2+axb) ~(1/2)-2*a) ~(1/2)-1/8/a"(1/2) / (a+b)*1n(a~ (1/2) *tan(x
) "2+tan(x)* (2% ((atb)*a) ~(1/2)-2%a) =~ (1/2)+(a+b) ~(1/2)) *(2x(a"2+axb) ~(1/2) -2
a)~(1/2)+a/(a+b)~(3/2)/(4*a~ (1/2)*(a+b) ~(1/2)-2x((a+b)*a) "~ (1/2)+2*a) ~(1/2)*
arctan((2*a” (1/2)*tan(x)+(2x((a+b)*a)~(1/2)-2%a)~(1/2))/(4*a~ (1/2)*(a+b) " (1
/2)-2x((atb)*a)~(1/2)+2*a) ~(1/2) ) +b/(a+b) ~(3/2) / (4*a~ (1/2) *(a+b) ~(1/2) -2% ((
a+b)*a) " (1/2)+2*a) " (1/2)*arctan((2*a~ (1/2) *tan(x)+(2* ((a+b)*a) ~(1/2)-2*a) ~(
1/2))/(4xa~(1/2)*(a+b) ~(1/2)-2*x((a+b) *a) ~(1/2)+2*a) " (1/2))-a/(a+b)~(3/2) /(4
*a~ (1/2)*(a+b) ~(1/2)-2*x((a+b)*a)~(1/2)+2*a) "~ (1/2)*arctan((-2*a~ (1/2) *tan(x)
+(2x((atb)*a) ~(1/2)-2*%a)~(1/2))/(4xa~(1/2) *(a+b) " (1/2)-2x((atb)*a) ~(1/2) +2x
a)~(1/2))-b/(a+b)~(3/2)/(4*a~ (1/2) *(a+b) ~(1/2)-2x((a+b)*a) ~(1/2)+2*a) ~(1/2)
*arctan((-2*a”~ (1/2)*tan(x)+(2*x((a+b)*a) ~(1/2)-2*a) " (1/2))/(4*xa~(1/2) *(a+b) "~
(1/2)-2*%((a+b)*a) " (1/2)+2xa) " (1/2))+1/4/a~(1/2)/(a+b) / (4xa~ (1/2) * (a+b) ~(1/2
)—2x((a+b)*a) " (1/2)+2*a) " (1/2)*arctan((2*a~ (1/2) *tan(x) +(2*x((a+b)*a) "~ (1/2) -
2xa)”~(1/2))/(4xa~(1/2)*(a+b) ~(1/2)-2x((atb)*a) ~(1/2)+2*a) " (1/2) ) * (2x ((a+b) *
a)~(1/2)-2xa)~(1/2)* (2% (a~2+axb) ~(1/2)-2*%a)~(1/2)+1/8/a~(1/2) /b/(atb) *1n(-a
~(1/2)*tan(x) "2+tan(x) *(2x ((a+b)*a) ~(1/2)-2*a) " (1/2)-(a+b) ~(1/2) ) *(2*x(a"2+a
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*b) " (1/2)-2*a) " (1/2)*(a~2+axb)~(1/2)-1/4/a"(1/2)/(a+b) / (4*xa~ (1/2) *(a+b) ~(1/
2)-2*x((a+b)*a)~(1/2)+2*a)~(1/2) *arctan((-2*a~ (1/2)*tan(x)+(2*x ((a+b)*a) ~(1/2
)-2%a)~(1/2))/(4*a~(1/2)*(a+b) ~(1/2) -2+ ((a+b) *a) ~(1/2)+2*xa) " (1/2) ) *(2x((at+b
)*a) ~(1/2)-2%a)~ (1/2)*(2x(a"2+axb) " (1/2)-2*a) ~(1/2)-1/8/a~(1/2) /b/ (a+b)*1n(
a~(1/2)*tan(x) "2+tan(x)*(2* ((a+b)*a) " (1/2)-2*a) " (1/2)+(a+b) ~(1/2) ) *(2*x(a~2+
axb) " (1/2)-2%a) " (1/2)*(a"2+a*b) " (1/2)-1/4/a~(1/2) /b/(a+b) / (4*a~(1/2) *(a+b)~
(1/2)-2%((a+b)*a) " (1/2)+2*xa) " (1/2)*arctan((-2*xa~ (1/2) *tan(x)+(2*x ((a+b) *a) ~(
1/2)-2x%a)~(1/2))/(4xa~(1/2)*(a+b) ~(1/2)-2x((a+tb)*a) " (1/2)+2*a) ~(1/2) ) * (2x ((
a+b)*a) " (1/2)-2*xa) " (1/2)*(2x(a"2+axb) ~(1/2)-2*a) "~ (1/2)*(a"2+axb) ~(1/2)+1/4/
a~(1/2)/v/(a+b) / (4*xa~ (1/2)*(a+b) ~(1/2)-2*%((a+b) *a) "~ (1/2)+2*a) ~(1/2) *arctan(
(2%a~ (1/2)*xtan(x)+(2x((a+b)*a) ~(1/2)-2*a) ~(1/2))/(4*a”~ (1/2)*(a+b) ~(1/2) -2%(
(atb)*a) " (1/2)+2xa) ~(1/2))*(2x ((atb)*a) ~(1/2)-2*a) " (1/2) *(2x(a~2+axb) " (1/2)
-2xa) " (1/2)*(a~2+axb) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[—
bcos(x)" +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~4),x, algorithm="maxima")

[Out] integrate(1/(bxcos(x)"4 + a), x)

Fricas [B] time = 2.44499, size = 1796, normalized size = 3.69

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~4),x, algorithm="fricas")

[Out] -1/8x*sqrt(-((a”2 + axb)*sqrt(-b/(a”5 + 2*a~4*b + a~3*b~2)) + 1)/(a"2 + a*b)
)*log(b*cos(x) "2 + 2*(axb*cos(x)*sin(x) + (a™4 + a~3*b)*sqrt(-b/(a”5 + 2*a”

4xb + a~3*%b~2))*cos(x)*sin(x))*sqrt(-((a~2 + a*b)*sqrt(-b/(a”5 + 2*a~4xb +
a~3xb”2)) + 1)/(a”2 + axb)) - (a3 + a"2xb - 2x(a”3 + a"2*b)*cos(x)"2)*sqrt
(-b/(a”5 + 2xa~4xb + a”3xb"2))) + 1/8*sqrt(-((a"2 + a*xb)*sqrt(-b/(a”5 + 2xa

“4xb + a”3*b~2)) + 1)/(a”2 + axb))*log(b*cos(x)~2 - 2*(axb*cos(x)*sin(x) +

(a4 + a”3*xb)*sqrt(-b/(a”5 + 2*a~4*b + a~3*b~2))*cos(x)*sin(x))*sqrt(-((a~2
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+ axb)*sqrt(-b/(a”5 + 2*a"4xb + a~3*b"2)) + 1)/(a”2 + a*b)) - (a”3 + a~2*b
- 2%(a”3 + a"2xb)*cos(x)"2)*sqrt(-b/(a”5 + 2*a~4*b + a~3%b~2))) + 1/8xsqrt
(((@a”2 + axb)*sqrt(-b/(a”5 + 2*a~4*b + a"3*b~2)) - 1)/(a”2 + axb))*log(-b*c
0s(x)72 + 2*x(axbxcos(x)*sin(x) - (a4 + a~3*b)*sqrt(-b/(a”5 + 2*a~4*b + a~3
*b~2) ) *cos(x)*sin(x))*sqrt(((a”2 + a*xb)*sqrt(-b/(a”5 + 2xa~4*b + a~3%b~2))
- 1)/(@”2 + axb)) - (a3 + a”2xb - 2x(a”3 + a”2*b)*cos(x)"2)*sqrt(-b/(a”5 +
2*%a”4%b + a”3%b72))) - 1/8*sqrt(((a”2 + axb)*sqrt(-b/(a”5 + 2%a~4xb + a~3x
b~2)) - 1)/(a”2 + a*b))*log(-b*cos(x) "2 - 2*(a*bxcos(x)*sin(x) - (a4 + a”3
xb)*sqrt (-b/(a”5 + 2*xa~4*b + a~3%b72))*cos(x)*sin(x))*sqrt(((a”2 + axb)*sqr
t(-b/(a”5 + 2*a"4xb + a”"3%b72)) - 1)/(a”2 + axb)) - (a”3 + a"2xb - 2%(a”3 +
a~2%b) *cos(x) "2) *sqrt(-b/(a”5 + 2*¥a"4xb + a~3*b”"2)))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**4) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)~4),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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371  [————dx

a—b cos?(x)
Optimal. Leaf size=101
- VA=V cot(x) tan-! \JVa+vb cot(x)

2034y \Ja — Vb 2034 \|\Ja + b

[Out] -ArcTan[(Sqrt[Sqrt[al - Sqrt[bl]l*Cot[x])/a~(1/4)]1/(2*a~(3/4)*Sqrt[Sqrtla] -
Sqrt[bl]) - ArcTan[(Sqrt[Sqrtlal + Sqrt[b]l]x*Cotl[x])/a~(1/4)]1/(2xa~(3/4)*Sq
rt[Sqrt[a]l + Sqrt[bll)

Rubi [A] time = 0.115908, antiderivative size = 101, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 11, fomner o e

0.273, Rules used = {3209, 1166, 205}

tan-! (\/ \/E—\/Ecot(x)] tan-! (\/\/E+\/Ecot(x)]

Va Va
2034\ ~Ja - b 2a344[Ja + b

Antiderivative was successfully verified.

integrand size

[In] Int[(a - b*Cos[x]~4)~(-1),x]

[Out] -ArcTan[(Sqrt[Sqrtl[al - Sqrt[bl]l*Cot[x])/a~(1/4)]1/(2*a~(3/4)*Sqrt[Sqrtla] -
Sqrt[bl]) - ArcTan[(Sqrt[Sqrtlal + Sqrt[b]l]x*Cotl[x])/a~(1/4)]1/(2xa~(3/4)*Sq
rt[Sqrt[a] + Sqrt[bl]l)

Rule 3209

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]174)"(p_.), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*a*xff " 2*xx"2 + (a
+ b)*ff74*x74)"p/ (1 + ££72%xx72)~(2*%p + 1), x], x, Tanl[e + f*xx]/ff], x1] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 1166

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2*q), Int[1/(b/2
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- q/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1 1+ %%
f a->b COS4(X) SUbSt (f a+ 2ax2 + (a _ b)x4 dx, X, COt(x>)

Vb Vb
= - [% (1 - \/—g] Subst (f — \/E\/El-l- 0 dx, x, cot(x))) - % [1 + 7;) Subst (f N

tan-! (\/ \/E—\/Ecot(x)] tan! (\[\/E+\/Z_Jcot(x))

2034y \fa — Vb i 2034\ \Ja + b

Mathematica [A] time = 0.188843, size = 109, normalized size = 1.08

tan™ [\/_tan(x)) tanh™ [\/_tan(x))
2vVaVavb+a  2yayVavb-a

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cos[x]~4)~(-1),x]

[Out] ArcTan[(Sqrt[al*Tan[x])/Sqrtla + Sqrtla]*Sqrt[bl]]/(2%Sqrt([al*Sqrtl[a + Sqrt
[a]*Sqrt[b]l]) - ArcTanh[(Sqrt[al*Tan[x])/Sqrt[-a + Sqrtl[al*Sqrt[b]]l]/(2*Sqr
t[al*Sqrt[-a + Sqrt[al*Sqrt[bl])

Maple [A] time = 0.035, size = 64, normalized size = 0.6

—%Artanh atan (x) ! ] ! + %arctan [a tan (x) ! ] !
J(Vab-a)a ) (Vb - a) a J(Vab +a)a ) \|(Vab + a) a
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cos(x)"4),x)

[Out] -1/2/(((a*b)~(1/2)-a)*a)~(1/2)*arctanh(a*xtan(x)/(((a*b)~(1/2)-a)*a)~(1/2))+
1/2/(((axb) ~(1/2)+a)*a)~(1/2)*arctan(a*xtan(x)/(((axb)~(1/2)+a)*a)”~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
B R —,
bcos(x) —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~4),x, algorithm="maxima"

[Out] -integrate(1/(b*cos(x)"4 - a), x)

Fricas [B] time = 2.52538, size = 1774, normalized size = 17.56

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cos(x)~4),x, algorithm="fricas")

[Out] -1/8*sqrt(-((a”2 - a*b)*sqrt(b/(a”~5 - 2*a~4*b + a~3*b~2)) + 1)/(a"2 - axb))
*xlog(b*cos(x) "2 + 2x(axbxcos(x)*sin(x) - (a”4 - a"3xb)*sqrt(b/(a”5 - 2*a~4x
b + a”3%b72))*cos(x)*sin(x))*sqrt(-((a”2 - axb)*sqrt(b/(a”5 - 2*a"4%b + a~3
*b72)) + 1)/(a”2 - a*b)) + (2”3 - a”2*b - 2*(a”3 - a"2xb)*cos(x)"2)*sqrt(b/
(a5 - 2*%a”4xb + a”3*b"2))) + 1/8*xsqrt(-((a”2 - axb)*sqrt(b/(a”5 - 2*xa~4*b
+ a”3*%b"2)) + 1)/(a"2 - a*b))*log(b*cos(x)~2 - 2*(a*bxcos(x)*sin(x) - (a~4
- a~3*b)*sqrt(b/(a”5 - 2%a~4*b + a~3%b~2))*cos(x)*sin(x))*sqrt(-((a”2 - ax*b
)*sqrt(b/(a™5 - 2*%a™4%b + a”3*b"2)) + 1)/(a”2 - axb)) + (a”3 - a”2*xb - 2x(a
"3 - a”2*b)*cos(x)"2)*sqrt(b/(a”5 - 2*xa~4xb + a"3*b~2))) + 1/8*sqrt(((a”2 -
axb)*sqrt(b/(a”5 - 2*xa~4*xb + a”3%b”2)) - 1)/(a”2 - axb))*log(-b*cos(x)”2 +
2% (axb*cos(x)*sin(x) + (2”4 - a~3xb)*sqrt(b/(a”5 - 2*a~4xb + a~3*b~2))*cos
(x)*sin(x) ) *sqrt(((a”2 - axb)xsqrt(b/(a”5 - 2%¥a~4xb + a~3*%b"2)) - 1)/(a"2 -
axb)) + (a”3 - a”2%b - 2x(a”3 - a”"2*b)*cos(x)"2)*sqrt(b/(a”5 - 2xa~4*b + a
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~3%b72))) - 1/8*sqrt(((a”2 - a*b)*sqrt(b/(a”5 - 2*xa~4%b + a"3*b~2)) - 1)/(a
72 - axb))*log(-b*xcos(x)"2 - 2x(axb*cos(x)*sin(x) + (a”4 - a~3x*b)*sqrt(b/(a
5 - 2%a”4xb + a~3*b”"2))*cos(x)*sin(x))*sqrt(((a”2 - a*b)*sqrt(b/(a”5 - 2*a
“4xb + a”3*b"2)) - 1)/(a”2 - axb)) + (a3 - a”2*b - 2x(a”3 - a”2*b)*cos(x)”
2)*sqrt(b/(a”5 - 2*a"4xb + a~3*b~2)))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)**4),x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~4),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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372  [———dx

1+cos?(x)

Optimal. Leaf size=292

_* + 1\/\5— 1log (2 cot?(x) — 2\/\/5— 1 cot(x) + \/E) - 1\/\5— 1log (\/Ecotz(x) +4/2 (\/E— 1) cot(x) -
” /\/5_1 8 8

[Out] x/(2%Sqrt[-1 + Sqrt[2]]) + ArcTan[((-2 + Sqrt[2])*Cos[x]*Sin[x] + Sqrt[-1 +
Sqrt[2]1]1*(1 - 2%Sin[x]172))/(2 + Sqrt[l + Sqrt[2]] + 2xSqrt[-1 + Sqrt[2]]1*C
os[x]*Sin[x] + (-2 + Sqrt[2])*Sin[x]~2)]/(4*Sqrt[-1 + Sqrt[2]]) + ArcTan[((

-2 + Sqrt[2])*Cos[x]*Sin[x] + Sqrt[-1 + Sqrt[2]]1*(-1 + 2xSin[x]~2))/(2 + Sq

rt[1 + Sqrt[2]] - 2*Sqrt[-1 + Sqrt[2]]*Cos[x]*Sin[x] + (-2 + Sqrt[2])*Sin[x
172)1/(4*Sqrt[-1 + Sqrt[2]]) + (Sqrt[-1 + Sqrt[2]]1*LoglSqrt[2] - 2xSqrt[-1

+ Sqrt[2]]*Cot[x] + 2*Cot[x]72])/8 - (Sqrt[-1 + Sqrt[2]]*Logl[l + Sqrt[2x(-1

+ Sqrt[2])1*Cot [x] + Sqrt[2]*Cot[x]~2]1)/8

Rubi [A] time = 0.19086, antiderivative size = 292, normalized size of antiderivative =
1., number of steps used = 10, number of rules used = 6, integrand size = 8, number of rules

0.75, Rules used = {3209, 1169, 634, 618, 204, 628}

_* + 1\/\5— 1log (2 cot?(x) — 2\/\/5— 1 cot(x) + \/E) - 1\/\6— 1log (\/Ecotz(x) +4/2 (\5— 1) cot(x) -
5 /\/5_1 8 8

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + Cos[x]"4)~(-1),x]

[Out] x/(2%Sqrt[-1 + Sqrt[2]]) + ArcTan[((-2 + Sqrt[2])*Cos[x]*Sin[x] + Sqrt[-1 +
Sqrt[2]]1*(1 - 2*Sin[x]172))/(2 + Sqrt[1 + Sqrt[2]] + 2xSqrt[-1 + Sqrt[2]]*C
os[x]*Sin[x] + (-2 + Sqrt[2])*Sin[x]~2)]/(4*Sqrt[-1 + Sqrt[2]]) + ArcTan[((

-2 + Sqrt[2])*Cos[x]*Sin[x] + Sqrt[-1 + Sqrt[2]]1*(-1 + 2xSin[x]~2))/(2 + Sq

rt[1 + Sqrt[2]] - 2*Sqrt[-1 + Sqrt[2]]*Cos[x]*Sin[x] + (-2 + Sqrt[2])*Sin[x
172)1/(4*Sqrt[-1 + Sqrt[2]]1) + (Sqrt[-1 + Sqrt[2]]1+*LoglSqrt[2] - 2%Sqrt[-1

+ Sqrt[2]]*Cot[x] + 2*Cot[x]~2])/8 - (Sqrt[-1 + Sqrt[2]]*Log[l + Sqrt[2*x(-1

+ Sqrt[2])1*Cot [x] + Sqrt[2]*Cot[x]"2]1)/8

Rule 3209
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Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)174)"(p_.), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*xa*xff 2xx"2 + (a
+ b)*xff74*x74)"p/ (1 + £f£72%x72)"(2%p + 1), x], x, Tanl[e + fx*x]/ff], x1] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 1169

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2%c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + bxx + c*xx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQl[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
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1 1 2
—dx = —Subst (f HL dx, x, cot(x))

1+ cos*(x) 2x2 + 2x4
+\/_ \/ +\/_+
Subst [ [———* N e (1 ) dx, x, cot(x)J Subst | [ ———="~ N (1 ) dx, x, cot(x)J
_ G \l—1+\/_x+x2 _ N \/—1+\/Ex+x2
242 (-1+2) 242 (-1++2)

1/_1 + V2 Subst f _ \}%‘_;—:{xz dx, x,cot(x) | — -y -1+ V2 Subst f ) \;%

\/—1 + \/Elog (\/5 -24/-1+ \/Ecot(x) + ZCotZ(x)) ——\/-1+ \/Elog (1 1+ V2| coti

, / +Vox /1 V3t V2) cos(x) sin(x) — y/-1 + V2 (1 - 2sin’(x))
- =1+ an- _
2+4/1+ V2 + 24-1+ V2 cos(x) sin(x) - \/—) sin?(x)

OOIH

sl-
ﬁw

Mathematica [C] time = 0.0698497, size = 45, normalized size = 0.15

—1 [ tan(x) —1 { tan(x)
ran (\/E)+tan (52
2V1 -1 2V1 +1i

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]~4)~(-1),x]

[Out] ArcTan[Tan[x]/Sqrt[1 - I]]1/(2%Sqrt[1 - I]) + ArcTan[Tan([x]/Sqrt[1 + I]]/(2%
Sqrt[1 + I1)

Maple [A] time = 0.099, size = 227, normalized size = 0.8

V2/-2+22In ((tan(x))z—tan (0y-2+2V2+ ‘/5) V2 2 tan (¥) - -2 +2V2
+
16

arctan

4+/22+2 \2V2+2 +2\ﬁ

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(1+cos(x)"4),x)

[Out] 1/16%27(1/2)*(-2+2%27(1/2)) " (1/2)*1n(tan(x) "2-tan(x)* (-2+2%27(1/2)) " (1/2)+2
~(1/2))+1/4/(2%27(1/2)+2) " (1/2) *arctan ((2*tan(x) - (-2+2%27(1/2)) " (1/2) ) / (2%2
~(1/2)+2)7(1/2))*%27(1/2)+1/2/ (2%27(1/2)+2) ~(1/2) xarctan ((2*tan (x) - (-2+2%27 (
1/2))7(1/2))/(2%27(1/2)+2) " (1/2))-1/16%27 (1/2) * (-2+2%27(1/2) ) " (1/2) *1n (tan(

x) "2+tan (x)* (-2+2%27(1/2)) " (1/2)+27(1/2) ) +1/4/ (2%¥27 (1/2)+2) " (1/2) *arctan ((2

*tan (x)+(=2+2x27(1/2)) 7 (1/2)) / (2x27(1/2)+2) " (1/2) ) %27 (1/2)+1/2/ (2%27 (1/2) +2

)~ (1/2)*arctan((2xtan (x)+(-2+2%27(1/2)) 7 (1/2)) / (2%27(1/2)+2) " (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[l
cos (x)” +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~4),x, algorithm="maxima")

[Out] integrate(1/(cos(x)”4 + 1), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~4),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cos(x)**4),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
1
[
cos (x)” +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~4),x, algorithm="giac")

[Out] integrate(1/(cos(x)”4 + 1), x)
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23.2723 u[‘IiIJEQZZES‘iA:

Optimal. Leaf size=45

—1 ([ sin(x)cos(x)
X cot(x) B tan (cosz(x)+\/§+l)

702 2 22

[Out] x/(2%Sqrt[2]) - ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)]1/(2*Sqrt[2]
) - Cotl[x]/2

Rubi [A] time = 0.0183842, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e =

integrand size
0.3, Rules used = {3209, 388, 203}

t _1( sin(x) cos(x) )
X cot(x) _ an cos2(x)+V2+1

W2 2 22

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"4)~(-1),x]

[Out] x/(2%Sqrt[2]) - ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)]/(2xSqrt[2]
) - Cotl[x]/2

Rule 3209

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]174)"(p_.), x_Symbol] :> With[{ff =
FreeFactors|[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*%axff~2xx"2 + (a
+ b)*ff74*xx~4)p/ (1 + ££72%x72)"(2xp + 1), x], x, Tanle + f*x]/ff], x]] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 388

Int[((a_) + (b_)*(x_)" (0 )) (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1)/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}t, x] && NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]1)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rubi steps

1 1+ 2
ITSAL(X) dx = —Subst (fm dx, X, COt(X))

_cot(x) 1 1
= 5 5 Subst (f 1+ 2x2 dx/ X, COt(.X))

—1( cos(x)sin(x)
X _ tan (l+\/§+cosz(x)) _ COt(x)

242 242 2

Mathematica [A]

time = 0.0543841, size = 24, normalized size = 0.53

411 (\/E tan ™t (ta\r/léx)) -2 cot(x))

Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]~4)~(-1),x]

[Out] (Sqrt[2]*ArcTan[Tan[x]/Sqrt[2]] - 2*Cot[x])/4

Maple [A]

time = 0.02, size = 21, normalized size = 0.5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)"4),x)

[Out] -1/2/tan(x)+1/4*arctan(1l/2*tan(x)*2"(1/2))*2"(1/2)




Maxima [A]

time = 1.4547, size = 27, normalized size = 0.6

411 V2 arctan (% V2 tan (x)) = Tten o

Verification of antiderivative is not currently implemented for this CAS

[In] integrate(1/(1-cos(x)~4),x, algorithm="maxima"

[Out] 1/4*sqrt(2)*arctan(l/2*sqrt(2)*tan(x)) - 1/2/tan(x)

Fricas [A]

time = 2.18423, size = 135, normalized size = 3.

3 \/Ecos(x)z—\/z .
) V2 arctan ( 2 00500 S0 ) sin (x) + 4 cos (x)
8 sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)74),x, algorithm="fricas")
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[Out] -1/8x(sqrt(2)*arctan(1/4*(3*sqrt(2)*cos(x)”2 - sqrt(2))/(cos(x)*sin(x)))*si
n(x) + 4xcos(x))/sin(x)

Sympy [A]

time = 4.63275, size = 78, normalized size = 1.73

\/E(atan (\/Etan (g) - 1) +7 nz ) \/E(atan (\/Etan (g) + 1) +7 2
+

4

X T

rr
2 2

) tan (3

_) 1
2/ _
" 4 4tan (g)

4

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1-cos(x)**4),x)

1/ (4xtan(x/2))

[Out] sqrt(2)*(atan(sqrt(2)*tan(x/2) - 1) + pi*floor((x/2 - pi/2)/pi))/4 + sqrt(2
)*(atan(sqrt(2)*tan(x/2) + 1) + pi*floor((x/2 - pi/2)/pi))/4 + tan(x/2)/4 -
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Giac [A] time = 1.23848, size = 72, normalized size = 1.6

31 \/E(x 4 aretan V2sin (2x) - sin (2 %) D 1

[_\/zcos(Zx) + \/E—cos(Zx) +1 2 tan (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~4),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(x + arctan(-(sqrt(2)*sin(2*x) - sin(2+*x))/(sqrt(2)*cos(2*x) +
sqrt(2) - cos(2*x) + 1))) - 1/2/tan(x)
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374  [————dx

a+b cos®(x)
Optimal. Leaf size=494
5(1—5 anf 5(1 5— 2 anf 511—— 3 anf
Ztan_l[JVF i (2)) Ztan_l[Jvr+vFTv@t (Z)J 2tan_1(JVF (025 Y (2)] ,
\ Va+ b s Ya--1% s \ Ja+(-125b .
5045\ — Vo ¥a + Vb 5045y a - VIVby¥a + VIVb  5a45y§a - (<1250 + (125 5atsy)

[Out] (2xArcTan[(Sqrt[a~(1/5) - b~ (1/5)]*Tan[x/2])/Sqrt[a~(1/5) + b~(1/5)11)/(b*a
~(4/5)*Sqrt[a~(1/56) - b~(1/5)1*Sqrt[a~(1/5) + b~(1/5)]1) + (2*xArcTan[(Sqrtl[a
~(1/5) + (-1)7(1/8)*b~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)]1]1)
/(5%a~(4/5)*Sqrt [a~(1/5) - (-1)"(1/5)*b~(1/5)1*Sqrt[a~(1/5) + (-1)~(1/5)*b"~
(1/5)1) + (2%ArcTan[(Sqrtl[a~(1/5) - (-1)~(2/5)*b~(1/5)]1*Tan[x/2])/Sqrt[a~(1
/5) + (-1)7(2/5)*b~(1/5)11)/(6*a~(4/5)*Sqrt [a~(1/5) - (-1)7(2/5)*b~(1/5)]1*S
grt[a~(1/5) + (-1)7(2/5)*b~(1/5)]) + (2*ArcTan[(Sqrt[a~(1/5) + (-1)7(3/5)*b
~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) - (-1)7(3/5)*b~(1/5)11)/(5xa~(4/5)*Sqrt[a”~ (1
/5) - (-1)7(3/5)*b~(1/5)1*Sqrt[a~(1/5) + (-1)"(3/5)*b~(1/5)]1) + (2*ArcTan[(
Sqrt[a~(1/5) - (-1)7(4/5)*b~(1/5)]1*Tan[x/2]1)/Sqrt[a~(1/5) + (-1)"(4/5)*b~(1
/5)11)/ (6%a”~ (4/5)*Sqrt [a~(1/5) - (-1)7(4/5)*b~(1/5)]*Sqrt[a~(1/5) + (-1)~(4
/5)*b~(1/5)1)

Rubi [A] time = 0.9185, antiderivative size = 494, normalized size of antiderivative = 1.,

. . ber of rul
number of steps used = 12, number of rules used = 3, integrand size = 10, T o 2 0.3,

integrand size
Rules used = {3213, 2659, 205}
Ja+ Vb s Jfa- V=13 s Ya+(-125 Vb s
50405\ - Vo ¥a + Vb 5045y a - VVb¥a + VIVb 5045/ - (1250 Ja + (1255 5atsy)

Antiderivative was successfully verified.

[In] Int[(a + b*Cos[x]~5)"(-1),x]

[Out] (2xArcTan[(Sqrtla~(1/5) - b~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) + b~(1/5)11)/(5%a
~(4/5)*Sqrt[a~(1/5) - b~(1/6)1%Sqrt[a~(1/5) + b~(1/5)]) + (2#ArcTan[(Sqrt[a
~(1/5) + (-1)"(1/5)%b~(1/5)1xTan[x/2]1) /Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)11)
/(5xa~ (4/5)*Sqrt[a~(1/5) - (1)~ (1/5)*b~(1/5)I*Sqrt[a~(1/5) + (-1)~(1/5)*b"
(1/5)1) + (2xArcTan[(Sqrt[a~(1/5) - (~1)~(2/5)*b~(1/5)1%Tan[x/2])/Sqrt[a" (1
/5) + (~1)7(2/5)*b™(1/5)11)/ (5%a™(4/5)xSqrt [a~(1/5) - (~1)~(2/5)%b~(1/5)1+S
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qrt[a™(1/5) + (-1)7(2/5)*b~(1/5)]1) + (2*ArcTan[(Sqrt[a~(1/5) + (-1)7(3/5)*b
~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) - (-1)7(3/5)*b~(1/5)]1])/(5*a~(4/5)*Sqrt [a” (1
/5) - (=1)7(3/5)*b~(1/5)]*Sqrt[a~(1/5) + (-1)7(3/5)*b~(1/5)]) + (2*ArcTan[(
Sqrt[a~(1/5) - (-1)7(4/5)*b~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) + (-1)"(4/5)*b~(1
/5)11)/ (6%a~(4/5)*Sqrt [a~(1/5) - (-1)7(4/5)*b~(1/5)]*Sqrt[a~(1/5) + (-1)~(4
/5)*b~(1/5)1)

Rule 3213

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (£_)*(x)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(cxsin[e + f*x])"n)"p, x], x] /; FreeQ[{a, b, c, e, f
, n}, x] & (IGtQ[p, 0] |l (EqQlp, -1] && IntegerQ[nl))

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx"2), x], x, Tan[(c + d*x)/2]1/e]l, x]] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b"2, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1

1 1 1
= ax=]- _ -
f a+beos@ f[ 5a%5 (—~/a - \S/Ecos(x)) 5a¥5 (—/a + —1%608(3()) 5a%5 (—+/a - (—1)2/5\%005(9())

1

1

1 1
—dx —_——dx dx
_ _f —%—%cos(x) 3 f —Ra+ Q/—_l%cos(x) B f —%—(—1)2/5%005(@ B f —a+(-1)

X
35 Vb cos(x)

5 a4/5 5 a4/5 5 a4/5

1

5 a4/5

dx,x,t

1 X
zsubSt[f—%—%+(—%+%)x2 dx,x,tan(i)] ZSubst(f_%R/__l%Jr(_%_?/__l%)xz

5a%5 5a%/5
- \/%—%tan(f)) _ ( %/z+€/_—1%tan(f)] i (
2tan! | ——20 2tan! 2 2tan”!
( V Var Vb Y-V

V ¥a-(-125%

V Va+(-1y

:5a4/5\/\5/5_%\/\%+%+5a4/5\/%_€/_—1%\/\%+€/__1\%+5a4/5 /\5/5_(_1)2/5\5/5\/\?/
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Mathematica [C] time = 0.203678, size = 130, normalized size = 0.26

2#1° tan™ (Cozigcgi)#l) - i#1® log (#12 —2#]1 co

16#1°%a + #1%0 + 4#1% + 6#1*b + 4#1%p

8
gRootsum 32#1%a + #1'%b + 5#1%b + 10#1% + 10#1*b + 5#1%b + b&,

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*Cos[x]~5)~(-1),x]

[Out] (8*RootSum[b + 5xbx#172 + 10xb*#174 + 32%a*#175 + 10%b*#176 + Lkb*#178 + bx
#1710 & , (2*%ArcTan[Sin[x]/(Cos[x] - #1)]*#173 - IxLogl[l - 2xCos[x]*#1 + #1
“2]1*#173) /(b + 4xb*#172 + 16*a*x#173 + 6xbx#174 + 4xbx#176 + bx#178) & ]1)/5

Maple [C] time = 0.027, size = 150, normalized size = 0.3

1 _R°+4 R°+6_R*
5 9 9 7 7 5
_R=RootOf((a-b)_ 2%+ (5a+5b)_78+(10a-108) Z°+(10a+10) Z4+(Ga-5b) Z2+arp) -0 ¢~ 0 +4 _Ria+4 Rb+6_Ra-6_

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(x)”5),x)

[Out] 1/5*%sum(( _R™8+4* R™6+6*% R™4+4x R™2+1)/( _R"9*a- R™9*b+4x R~7*a+4* R™7*xb+6* R
“b*a-6*% R"5xb+4x R"3xa+4* R73%b+ R*a-_ R*b)*1n(tan(1/2*x)-_R), R=Root0f ((a-b

)* _Z710+(5*a+5xb)* _Z~8+(10*a-10*b)*_Z~6+(10*a+10*b)*_Z~4+(5*a-5*b)*_Z~2+a+b

)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[
bcos (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)~5),x, algorithm="maxima"

[Out] integrate(1/(bxcos(x)”5 + a), x)
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~5),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[~
bcos(x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)”5),x, algorithm="giac")

[Out] integrate(1/(bxcos(x)75 + a), x)
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375  [————dx

a+b cos®(x)

Optimal. Leaf size=171

tan-! [\/ Ya+ %CO'C(X)) tan-! ( fa- %/—T\%cot(x)) [\l Ja+(-1)3 \/Ecot(x))

5

§a
3a5/64/fa + Vb 3a564/Jfa — V-1b 30506 + (-1)23b

[Out] -ArcTan[(Sqrt[a”(1/3) + b~ (1/3)]1*Cot[x])/a~(1/6)]1/(3*a~(5/6)*Sqrt[a~(1/3) +
b~ (1/3)]1) - ArcTan[(Sqrt[a”(1/3) - (-1)7(1/3)*b~(1/3)]1*Cot[x])/a~(1/6)1/(3
*a~(56/6)*3qrt[a~(1/3) - (-1)7(1/3)*b~(1/3)]) - ArcTan[(Sqrt[a~(1/3) + (-1)~
(2/3)*b~(1/3)1*Cot [x])/a~(1/6)]1/(3*%a~(5/6)*Sqrt[a~(1/3) + (-1)7(2/3)*b~(1/3

)1)

Rubi [A] time = 0.238246, antiderivative size = 171, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 10, L

0.3, Rules used = {3211, 3181, 203}

1R %+%cot(x) fan-! %_\3/_1 b cot(x) tan-] \I%+(—l)2/3%cot(x)
%

tan~ [— %
3095\ [Jar b e - Ve 3a95Ya+ (120¥

Antiderivative was successfully verified.

integrand size

ﬁ“

[In] Int[(a + b*Cos[x]~6)~(-1),x]

[Out] -ArcTan[(Sqrt[a~(1/3) + b~ (1/3)1*Cot[x])/a~(1/6)1/(3*a~(5/6)*Sqrt[a~(1/3) +
b~ (1/3)]) - ArcTan[(Sqrt[a”(1/3) - (-1)7(1/3)*b~(1/3)]1*Cot[x])/a~(1/6)1/(3

*a~ (5/6)*Sqrt[a”(1/3) - (-1)7(1/3)*b~(1/3)]) - ArcTan[(Sqrt[a~(1/3) + (-1)~
(2/3)*b~(1/3)1*Cot [x])/a~(1/6)1/(3*a~(5/6)*Sqrt[a~(1/3) + (-1)7(2/3)*b~(1/3

)1

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
1 1 1
—d ——d —d
f 14 %COSZ(X) : f 1- %%COSZ(X) * f 1+(_1)2/3 %Cosz(x) X
f 1 J Ya N Ya N e
X =
a + b cos®(x) 3a 3a

3a
Subst f +dx,x,cot(x)J Subst f de,x,cot(x) Subst f

1+(1+ﬁ)x2 1+(1— 2 )2 1+(1+(—'

_ G G _
3a 3a
tan~! ( o %Co_t(X) tan™! ¥a- 31 ¥beot(s tan~ 1| Vo (1725 ootz
{a {a {a

3a5/6a + Vb 3a5/6\| Ya — N=1Vb 3a5/6,fa + (-1)23b

Mathematica [C] time = 0.225047, size = 146, normalized size = 0.85

sin(2x)
cos(2x)—#1

32#1%a + #1°b + 5#1%p + 10#1°D +

2#12 tan™! ( ) — i#12 log (#1

gRootSum 64#1%a + #1°b + 6#1°b + 15#1%b + 20#1°b + 15#1%b + 6#1D + b&,

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[x]~6)~(-1),x]

[Out] (8*RootSum[b + 6xbx#1 + 15%b*#172 + 64*xa*x#173 + 20%b*#173 + 15*xb*#174 + 6*b
*#175 + b*#176 & , (2%ArcTan[Sin[2*x]/(Cos[2*x] - #1)]1*#172 - IxLog[l - 2*C
os[2xx]*#1 + #172]*#172) /(b + Sxb*#1 + 32%ax#172 + 10*b*#172 + 10%b*#1°3 +
Bxb*#1~4 + b*#175) & 1)/3
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Maple [C] time = 0.152, size = 60, normalized size = 0.4

(_R4 + 2_R2 + 1) In (tan (x) - _R)
_R°+2 R’+ R

1
o )

_R=RootOf(a_z°+3a_Z*+3a_7+a+b)
Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(a+b*cos(x)~6),x)

[Out] 1/6/a*sum((_R~4+2%*_R"2+1)/(_R7"5+2*_R~3+ R)*1ln(tan(x)-_R), R=Root0f (_Z~6%a+3
*_7"4xa+3%_Z " 2%ata+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[
bcos(x)” +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)~6),x, algorithm="maxima"

[Out] integrate(1l/(bxcos(x)”"6 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)~6),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)**6),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
bcos(x)” +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(x)~6),x, algorithm="giac")

[Out] integrate(1l/(b*cos(x)"6 + a), x)
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376  [————dx

a+b cosB(x)

Optimal. Leaf size=245

¢ 1 [ %/—_a—%cot(x)] ¢ 1 ( %/—_a—i%cot(x)) ¢ 1 [ é/—THi%cot(x)] " ] (\l {1/—_a+ %cot(x)]
an e v— an - p— an e p——— an —_—

{=a {=a {2 {2
+ + +
A-ayBJV=a o A-ayBY=a-iVb  A-ayBVa+iNb  A(-a)BJ—a+ b

[Out] ArcTan[(Sqrt[(-a)~(1/4) - b~ (1/4)1*Cot[x])/(-a)~(1/8)1/(4*(-a)~(7/8)*Sqrt[(
-a)"(1/4) - b~ (1/4)]) + ArcTan[(Sqrt[(-a)~(1/4) - I*b~(1/4)]1x*Cot([x])/(-a)~(
1/8)1/(4x(~a)~(7/8)*Sqrt[(-a)~(1/4) - Ixb~(1/4)]) + ArcTan[(Sqrt[(-a)~(1/4)

+ I*b~(1/4)1*Cot[x])/(-a)~(1/8)1/ (4*(-a)~(7/8)*Sqrt[(-a)~(1/4) + Ixb~(1/4)

1) + ArcTan[(Sqrt[(-a)~(1/4) + b~ (1/4)]*Cot[x])/(-a)~(1/8)]1/(4*x(-a)~(7/8)*S
qrt[(-a)~(1/4) + b~ (1/4)1)

Rubi [A] time = 0.486312, antiderivative size = 245, normalized size of antiderivative =

. . b f rul
1., number of steps used = 9, number of rules used = 3, integrand size = 10, e

integrand size
0.3, Rules used = {3211, 3181, 203}

N VFa-i 4bcot(x)) (\/ bcot(x)] tan ( Y=a+ %cot(x)] (\l b+(-a)5/4 cot(x)]

V-a {=a (~a)?/8
4(~a)/8 /\4/__&_1'{*/' —a)7I8\|~a / a+ivb —a)78+[=a / —a)38 P —q)/

Antiderivative was successfully verified.

-1

tan

[In] Int[(a + b*Cos[x]~8)~(-1),x]

[Out] ArcTan[(Sqrt[(-a)~(1/4) - Ixb~(1/4)1xCotl[x])/(-a)~(1/8)1/(4x(-a)~(7/8)*Sqrt
[(-a)~(1/4) - Ixb~(1/4)]1) + ArcTan[(Sqrt[(-a)~(1/4) + Ixb~(1/4)1x*Cot[x])/(-
a)~(1/8)1/(4*(-a)~(7/8)*Sqrt [(-a)~(1/4) + Ixb~(1/4)1) + ArcTan[(Sqrt[(-a)~(

1/4) + b~ (1/4)1*Cot[x])/(-a)~(1/8)1/(4*(-a)~(7/8)*Sqrt[(-a)~(1/4) + b~(1/4)

1) + ArcTan[(Sqrt[(-a)~(5/4) + a*b~(1/4)]1*Cot[x])/(-a)~(5/8)]1/(4x(-a)~(3/8)
*Sqrt[(-a)~(56/4) + axb~(1/4)]1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))"(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sinl[e + f*x]°2/((-1)"((4x*k)/n)*Rt[-(a/b),
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n/21)), x], {k, 1, n/2}], %11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2*xx"2
), x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, f}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
1 1 1 1
——dx ——dx ——dx —dx
f 1- %cosz(x) f 1_1'4b«:052(x) f 1_‘_i4bcosz(x) f 1+ %Cosz(x)
f ! dx = ¥ + ¥ + i + ¥
a+ b cosd(x) 4a 4a 4a 4a
Subst f ! ——dx,x,cot(x)| Subst f 1 ——dx,x,cot(x)| Subst f 1 "
1+(1— 1 b )x2 1+(1—'4 b )x2 l+(1+’4—\ﬁ
_ i _ = _ i
4a 4a 4
v Y=a-i Vb cot(x) R Y=a+i Vb cot(x) 2y Y=+ Vb cot() _1| V2 A4a

= + +

+
A-ayBma-iNb  AayB\Ca+ Ve A—ayBma+ Vb A(—a)¥Br(~a)

Mathematica [C] time = 0.260426, size = 172, normalized size = 0.7

2#1% te
8RootSum |256#1%a + #1°b + 8#17 + 28#1°b + 56#1°b + 70#1°b + 56#1°b + 28#1°b + 8#1b + b&, ————————
128#1°a + #17b

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*Cos[x]~8)~(-1),x]

[Out] 8*RootSum[b + 8xbx#1 + 28*b*#172 + L6xb*x#173 + 256*a*x#174 + T70xb*x#1"4 + 56%
b*#175 + 28*xb*#176 + 8xb*#177 + b*#1°8 & , (2*%ArcTan[Sin[2*x]/(Cos[2*x] - #
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1)I*#173 - IxLogl[l - 2+Cos[2*x]*#1 + #172]*#173)/(b + T*b*#1 + 21*b*#172 +
128*%a*#173 + 35xb*x#173 + 35xb*x#174 + 21xb*#175 + T7T*xb*x#176 + b*#177) & ]

Maple [C] time = 0.091, size = 76, normalized size = 0.3

(LR®+3_R*+3_R*+1)In(tan () - _R)
R7+3_ R°+3_R’+_R

1
82 )

_R:RootOf(a_Z8+4 a_Z6+6 zz_Z4+4 a_Zz+a+b)
Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(a+b*cos(x)~8),x)

[Out] 1/8/axsum((_R"6+3*% R~4+3* R72+1)/(_R"7+3%*_R"5+3* R"3+ R)*1n(tan(x)-_R), R=R
o0t0f (_Z"8xa+d*_Z~6*a+6* Z 4*a+d* Z 2*a+a+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[—t
bcos (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~8),x, algorithm="maxima"

[Out] integrate(1/(bxcos(x)”"8 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(x)~8),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(x)**8),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[—
bcos(x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(x)~8),x, algorithm="giac")

[Out] integrate(1/(bxcos(x)"8 + a), x)
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377 [————dx

a—b cos®(x)
Optimal. Leaf size=494
511 3 anf 5!1—5— J anf 511 - 3 anf
> a1 [szt (2)] S [\/f SR (Z)J - [\/\m 1725 36t (2)) ,
v ¥a-b s Ja+ Y16 s V(12536 .
5452 - Vo §a+ Vb 5a¥5y|¥a - VAVoy[Va+ VTAVb  5a¥5y)¥a - (()25Vby ¥ + (025 5a¥sy

[Out] (2xArcTan[(Sqrt[a~(1/5) + b~(1/5)]*Tan[x/2])/Sqrt[a~(1/5) - b~(1/5)11)/(b*a
~(4/5)*Sqrt[a~(1/56) - b~(1/5)1*Sqrt[a~(1/5) + b~(1/5)]1) + (2*xArcTan[(Sqrtl[a
~(1/5) - (-1)7(1/8)*b~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) + (-1)~(1/5)*b~(1/5)]1]1)
/(5%a~(4/5)*Sqrt [a~(1/5) - (-1)"(1/5)*b~(1/5)1*Sqrt[a~(1/5) + (-1)~(1/5)*b"~
(1/5)1) + (2*ArcTan[(Sqrtl[a~(1/5) + (-1)~(2/5)*b~(1/5)]1*Tan[x/2])/Sqrt[a~(1
/5) - (-1)7(2/5)*b~(1/5)11)/(6*a~(4/5)*Sqrt [a~(1/5) - (-1)7(2/5)*b~(1/5)]1*S
qrt[a~(1/56) + (-1)7(2/5)*b~(1/5)]) + (2%ArcTan[(Sqrt[a~(1/5) - (-1)7(3/5)*b
~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) + (-1)7(3/5)*b~(1/5)11)/(5xa~(4/5)*Sqrt[a”(1
/5) - (-1)7(3/5)*b~(1/5)1*Sqrt[a~(1/5) + (-1)"(3/5)*b~(1/5)]1) + (2*ArcTan[(
Sqrt[a~(1/5) + (-1)7(4/5)*b~(1/5)]1*Tan[x/2]1)/Sqrt[a~(1/5) - (-1)"(4/5)*b~(1
/5)11)/ (6%a”~ (4/5)*Sqrt [a~(1/5) - (-1)7(4/5)*b~(1/5)]*Sqrt[a~(1/5) + (-1)~(4
/5)*b~(1/5)1)

Rubi [A] time = 0.589042, antiderivative size = 494, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 3, integrand size = 11, e .

integrand size
0.273, Rules used = {3213, 2659, 205}
Jfa- b s Ja+ -1 s -1 b s
5045\ a - Yoy Vi + Vb 5045y - VAVby Vi + VAVb 505y - (()25by Vi + (125 5a5y

Antiderivative was successfully verified.

[In] Int[(a - b*Cos[x]~5)~(-1),x]

[Out] (2%ArcTan[(Sqrt[a~(1/5) + b~ (1/5)]*Tan[x/2])/Sqrtla~(1/5) - b~(1/5)1]1)/(5*a
~(4/5)*Sqrt[a”(1/5) - b~ (1/5)]1*Sqrt[a~(1/5) + b~(1/5)]1) + (2*ArcTan[(Sqrt[a
~(1/5) - (-1)7(1/5)*b~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) + (-1)~(1/5)*b~(1/5)11)
/(5%a~(4/5)*Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(1/5)*b"
(1/5)1) + (2xArcTan[(Sqrt[a”(1/5) + (-1)7(2/5)*b~(1/5)]*Tan[x/2])/Sqrt[a~(1
/5) - (-1)7(2/5)*b~(1/5)11)/(6%a~(4/5)*Sqrt[a~(1/5) - (-1)7(2/5)*b~(1/5)]*S
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qrt[a™(1/5) + (-1)7(2/5)*b~(1/5)]1) + (2*ArcTan[(Sqrt[a~(1/5) - (-1)7(3/5)*b
~(1/5)1*Tan[x/2]) /Sqrt[a~(1/5) + (-1)7(3/5)*b~(1/5)11)/(5*a~(4/5)*Sqrt[a~ (1
/5) - (=1)7(3/5)*b~(1/5)]*Sqrt[a~(1/5) + (-1)7(3/5)*b~(1/5)]) + (2*ArcTan[(
Sqrt[a~(1/5) + (-1)7(4/5)*b~(1/5)1*Tan[x/2])/Sqrt[a~(1/5) - (-1)~(4/5)*b~ (1
/5)11)/ (6%a~(4/5)*Sqrt [a~(1/5) - (-1)7(4/5)*b~(1/5)]*Sqrt[a~(1/5) + (-1)~(4
/5)*b~(1/5)1)

Rule 3213

Int[((a_) + (b_.)*((c_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrigl[(a + bx(c*sinl[e + f*x])"n)"p, x], x] /; FreeQ[{a, b, c, e, f
, n}, x] & (IGtQ[p, 0] |l (EqQlp, -1] && IntegerQ[nl))

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx"2), x], x, Tan[(c + d*x)/2]1/e]l, x]] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1

1 1 1
T iy =
f a - bcos(x) * f[5a4/5 (% - \%cos(x)) ’ 5a4> (\5/5 +V-1Vb cos(x)) ’ 5a%5 (\5/5 - (—1)2/5%005(2()) 5a

+ —

1 1 1 1
—— dx [————dx dx dx
_ / {a— b cos(x) N J Ya+ V=1 Vb cos(x) N / {a—(-1)2/5 b cos(x) N J {/a+(-1)35 Vb cos(x) +£

5L14/5 5 a4/5 5a4/5 5a4/5
2 Subst ! dx, x, tan (= 2 Subst ! dx,x,tan (&
(f %—%+(%+%)x2 (2)) (f ir’/ﬁ+ir’/—_1§/5+(%—§/——l%)x2 (2’
B 5a4 " 5445

\15a+5 an(> N =1 Vo tan(E
Ztan_l(MJ Ztan_l( Va- Y 1vbe (2)] Ztan_l(

i

Ya+ V=130

V125

V Va(-17

:5a4/5\/\5/5—\5/5\/§/5+\5/5+5a4/5\/\5/5—€/—_1\5/5\/%+‘5/—_1‘% 544/5 \5/'_(_1)2/5\5/5\/\?/
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Mathematica [C] time = 0.179683, size = 130, normalized size = 0.26

2#1% tan™! (Cojg’j)#l) — i#1 log (#1% - 241

“16#1%0 + #1%0 + 4#1% + 6#1%b + 4#

8
—gRootSum —32#1% + #1'% + 5#1%b + 10#1°0 + 10#1*p + 5#1%b + b&,

Warning: Unable to verify antiderivative.

[In] Integrate[(a - b*Cos[x]~5)~(-1),x]

[Out] (-8*RootSum[b + B*b*#172 + 10%b*#174 - 32%a*#175 + 10%b*#176 + B*b*#178 + b
*#1710 & , (2xArcTan[Sin[x]/(Cos[x] - #1)]*#173 - IxLog[l - 2*Cos[x]*#1 + #
1721 *#173) /(b + 4xbx#172 — 16*%a*#173 + 6xb*#174 + 4*b*#176 + b*#17°8) & 1)/5

Maple [C] time = 0.027, size = 148, normalized size = 0.3

1 _R°+4 R°+6_R*
5 9 9 7 7 5
_R=RootOf((a+h) 2% (50-5b)_78+(10a+108) Z°+(10a-10b) Z4+(Ga+5b) Z2eap) -0 ¢+ T+ 4 Ria—4 Rb+6_Roa+6_

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cos(x)~5),x)

[Out] 1/5*%sum(( _R™8+4* R™6+6*% R™4+4x R™2+1)/( _R™9*a+ R™9*b+4* R™7*a-4% R™7*xb+6* R
“bka+6x R"5xb+4x R"3xa-4% R73%b+ R¥a+ R*b)*1n(tan(1/2*x)-_R), R=Root0f ((a+b

)* _Z710+(5*a-5%b)* _Z~8+(10*a+10*b)*_Z~6+(10*a-10*b)*_Z~4+(5*a+5*xb)*_Z"2+a-b

)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
B R S
bcos(x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~5),x, algorithm="maxima"

[Out] -integrate(1/(b*cos(x)75 - a), x)
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cos(x)~5),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
bcos(x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~5),x, algorithm="giac")

[Out] integrate(-1/(b*cos(x)"5 - a), x)
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378  [————dx

a—b cos®(x)

Optimal. Leaf size=175

tan_l{V%ﬁ—%%anoo] tan_l(J%@+%CT%%anuo] tan_l(v%ﬁ4—nﬂ3@%mun)

{a Va Va
3a5/6\[a — b 30506/ ¥ + N-1Vb 3a564/Jfa — (<1)%3b

[Out] -ArcTan[(Sqrt[a~(1/3) - b~(1/3)]1*Cot([x])/a~(1/6)]1/(3*%a~(5/6)*Sqrt[a~(1/3) -
b~ (1/3)]1) - ArcTan[(Sqrt[a~(1/3) + (-1)7(1/3)*b~(1/3)]1*Cot[x])/a~(1/6)1/(3
*a~(5/6)*Sqrt [a”(1/3) + (-1)7(1/3)*b~(1/3)]) - ArcTan[(Sqrt[a~(1/3) - (-1)~
(2/3)*b~(1/3)1*Cot [x])/a~(1/6)]1/(3*%a~(5/6)*Sqrt[a~(1/3) - (-1)~(2/3)*b~(1/3

)1

Rubi [A] time = 0.249201, antiderivative size = 175, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 11, L

0.273, Rules used = {3211, 3181, 203}

tan_l [\l %—%cot(x)] tan_l ( RO’/E+\3/—_1%cot(x)) tan_l (\/ %—(—1)2/3%cot(x)J

s a-b e VAN 3a56y3a— (<1256

Antiderivative was successfully verified.

[In] Int[(a - b*Cos[x]~6)~(-1),x]

integrand size

[Out] -ArcTan[(Sqrt[a~(1/3) - b~(1/3)]1*Cot[x]1)/a~(1/6)1/(3*a~(5/6)*Sqrt[a~(1/3) -
b~(1/3)]) - ArcTan[(Sqrt[a”(1/3) + (-1)7(1/3)*b~(1/3)]1*Cot[x])/a"(1/6)1/(3

*a~ (5/6)*Sqrt[a~(1/3) + (-1)7(1/3)*b~(1/3)]) - ArcTan[(Sqrtl[a~(1/3) - (-1)~
(2/3)*b~(1/3)1*Cot [x])/a~(1/6)1/(3*a~(5/6)*Sqrt [a~(1/3) - (-1)7(2/3)*b~(1/3

)1

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
1 1 1
——d ——d —d
f 1- %cosz(x) * f 1+ %%cosz(x) * f 1_(—1)2/3 %cosz(x) *
f 1 q 3 N Ya N G
X =
a — b cos®(x) 3a 3a 3a
Subst f + dx,x,cot(x)| Subst f 31 3 dx,x,cot(x)| Subst f
1+(1—;ﬁ)x2 1+(1+ _31\fb)x2 1+(1—(—‘
_ Va _ Va _
3a 3a
1 [V Va- Vb cot(x) 1 [ Ve V=1 b cot(x) 1 [ Ve (-1y23 Vb cot (x)
tan T tan % tan %

3a5/6|fa - b 3a5/6,[§fa + N-13b 3a5/64/¥fa — (-1)23/b

Mathematica [C] time = 0.176012, size = 146, normalized size = 0.83

sin(2x)

cos(2x)—#1
—32#1%a + #1°b + 5#1%p + 10#1°

2#1% tan™! ( ) — i#1? log

—gRootSum —64#1%a + #1°b + 6#1°b + 15#1%p + 204130 + 15#1%b + 6#1b + b&,

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cos[x]~6)~(-1),x]

[Out] (-8*RootSum[b + 6xb*#1 + 15xb*#172 - 64xa*x#173 + 20*b*#17°3 + 15xb*x#174 + 6%
b*#175 + b*#176 & , (2xArcTan[Sin[2*x]/(Cos[2*x] - #1)]*#172 - IxLogl[l - 2%
Cos[2*x]x#1 + #1721 *#172)/(b + 5xbx#1 - 32*%a*x#172 + 10*b*#172 + 10*b*x#1°3 +
5xb*#174 + bx#175) & 1)/3




350

Maple [C] time = 0.121, size = 62, normalized size = 0.4

(_R4 + Z_RZ + 1) In (tan (x) - _R)
_R°+2_ R’+ R

1
o )

_R=RootOf(a_z°+3a_Z"+3 a_7*+a-b)
Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(a-b*cos(x)~6),x)

[Out] 1/6/a*sum((_R~4+2%*_R"2+1)/(_R7"5+2*_R~3+ R)*1ln(tan(x)-_R), R=Root0f (_Z~6%a+3
*_7"4xa+3%_Z " 2%ata-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
By N N
bcos(x)’ —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~6),x, algorithm="maxima"

[Out] -integrate(1/(b*cos(x)76 - a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cos(x)~6),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)**6),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
bcos(x)’ —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~6),x, algorithm="giac")

[Out] integrate(-1/(b*cos(x)”"6 - a), x)
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379  [———dx

a—b cos8(x)

Optimal. Leaf size=213

1 \ (I/E— %cot(x) 1 \ &y a—i%cot(x) 1 \ %+i%cot(x) 1 \ {1/5+ %cot(x)
tan r-ye—— tan I ye— tan T tan T

40782 - b 4078 a - iNlb 4078\ a + iVb 4078/ \fa + b

[Out] -ArcTan[(Sqrt[a~(1/4) - b~(1/4)1*Cot[x])/a~(1/8)1/(4*a~(7/8)*Sqrtla~(1/4) -
b~ (1/4)]1) - ArcTan[(Sqrt[a~(1/4) - I*b~(1/4)]1*Cot[x])/a~(1/8)]1/(4xa~(7/8)*
Sqrt[a~(1/4) - I*b~(1/4)]) - ArcTan[(Sqrtl[a~(1/4) + Ixb~(1/4)]1*Cot([x])/a~(1
/8)1/(4*xa~(7/8)*Sqrt[a~(1/4) + I*b~(1/4)]) - ArcTan[(Sqrt[a~(1/4) + b~(1/4)

1*Cot [x]1)/a~(1/8)1/(4*a~(7/8)*Sqrt[a~(1/4) + b~ (1/4)1)

Rubi [A] time = 0.215615, antiderivative size = 213, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 3, integrand size = 11, L

0.273, Rules used = {3211, 3181, 203}

¢ 1 (\/ %—%cot(x)] " 1 (\l 4a—i4bcot(x)] " 1 (\l %/E+i%cot(x)] ¢ 1 (\l (1/13+ %Cot(x)]
an —_— an —_— an —_— an —_—

Va Ya a Va
4a78|fa - b 4a78|\fa - iNlb 478 a + iVb 4078\ a + b

Antiderivative was successfully verified.

integrand size

[In] Int[(a - b*Cos[x]~8)~(-1),x]

[Out] -ArcTan[(Sqrtl[a~(1/4) - b~(1/4)1*Cot[x])/a~(1/8)]/(4*a~(7/8)*Sqrt[a~(1/4) -
b~(1/4)]) - ArcTan[(Sqrt[a~(1/4) - I*b~(1/4)]*Cot([x])/a~(1/8)]/(4xa~(7/8)*
Sqrt[a~(1/4) - Ix*b~(1/4)]) - ArcTan[(Sqrt[a~(1/4) + I*b~(1/4)]1*Cot[x])/a~(1
/8)1/(4xa~(7/8)*Sqrt[a”~(1/4) + I*b~(1/4)]) - ArcTan[(Sqrt[a”(1/4) + b~(1/4)

1xCot [x]1)/a~(1/8)1/(4*a”~(7/8)*Sqrt[a~(1/4) + b~(1/4)]1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
1 1 1 1
f 1- %cosz(x) dx f 1_i4bcosz(x) dx f 1_*'1'417(:052(95) dx f 1+ %cosz(x) dx
Jﬂ dx = + + +
a —bcosd(x) 4q 4q 4a 4a
1 1
Subst f de, x,cot(x)| Subst f ( ; 4b) X dx, x,cot(x)| Subst f (—1%)
H1-7=x 1+ 1-—7= ¢ 1+ 1+ 7= |
- va _ Va _ Va
4q 4a 4q
1 \ %—%cot(x) 1 \ %—i4hcot(x) 1 \ %+i%cot(x) 1 \ (1/13+ %cot(x
tan T tan T tan T tan T
a a a a

4078+ a - b 4a7B\(fa - iNb 47| + iV 4078/ fa + b

Mathematica [C] time = 0.208781, size = 172, normalized size = 0.81

2#]

—8RootSum |-256#1%a + #1%b + 8#17b + 28#1°b + 56#1°b + 70#1%b + 56#1°b + 28#1%b + S#1b + b&, ST
— a+

Warning: Unable to verify antiderivative.

[In] Integrate[(a - b*Cos[x]~8)~(-1),x]

[Out] -8*RootSum[b + 8xbx#1 + 28*b*#172 + 56xb*#173 - 256%a*x#174 + 70*xb*#174 + 56
*b*#175 + 28*b*#176 + 8xb*#177 + b*#178 & , (2*ArcTan[Sin[2*x]/(Cos[2*x] -

#1)]1*#173 - IxLogl[l - 24Cos[2*x]*#1 + #172]*#173)/(b + 7T*b*#1 + 21xb*#172 -
128*a*x#1°3 + 3bxb*#173 + 35xb*#174 + 21xbx#175 + T*bx#176 + bx#177) & ]
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Maple [C] time = 0.089, size = 78, normalized size = 0.4

(LR°+3_R*+3_R*+1)In(tan (x) - _R)
R7+3_R°+3_R’+_R

. Y

a
_R=RootOf(a_z°+4a_2°+6a_z*+4a_7*+a-b)
Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(a-b*cos(x)~8),x)

[Out] 1/8/a*sum((_R"6+3%_R~4+3x_R"2+1)/(_R~7+3%*_R"5+3x_R"3+ R)*1n(tan(x)-_R),_R=R
oot0f (_Z"8xa+d*_Z~6*a+6*_Z 4*a+d*x Z 2*a+ta-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
By N N
bcos(x)" —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~8),x, algorithm="maxima"

[Out] -integrate(1/(b*cos(x)78 - a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cos(x)~8),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)**8),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
bcos(x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cos(x)~8),x, algorithm="giac")

[Out] integrate(-1/(b*cos(x)”"8 - a), x)
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380 [ ———dx

1+cos®(x)

Optimal. Leaf size=223

S| ten3)
1 1-(-1)25 x 1 1-(-1)%5 x 2tanh = 1+(-1)35
2tan TR tan (E) 2tan YT tan (E) sin(x) 5 2. /- TS tar
+ + - -
541 — (-1)%¥5 541 + (-1)35 5(cos(x) +1) 5v(-1)25 -1 5

[Out] (2*ArcTan[Sqrt[(1 - (-1)7(2/5))/(1 + (-1)7(2/5))]*Tan[x/2]])/(5xSqrt[1 - (-
1)7(4/5)]) + (2*ArcTan[Sqrt[(1 - (-1)7(4/5))/(1 + (-1)7(4/5))]1*Tan[x/2]]1)/(
5x3Sqrt[1 + (-1)7(3/5)]) - (2%ArcTanh[Tan[x/2]/Sqrt[-((1 - (-1)7(1/5))/(1 +
(-1)7(1/5)))11)/(5x8qrt[-1 + (-1)7(2/5)]1) - (2xSqrt[-((1 + (-1)7(3/5))/(1 -
(-1)7(3/5)))1*ArcTanh[Sqrt [-((1 + (-1)7(3/5))/(1 - (-1)7(3/5)))1*Tan[x/2]]

)/ (Bx(1 + (-1)7(3/5))) + Sin[x]/(5x(1 + Cos[x]))

Rubi [A] time = 0.562301, antiderivative size = 223, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 5, integrand size = 8, e o e

0.625, Rules used = {3213, 2648, 2659, 208, 205}

integrand size

2 tanht | 26
1 1-(-1)25 x 1 1-(-1)45 x = (=138
2tan ( PR tan (2)) 2tan ( T tan (2)) sin(x) 5 2 T tan
+ + - -
541 — (-1)%5 541 + (-1)35 5(cos(x) +1) 54/(-1)25 -1 5

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]"5)~(-1),x]

[Out] (2*ArcTan[Sqrt[(1 - (-1)7(2/5))/(1 + (-1)7(2/5))]*Tan[x/2]])/(6xSqrt[1 - (-

1)7(4/5)]1) + (2*%ArcTan[Sqrt[(1 - (-1)7(4/5))/(1 + (-1)7(4/5))]1*Tan[x/2]]1)/(

5x3qrt[1 + (-1)7(3/5)]) - (2*ArcTanh[Tan[x/2]/Sqrt[-((1 - (-1)7(1/5))/(1 +

(-1)7(1/5)))11)/(5x3qrt[-1 + (-1)7(2/5)]1) - (2%Sqrt[-((1 + (-1)7(3/5))/(1 -
(-1)7(8/5))) I*ArcTanh[Sqrt [-((1 + (-1)7(3/5))/(1 - (-1)7(3/5)))1*Tan[x/2]]

)/ (5% (1 + (-1)7(3/5))) + Sin[x]/(5*x(1 + Cos[x]))

Rule 3213

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
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, ny, x] & (IGtQ[p, 0] || (EqQlp, -1] && IntegerQ[nl))

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*x(b + a*Sin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a”2 - Db
=2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*xe™2%x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQl{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1 1 1 1 1
f 1+ cos®(x) dx = f(_5(—1 —cos(x)) 5 (—1 + \E’/—_lcos(x)) 5 (—1 - (-1)%> cos(x)) 5 (—1 +(-1)% cos(x)) B

1 1 1 1 1 1 1
- (E f -1 - cos(x) dx) 5 f ~1 + V-1 cos(x) - 5 f -1 - (-1)%5 cos(x) ax = 5 f
sin(x) 2
— Subst

1 x 2
) 5(1+cos(x)) 5 (f_1+\5/_—1+(_1_\5/_—1)x2 dx’x’tan(ﬁ)]_ESUbSt(f

tan(})

-1
2t 1 1-(-1)2/5 ¢ (J_C) 2t 1 1-(-1)4° ¢ (J_C) 2 tanh - ;)/j
) an —1+(_1)2/5 an > . an —1+(_1)4/5 an > - s

5y/1 - (-1)¥5 51+ (-1)%5 5y/-1 + (-1)%5
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Mathematica [C] time = 0.122576, size = 378, normalized size = 1.7

~i#1°%log (#12 —2#1 cos(x

1 1
gmn%;)—iaRmﬁSmn#ﬂ8—2ﬂ7+8ﬁf—1#ﬂ5+3Wﬂ4—1ﬁﬂ3+8ﬁf—2#1+1&,

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]~5)~(-1),x]

[Out] -RootSum[1 - 2x#1 + 8x#172 - 14x#173 + 30*#174 - 14*#175 + 8x#176 - 2*#177
+ #17°8 & , (2xArcTan[Sin[x]/(Cos[x] - #1)] - IxLogl[l - 2+*Cos[x]*#1 + #172]

- 8*ArcTan[Sin[x]/(Cos[x] - #1)]1*#1 + (4*I)*Logl[l - 2*Cos[x]*#1 + #172]*#1

+ 30*ArcTan[Sin[x]/(Cos[x] - #1)]*#172 - (15%xI)*Logl[l - 2xCos[x]*#1 + #172]
*x#172 - 80xArcTan[Sin[x]/(Cos[x] - #1)]*#173 + (40*I)*Log[l - 2*Cos[x]*#1 +
#17°2]*#173 + 30*ArcTan[Sin[x]/(Cos[x] - #1)]1*#174 - (15%I)*Log[l - 2*Cos[x
I1*#1 + #172]*#174 - 8+ArcTan[Sin[x]/(Cos[x] - #1)]*#175 + (4*I)*Logl[l - 2*C
os[x]*#1 + #172]*#175 + 2+ArcTan[Sin[x]/(Cos[x] - #1)]*#176 - IxLogl[l - 2xC
os[x]*#1 + #172]*#176) /(-1 + 8*x#1 - 21*#172 + 60*#173 - 3b*#174 + 24x#175 -
Tx#176 + 4x#177) & 1/10 + Tan([x/2]/5

Maple [C] time = 0.023, size = 62, normalized size = 0.3

5 R°+5 R*+5 R%+1 x
In (tan (—) - _R)

1 X 1
stn(3) 55 ) oW

_R=RootOf(5_z°+10_z*+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)”5),x)

[Out] 1/5%tan(1/2*x)+1/50*sum( (5% R™6+5% R~4+5% R™2+1)/(_R™7+ _R73)*1n(tan(1/2%*x)-
_R), R=RootOf (5% _Z~8+10* Z~4+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cos(x)~5),x, algorithm="maxima")

[Out] -1/5%(6*(cos(x)”2 + sin(x)"2 + 2*cos(x) + 1)xintegrate(-2/5*%((cos(7*x) - 4x
cos(6*x) + 15*cos(5*x) - 40*cos(4*x) + 15*cos(3*x) - 4*cos(2*x) + cos(x))*c
0s(8*x) + (16*cos(6*x) - 44xcos(5*x) + 110*cos(4*x) - 4d*cos(3*x) + 16%*cos(
2%x) - 4*cos(x) + 1)*cos(7*xx) - 2%cos(7*x)”2 + 4x(44xcos(5*x) - 110*cos(4x*x
) + 44xcos(3*x) - 16*cos(2*xx) + 4xcos(x) - 1)*cos(6*x) - 32*xcos(6xx)72 + (1
010*cos(4*x) - 420*cos(3*x) + 176*cos(2*x) - 44xcos(x) + 15)*cos(5*x) - 210
*cos (5*x) 72 + 10%(101*cos(3*x) - 44*cos(2*x) + 1l*cos(x) - 4)*cos(4*x) - 12
00*cos (4*x)"2 + (176*cos(2*x) - 44*cos(x) + 15)*cos(3*x) - 210*cos(3*x)"2 +
4x(4*cos(x) - 1)*xcos(2*x) - 32%cos(2%x)”2 - 2*cos(x)”2 + (sin(7#*x) - 4%sin
(6*x) + 15*sin(5*x) - 40*sin(4*x) + 15*sin(3*x) - 4*sin(2*x) + sin(x))*sin(
8*x) + 2*(8*sin(6*x) - 22*sin(5*x) + 55*sin(4*x) - 22*xsin(3+*x) + 8*sin(2*x)
- 2%sin(x))*sin(7*xx) - 2*xsin(7+*x) "2 + 8*%(22*sin(5*x) - 55xsin(4*x) + 22*si
n(3*x) - 8xsin(2+*x) + 2*sin(x))*sin(6*x) - 32*sin(6*x) "2 + 2*x(505*sin(4*x)
- 210*sin(3*x) + 88*sin(2*x) - 22*sin(x))*sin(b*x) - 210*sin(5xx)~2 + 10*(1
01*sin(3*x) - 44xsin(2+*x) + 11*sin(x))*sin(4*x) - 1200*sin(4*x) "2 + 44x*(4x*sg
in(2*x) - sin(x))*sin(3*x) - 210*sin(3*x)72 - 32*sin(2*x)”2 + 16*sin(2*x)*s
in(x) - 2*sin(x)"2 + cos(x))/(2*x(2*xcos(7*x) - 8*cos(6*x) + 14d*xcos(5*x) - 30
*cos (4*x) + 14*cos(3*x) — 8xcos(2*x) + 2*cos(x) - 1)*cos(8*x) - cos(8*x)"2
+ 4x(8*cos(6*x) - 14*cos(5*x) + 30*cos(4*x) - 14*xcos(3*x) + 8*cos(2*x) - 2%
cos(x) + 1)*cos(7*x) - 4*xcos(7*x)72 + 16%(14*cos(5*x) - 30*cos(4*x) + 14*co
s(3%x) - 8*cos(2*x) + 2xcos(x) - 1)*cos(6*x) - 64*cos(6*x)"2 + 28%(30*cos(4
*x) - 14*cos(3*x) + 8*cos(2xx) - 2*cos(x) + 1)*cos(b*x) - 196xcos(5*x)"2 +
60* (14*cos(3*x) - 8*cos(2*x) + 2*cos(x) - 1)*cos(4*x) — 900*cos(4*x)"2 + 28
*(8*cos(2*x) - 2*cos(x) + 1)*cos(3*x) - 196*cos(3*x)7"2 + 16*(2*xcos(x) - 1)*
cos(2xx) - 64*cos(2*x)72 - 4*xcos(x)"2 + 4*(sin(7*x) - 4*sin(6*x) + 7xsin(5*
X) - 15*sin(4x*x) + T*sin(3*x) - 4*sin(2*x) + sin(x))*sin(8*x) - sin(8*x)~2
+ 8% (4*sin(6*x) — 7xsin(b*x) + 15*sin(4*x) - 7*sin(3*x) + 4*sin(2*x) - sin(
x))*sin(7*x) - 4*sin(7*x) "2 + 32*%(7*sin(5*x) - 15*sin(4#*x) + 7*sin(3*x) - 4
*3in(2*x) + sin(x))*sin(6*x) - 64*sin(6*x)”2 + 56*(15*sin(4*x) - T*sin(3*x)
+ 4xsin(2*x) - sin(x))*sin(5*x) - 196*sin(5*x)~2 + 120*(7*sin(3*x) - 4*sin
(2%x) + sin(x))*sin(4*x) - 900*sin(4x*x)”~2 + 56%(4*sin(2*x) - sin(x))*sin(3*
X) — 196*sin(3*x)72 - 64*sin(2*x)~2 + 32*xsin(2*x)*sin(x) - 4*sin(x)”2 + 4xc
os(x) - 1), x) - 2xsin(x))/(cos(x)"2 + sin(x)~2 + 2xcos(x) + 1)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cos(x)”5),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
cos (x)” +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~5),x, algorithm="giac")

[Out] integrate(1/(cos(x)”5 + 1), x)
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381  [———dx

1+cos®(x)

Optimal. Leaf size=83

tan—l(tan(X)) tan—l[ tan®) ] tan—l( tan(2) )
2 ), 1-3-1 N Vi+(-1)2B
3v2 3/1—V3f 31 + (-1)%3

[Out] ArcTan[Tan([x]/Sqrt[2]]1/(3*Sqrt[2]) + ArcTan[Tan[x]/Sqrt[1 - (-1)"(1/3)11/(3
*Sqrt[1 - (-1)7(1/3)]1) + ArcTan[Tan[x]/Sqrt[1 + (-1)7(2/3)11/(3*Sqrt[1 + (-
1)°(2/3)1)

Rubi [A] time = 0.104056, antiderivative size = 103, normalized size of antiderivative =
1.24, number of steps used = 7, number of rules used = 3, integrand size = 8, number of rules

0.375, Rules used = {3211, 3181, 203}

. tan™! (\/1 -v-1 Cot(x)) tan~! ( m cot(x)) tan™! (—Sm(x) cos) )

_ cos2(x)+V2+1

3V2 s - 31+ ()2 3V2

Antiderivative was successfully verified.

integrand size

[In] Int[(1 + Cos[x]"6)"(-1),x]

[Out] x/(3%Sqrt[2]) - ArcTan[Sqrt[1 - (-1)~(1/3)]*Cot[x]]1/(3*Sqrt[1 - (-1)7(1/3)]
) - ArcTan[Sqrt([1 + (-1)7(2/3)]*Cot[x]]/(3*Sqrt[1 + (-1)7(2/3)]) - ArcTan[(
Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]~2)1/(3*Sqrt[2])

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]"2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQl{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff ~2%x"2
), x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, f}, x]
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Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

1 1 1 1 1 1 1
f 1 + cos®(x) ax = 3 f 1 + cos?(x) ax+ 3 f 1 - V-1 cos?(x) ax+ 3 f 1+ (=1)%3 cos?(x) ax
1 1 1 1 1
= - (5 Subst (f 1172 dx, x, cot(x))) ~3 Subst [f - (1 - \3/__1) 2 dx, x, cot(x)) -3 Subst (j

. tan™! (\/1 - \3/—_1 cot(x)) tan~! ( m cot(x)) tan™! (—Cos(x) sin(x) )

1+\/§+cosz(x)

3v2 N = 331 + (—1)23 3v2

Mathematica [A] time = 0.160343, size = 79, normalized size = 0.95

% (_2\/5 tan~! (Lan(x)) +2V2tan™? (tan(x)) +24/3tan™? (M) + log(2 - sin(2x)) — log(sin(2x) + Z

e V2 V3

Antiderivative was successfully verified.

[In] Integratel[(1 + Cos[x]~6)~(-1),x]

[Out] (-2*Sqrt[3]*ArcTan[(1 - 2*Tan[x])/Sqrt[3]] + 2*Sqrt[2]*ArcTan[Tan[x]/Sqrt[2
11 + 2%Sqrt[3]*ArcTan[(1 + 2*Tan[x])/Sqrt[3]] + Logl[2 - Sin[2*x]] - Logl[2 +
Sin[2xx]1)/12

Maple [A] time = 0.02, size = 73, normalized size = 0.9

In ((tan (x))* - tan (x) + 1) \3 2 tan(x)-1)v/3) In ((tan (x))* + tan (x) + 1) \3 (2 tan (x)
B + — arctan 3 - B —arctan| ————

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)76),x)
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[Out] 1/12*%1n(tan(x) " 2-tan(x)+1)+1/6%3"(1/2)*arctan(1/3*x(2*xtan(x)-1)*3"(1/2))-1/1
2x1n(tan(x) " 2+tan(x)+1)+1/6*x3"(1/2)*arctan(1/3*(2xtan(x)+1)*37(1/2))+1/6%*ar

ctan(1/2%tan(x)*2”(1/2))*2~(1/2)

Maxima [A] time = 1.43096, size = 97, normalized size = 1.17

L 3arctan (% \/5(2 tan (x) + 1)) + % V3arctan (% \/5(2 tan (x) — 1)) + % V2 arctan (% V2tan (x)) - % log (tal

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1+cos(x)”6),x, algorithm="maxima")

[Out] 1/6*sqrt(3)*arctan(1/3*sqrt(3)*(2*tan(x) + 1)) + 1/6%sqrt(3)*arctan(1l/3*sqr
t(3)*(2*xtan(x) - 1)) + 1/6%sqrt(2)*arctan(l/2*sqrt(2)*tan(x)) - 1/12*xlog(ta

n(x)"2 + tan(x) + 1) + 1/12%log(tan(x)”2 - tan(x) + 1)

time = 1.67457, size = 463, normalized size = 5.58
32 cos (x)2 -

4+/3 cos (x) sin (x) — \3 ~ l V2 arctan
3 (2 cos (x)* - 1) 12 4 cos (x) sin

Fricas [B]

l \/5 arctan 4 \/§cos () sinz(x) al \/5 + l \/5 arctan
12 3 (2 cos (x)” — 1) 12

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(1+cos(x)"6),x, algorithm="fricas")

[Out] 1/12xsqrt(3)*arctan(1/3*(4*sqrt(3)*cos(x)*sin(x) + sqrt(3))/(2*cos(x)"2 - 1
)) + 1/12xsqrt(3)*arctan(1/3*(4*sqrt(3)*cos(x)*sin(x) - sqrt(3))/(2*cos(x)”
2 - 1)) - 1/12%sqrt(2)*arctan(1/4*(3*sqrt(2)*cos(x)~2 - sqrt(2))/(cos(x)*si
n(x))) - 1/24xlog(-cos(x)”"4 + cos(x)"2 + 2*xcos(x)*sin(x) + 1) + 1/24xlog(-c

0s(x)"4 + cos(x)”"2 - 2*xcos(x)*sin(x) + 1)

time = 0., size = 0, normalized size = 0.

Sympy [F(-1)]

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cos(x)**6),x)

[Out] Timed out

Giac [B] time = 1.172, size = 250, normalized size = 3.01

V3sin (2x) — cos (2x) -
V3cos(2x) + V3 =2 cos

V3sin (2x) + cos (2x) — 2 sin (2x) + 1 ]J + L \/E(x + arctan (—

6 V3cos(2x) + V3 -2 cos(2x) —sin (2x) + 2 6

1
— \/g[x + arctan (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~6),x, algorithm="giac")

[Out] 1/6*sqrt(3)*(x + arctan(-(sqrt(3)*sin(2*x) + cos(2*x) - 2*sin(2*x) + 1)/(sq
rt(3)*cos(2*x) + sqrt(3) - 2*cos(2*x) - sin(2*x) + 2))) + 1/6*sqrt(3)*(x +
arctan(-(sqrt(3)*sin(2xx) - cos(2*x) - 2*sin(2*x) - 1)/(sqrt(3)*cos(2*x) +
sqrt(3) - 2xcos(2*x) + sin(2*x) + 2))) + 1/6*sqrt(2)*(x + arctan(-(sqrt(2)*
sin(2*x) - sin(2*x))/(sqrt(2)*cos(2*x) + sqrt(2) - cos(2xx) + 1))) - 1/12x1
og(tan(x)~2 + tan(x) + 1) + 1/12xlog(tan(x)”2 - tan(x) + 1)
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382  [———dx

1+cos8(x)

Optimal. Leaf size=129

tan™! ( N1- \4/—_1001;(35)) tan™? ( 1+ ﬁcot(x)) tan™! (m Cot(X)) tan ™t (W Cot(X))

— (—1)3/4 —1)3/4
41-v1 41+ A1 - (1 WL+ (DY

[Out] -ArcTan[Sqrt[1 - (-1)~(1/4)]1*Cot[x]]/(4xSqrt[1 - (-1)~(1/4)]) - ArcTan[Sqrt
[1 + (-1)"(1/4)]*Cot[x]]/(4xSqrt[1 + (-1)"(1/4)]) - ArcTan[Sqrt[1l - (-1)~(3
/4)1*Cot [x]]/(4*Sqrt[1 - (-1)"(3/4)]) - ArcTan[Sqrt[1 + (-1)7(3/4)]1*Cot[x]]
/(4xSqrt[1 + (-1)7(3/4)1)

Rubi [A] time = 0.179787, antiderivative size = 129, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 3, integrand size = 8, =

0.375, Rules used = {3211, 3181, 203}

integrand size

tan~! ( 1- \4/—_1cot(x)) tan~! ( 1+ (1/—_1C0t(x)) tan—! (mcot(x)) tan—! (\/1+(T)3/400t(x))

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x]"8)~(-1),x]

[Out] -ArcTan[Sqrt[1 - (-1)~(1/4)]1*Cot[x]]/(4xSqrt[1 - (-1)~(1/4)]) - ArcTan[Sqrt
[1 + (-1)"(1/4)]1*Cot[x]]/(4xSqrt[1 + (-1)"(1/4)]) - ArcTan[Sqrt[1l - (-1)~(3
/4)1*Cot [x]]1/(4xSqrt[1 - (-1)7(3/4)]) - ArcTan[Sqrt[1 + (-1)7(3/4)]1*Cot[x]]
/(4xSqrt[1 + (-1)7(3/4)1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"(n_))"(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]~2/((-1)"((4%*k)/n)*Rt[-(a/b),
n/2]1)), x], {k, 1, n/2}], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
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), x], x, Tanl[e + f*xx]/ff], x]] /; FreeQ[{a, b, e, f}, x]
Rule 203
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

la, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rubi steps

1 1 1 1 1 1 1 1 1

f 1 + cos8(x) ax = 4 f 1 - V=1 cos2(x) dx + 4 f 1+ V=1 cos2(x) ax+ 4 f 1 - (-1)34 cos?(x) dxt 4 f 1+ (-1)3
1 1 1 1 1

- _[Z Subst ( f e dx,x,cot(x))]— 7 Subst [ f T dx,x,cot(x))— 7

tan”! (\/1 -VA cot(x)) tan™! (\/1 +V-1 COW) tan” (V= (- cot(x)) tan” (v

1 41+ 91 W= (1) 4y

Mathematica [C] time = 0.141773, size = 141, normalized size = 1.09

3 -1 sin(2x) 13
2#1” tan (COS(ZX)—#I)_Z#l log (#]

#17 + 7#1° + 21#1° + 35#1* + 1634

S8RootSum |#1% + 8#17 + 28#1° + 56#1° + 326#1* + 56#1° + 28#1° + 8#1 + 1&,

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x]78)~(-1),x]

[Out] 8*RootSum[1 + 8*#1 + 28*#172 + 56*#173 + 326*#174 + 56*#175 + 28*#176 + 8x*#
177 + #178 & , (2%ArcTan[Sin[2*x]/(Cos[2*x] - #1)]*#173 - IxLog[l - 2*Cos[2
*xx]k#1 + #172]x#173) /(1 + 7*#1 + 21*#172 + 163*#173 + 35*#174 + 21*#175 + 7
*#176 + #177) & 1]

Maple [C] time = 0.02, size = 67, normalized size = 0.5

(LR®+3_R*+3_R*+1)In(tan (x) - _R)
R7+3 R°+3_R*+ R

- Y

_R=RootOf(_z%+4_7°+6_7*+4_7%+2)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)"8),x)

[Out] 1/8*sum((_R"6+3* R™4+3*% R™2+1)/(_R~7+3*_R"5+3*% R"3+_R)*1n(tan(x)-_R), R=Roo
t0f (_Z78+4* _Z~6+6%_Z 4+4*x _772+2))

Maxima [F] time = 0., size = 0, normalized size = 0.
1
f —F
cos (x)” +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~8),x, algorithm="maxima")

[Out] integrate(1/(cos(x)"8 + 1), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~8),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)**8),x)



[Out] Timed out

368

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)~8),x, algorithm="giac")

[Out] Exception raised: TypeError
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383 [ ———dx

1-cos®(x)

Optimal. Leaf size=205

%/_ 1—( 1)3/5 2tanh_1 ﬂ 1
2tan™! tan 2tan”! ——)  tan (= %5 | 2tanh ™|, [-2
(\/ T ENT )) wyras G e o) T :

541 — (-1)25 ’ s+ P 5(1 - cos(x)) 5(-1)%5 -1 5v-1 -

[Out] (2*ArcTan[Sqrt[(1 - (-1)7(1/5))/(1 + (-1)7(1/5))1*Tan[x/2]11)/(6%Sqrt[1 - (-
1)7(2/5)]) + (2xArcTan[Sqrt[(1 - (-1)7(3/5))/(1 + (-1)7(3/5))]*Tan[x/2]1)/(
5xSqrt[1 + (-1)~(1/5)]1) - (2*ArcTanh([Tan[x/2]/Sqrt[-((1 - (-1)~(2/5))/(1 +
(-1)7(2/5)))11)/ (5xSqrt[-1 + (-1)"(4/5)]1) + (2xArcTanh[Sqrt[-((1 + (-1)~(4/
5))/(1 - (-1)7(4/5)))1*Tan[x/211)/(5*Sqrt[-1 - (-1)~(3/5)1) - Sin[x]/(5x(1

- Cos[x]))

Rubi [A] time = 0.473475, antiderivative size = 205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 5, integrand size = 10, e =

0.5, Rules used = {3213, 2648, 2659, 205, 208}

-1 tan(%)
-1 | 5\/ - 1-(-1)35 x 2tanh™ | —=2—= . 1
2tan 1|/ t 1 X IV _1
an [ 3 tan ( )) 2tan ( 1)k tan ( 2) sin@) |_ L:;z/s . 2 tanh 1

—+

5W 5 /1 LA ~ 5(1 - cos(x)) 5(-1)%5 -1 5+/—1 -

integrand size

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"5)~(-1),x]

[Out] (2*ArcTan[Sqrt[(1 - (-1)7(1/5))/(1 + (-1)7(1/5))1*Tan[x/2]11)/(5xSqrt[1 - (-
1)7(2/5)1) + (2*%ArcTan[Sqrt[(1 - (-1)7(3/5))/(1 + (-1)7(3/5))1*Tan[x/211)/(
5xSqrt[1 + (-1)7(1/5)]1) - (2*%ArcTanh[Tan[x/2]/Sqrt[-((1 - (-1)7(2/5))/(1 +
(-1)7(2/5)))11) / (6xSqrt[-1 + (-1)"(4/5)]1) + (2xArcTanh[Sqrt[-((1 + (-1)~(4/
5))/(1 - (-1)7(4/5)))1*Tan[x/2]11)/(5*Sqrt[-1 - (-1)"(3/5)]) - Sin[x]/(5*(1

- Cos[x]))

Rule 3213

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
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, ny, x] & (IGtQ[p, 01 || (EqQlp, -1] && IntegerQ[nl))

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + a*Sin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a™2 - b
=2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e™2xx"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQl[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps

1 1 1 1 1
f 1 - cos®(x) = f(5(1 — cos(x)) * 5 (1 + \5/—_1(:os(x)) v 5 (1 - (-1)%° cos(x)) * 5 (1 + (-1)3° cos(x)) * 5 (1 - (=

1 f 1 Jx 4 1 f 1 Iy 4 1 f 1 Jx 4 1 f 1
= - Xx+- | ————dx+ = X+ =
5J 1-cos(x) 5J 1+ V-1cos(x) 5J 1-(-1)%5cos(x) 5J 1+ (-1)% cos(x)

sin(x) + % Subst

1 X 2
= _—5(1 s 5 f i (1 - \5/__1) 2 dx, x, tan(i)] + z Subst [f TR 0

_ tan L
2tan”! 131 tan (f) 2tan”! 1% tan (E) 2tanh”™ f 1—((—2132/5
_ 1+ 2 -1 2 1+(_1)3/5 2 - 1+(_1)2/5

| sl

541 - (-1)%° " 5 m 51 + (-1)%5
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Mathematica [C] time = 0.119013, size = 378, normalized size = 1.84

—i#1°log (#1% - 2#1 cc

1 1
- cot (;f) + ERootsum #18 + 2#17 + 8#1° + 14#1° + 30#1% + 14#1° + 8#1%2 + 2#1 + 1&,

Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]~5)~(-1),x]

[Out] -Cot[x/2]/5 + RootSum[1 + 2%#1 + 8x#172 + 14x#173 + 30%#174 + 14x#175 + 8x*#
176 + 2*#177 + #17°8 & , (2xArcTan[Sin[x]/(Cos[x] - #1)] - IxLogl[l - 2+*Cos[x

Ix#1 + #172] + 8*%ArcTan[Sin[x]/(Cos[x] - #1)]*#1 - (4*I)*Logl[l - 2+*Cos[x]*#

1 + #172]*#1 + 30*ArcTan[Sin[x]/(Cos[x] - #1)]1*#172 - (15%I)*Log[1l - 2x*Cos[
x]*#1 + #172]*#17°2 + 80*ArcTan[Sin[x]/(Cos[x] - #1)]1*#1°3 - (40*I)x*Log[l -

2xCos [x]*#1 + #172]*#173 + 30*ArcTan[Sin[x]/(Cos[x] - #1)]*#174 - (15%I)*Lo

gll - 2xCos[x]*#1 + #172]*#174 + 8xArcTan[Sin[x]/(Cos[x] - #1)]*#175 - (4xI
)*¥Log[1 - 2xCos[x]*#1 + #172]*#175 + 2*ArcTan[Sin[x]/(Cos[x] - #1)]*#176 -
IxLog[1l - 2*Cos[x]*#1 + #172]*#176)/(1 + 8x#1 + 21*#172 + 60*#1°3 + 3b*#174

+ 24x#175 + Tx#176 + 4x#177) & 1/10

Maple [C] time = 0.02, size = 62, normalized size = 0.3

-1 6 4 )
)y e
_R=RootOf(_Z*+10_z*+5) _R"+5_R

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)75),x)

[Out] -1/5/tan(1/2*x)+1/10*sum((_R™6+5* R~4+5% R"2+5)/(_R~7+5% R™3)*1n(tan(1/2xx)
- R), _R=Root0f (_Z"8+10% Z~4+5))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cos(x)~5),x, algorithm="maxima")

[Out] 1/5%(5*(cos(x)"2 + sin(x)”2 - 2xcos(x) + 1)x*integrate(2/5*((cos(7*x) + 4*co
s(6*x) + 15*cos(5*x) + 40*cos(4#*x) + 15*cos(3*x) + 4*cos(2*x) + cos(x))*cos
(8xx) + (16*cos(6*x) + 44xcos(5*x) + 110*cos(4*x) + 44*cos(3*x) + 16*cos(2x*
x) + 4xcos(x) + 1)*cos(7*x) + 2*cos(7*x)"2 + 4% (44*cos(5*x) + 110*cos(4*x)
+ 44*xcos(3*x) + 16xcos(2*x) + 4*cos(x) + 1)*cos(6*x) + 32*cos(6*x)”2 + (101
O*cos(4*x) + 420*cos(3*x) + 176*cos(2*x) + 44*xcos(x) + 15)*cos(5*x) + 210*c
0s8(5%x)72 + 10*(101*cos(3*x) + 44*cos(2*x) + 1l*cos(x) + 4)*cos(4*x) + 1200
*cos (4*x) 72 + (176*xcos(2*x) + 44*cos(x) + 15)*cos(3*x) + 210*cos(3*x)"2 + 4
*(4xcos(x) + 1)*cos(2*xx) + 32%cos(2*x)72 + 2*cos(x)”"2 + (sin(7#*x) + 4*sin(6
*x) + 165*sin(5*x) + 40*sin(4xx) + 15%sin(3*x) + 4*sin(2*x) + sin(x))*sin(8*
X) + 2*x(8*sin(6#*x) + 22*sin(5*x) + 55*sin(4xx) + 22%sin(3*x) + 8*sin(2*x) +
2%sin(x))*sin(7*x) + 2xsin(7*x) "2 + 8*%(22*sin(b*x) + 55*sin(4*x) + 22*sin(
3*x) + 8*sin(2*x) + 2*sin(x))*sin(6*x) + 32*sin(6*x)"2 + 2% (505*sin(4*x) +
210*sin(3*x) + 88*sin(2*x) + 22*sin(x))*sin(b*x) + 210*sin(5*x)~2 + 10%(101
*3in(3*x) + 44*xsin(2*x) + 11xsin(x))*sin(4*x) + 1200*sin(4*x)~2 + 44%(4*sin
(2*x) + sin(x))*sin(3*x) + 210*sin(3*x) "2 + 32*sin(2*x)~2 + 16xsin(2+*x)*sin
(x) + 2%sin(x) "2 + cos(x))/(2x(2*xcos(7*x) + 8*cos(6*x) + 14xcos(5*x) + 30%*c
0os(4*x) + 14*cos(3*x) + 8*xcos(2*x) + 2*cos(x) + 1)*cos(8*x) + cos(8*x)"2 +
4% (8*cos(6*x) + 14*cos(5*x) + 30*cos(4*x) + 14*cos(3*x) + 8*cos(2*x) + 2*co
s(x) + 1)*cos(7*x) + 4*xcos(7*x)"2 + 16*(14*cos(5*x) + 30*cos(4*x) + 14*cos(
3*x) + 8*cos(2*x) + 2xcos(x) + 1)*cos(6*x) + 64*xcos(6xx)"2 + 28+ (30*cos(4x*x
) + 14xcos(3*x) + 8*cos(2*x) + 2xcos(x) + 1)*cos(5*x) + 196*cos(5*x)"2 + 60
*(14*cos(3*x) + 8*cos(2*x) + 2*xcos(x) + 1)*cos(4*x) + 900*cos(4*x)"2 + 28x(
8*cos(2*x) + 2*cos(x) + 1)*cos(3*x) + 196*cos(3*x)"2 + 16*(2*cos(x) + 1)*co
s(2xx) + 64*cos(2*x)"2 + 4xcos(x)"2 + 4x(sin(7*x) + 4*sin(6%*x) + 7*sin(5*x)
+ 16*sin(4*x) + 7*sin(3*x) + 4*sin(2*x) + sin(x))*sin(8*x) + sin(8*x)~2 +
8% (4*sin(6*x) + 7*xsin(5*x) + 15*sin(4*x) + 7*sin(3*x) + 4*sin(2*x) + sin(x)
)*sin(7*x) + 4*xsin(7+*x)7"2 + 32%(7*sin(5*x) + 15*sin(4*x) + 7*sin(3%*x) + 4x*s
in(2*x) + sin(x))*sin(6*x) + 64*sin(6*x)"2 + 56%(15*sin(4*x) + 7*sin(3*x) +
4xsin(2*x) + sin(x))*sin(5*x) + 196*sin(5*x)~2 + 120%(7*sin(3*x) + 4*sin(2
*x) + sin(x))*sin(4*x) + 900*sin(4*x)~2 + 56*(4*sin(2*x) + sin(x))*sin(3%*x)
+ 196*sin(3*x) "2 + 64*sin(2*x) "2 + 32*sin(2*x)*sin(x) + 4*sin(x)”2 + 4x*cos
(x) + 1), x) - 2¢sin(x))/(cos(x)"2 + sin(x)"2 - 2*cos(x) + 1)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(1-cos(x)~5),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
J——
cos(x)” -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~5),x, algorithm="giac")

[Out] integrate(-1/(cos(x)75 - 1), x)
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384  [———dx

1—cos®(x)

Optimal. Leaf size=71

q

_cot(x) tan™ ( T+ \/—_1(:0t(x)) ~ tan™! (\/1 - (-1)%3 cot(x))

: = W=

[Out] -ArcTan[Sqrt[1 + (-1)7(1/3)]1*Cot[x]]/(3*Sqrt[1 + (-1)~(1/3)]) - ArcTan[Sqrt
[1 - (-1)7(2/3)]1*Cot[x]]/(3*Sqrt[1 - (-1)7(2/3)]) - Cot[x]/3

Rubi [A] time = 0.118622, antiderivative size = 71, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 10, e -

0.6, Rules used = {3211, 3181, 203, 3175, 3767, 8}

integrand size

_COt(x) ) tan™! (1 1+ \3/—_1(:0’6(36)) ) tan~! ( /1 _ (_1)2/3 COt(X))

3 341+ V1 3L - (-1

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"6)"(-1),x]

[Out] -ArcTan[Sqrt[1 + (-1)7(1/3)]1*Cot[x]]/(3*Sqrt[1 + (-1)~(1/3)]) - ArcTan[Sqrt
[1 - (-1)7(2/3)]1*Cot[x]]1/(3*Sqrt[1 - (-1)7(2/3)]) - Cot[x]/3

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x]]1 /; FreeQ[{a, b, e, £}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2*xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, £}, x]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a"p, Int[ActivateTriglu*cosle + f*x]1~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] & EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol]l :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

1 1 1
f 1- cos6(x) ~3 fl - cosz(x) 3 f 1+ V-1 cos2(x) ax+ 3 f 1 - (-1)%3 cos?(x) ax
1

L [ eoctey - | 1 -3
=3 fcsc (x) dx 3 Subst [fl " (1 " \3/__1) 2 dx,x,cot(x)) 3 Subst (fl N (1 _(_1)2/3) 2

tan™! ( 1+ \/_1cot(x)) tan-! (mcot(x)) 1
__ — = Subst( f 1dx, x, cot(x))
—(-1)?B 3

tan ™! (MCOt(X)) tan ™" (\/HT)ZBCOWC)) cot(x)

— (-1)%3 3

Mathematica [C] time = 0.264715, size = 117, normalized size = 1.65

2

sin(x)(8 cos(2x) + cos(4x) + 15) (6 cos(x) + iv-3 (\/§ + 31') sin(x) tan™! (lf/jé (\/§ - i) tan(x)) +-3 (\/§ - 31') Sii

144 (cos6(x) - 1)
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Antiderivative was successfully verified.

[In] Integrate[(1 - Cos[x]"6)~(-1),x]

[Out] ((15 + 8*Cos[2*x] + Cos[4*x])*Sin[x]*(6*Cos[x] + I*(-3)7(1/4)*(3*xI + Sqrt[3
D *ArcTan[((-1/3)7(1/4)*(-I + Sqrt[3])*Tan[x])/2]*Sin[x] + (-3)~(1/4)*(-3*I

+ Sqrt [3])*xArcTan[((-1)~(3/4)*(I + Sqrt([3])*Tan[x])/(2%37(1/4))]1*Sin[x]))/

(144x (-1 + Cos[x]76))

Maple [B] time = 0.092, size = 233, normalized size = 3.3

, \/5\/2\/5—31n((tan(x))2+tan(x)\/2\/§—3+\/5) 1 2 tan(x) +42V3 -3
- - + arctan -
3 tan (x) 36 3423 +3 \2V3+3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)”6),x)

[Out] -1/3/tan(x)-1/36%3"(1/2)*(2*37(1/2)-3)"(1/2)*1n(tan(x) "2+tan(x)*(2x37(1/2) -
3)7(1/2)+37(1/2))+1/3/(2%37(1/2)+3) " (1/2) *arctan((2*tan(x)+(2%37(1/2)-3)~(1
/2))/(2%37(1/2)+3)~(1/2))+1/6/(2%37(1/2)+3) " (1/2) *arctan ((2*tan(x)+(2%3~(1/
2)-3)7(1/2))/(2%37(1/2)+3)~(1/2))*37(1/2)+1/36%3~(1/2) *(2%37(1/2)-3) ~(1/2) *
In(tan(x)"2-tan(x)*(2%37(1/2)-3)"(1/2)+37(1/2))+1/3/(2%¥37(1/2)+3) " (1/2) *xarc
tan((2*xtan(x)-(2%37(1/2)-3)7(1/2))/(2%x37(1/2)+3)~(1/2))+1/6/ (2%x37(1/2)+3) ~(
1/2)*arctan((2xtan(x)-(2%37(1/2)-3)"(1/2))/(2%37(1/2)+3)~(1/2))*3~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)”"6),x, algorithm="maxima"

[Out] 1/3%(3*(cos(2*x)"2 + sin(2%x)72 - 2*cos(2*x) + 1)*integrate(1/3*((cos(3*x)
+ 4xcos(2*x) + cos(x))*cos(4*x) + (14*xcos(2*x) + 4*cos(x) + 1)*cos(3*x) + 2
xcos (3*x) "2 + 2% (7T*cos(x) + 2)*cos(2*x) + 24*xcos(2*x)"2 + 2*xcos(x)”"2 + (sin
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(3*x) + 4%sin(2*x) + sin(x))*sin(4*x) + 2% (7*sin(2*x) + 2*sin(x))*sin(3*x)
+ 2*%sin(3*x) 72 + 24xsin(2*x) "2 + 14*sin(2*x)*sin(x) + 2*sin(x)~2 + cos(x))/
(2% (2%cos(3*x) + 6*cos(2*xx) + 2xcos(x) + 1)*cos(4*x) + cos(4*xx)"2 + 4*(6*co
s(2%x) + 2*cos(x) + 1)*cos(3*x) + 4*cos(3*x)72 + 12*x(2xcos(x) + 1)*cos(2*x)
+ 36*cos(2*x) 72 + 4xcos(x)"2 + 4*(sin(3*x) + 3*sin(2+*x) + sin(x))*sin(4*x)
+ sin(4*x)~2 + 8*(3*sin(2*x) + sin(x))*sin(3*x) + 4*sin(3*x)~2 + 36*sin(2*
x)72 + 24xsin(2*x)*sin(x) + 4*sin(x)”"2 + 4x*xcos(x) + 1), x) - 3*(cos(2xx) "2
+ 8in(2x%x) "2 - 2%cos(2*x) + 1)xintegrate(-1/3*((cos(3*x) - 4*cos(2xx) + cos
(x))*cos(4*x) + (14*cos(2*x) - 4xcos(x) + 1)*cos(3*x) - 2*cos(3*x)7~2 + 2% (7
*cos(x) - 2)*cos(2*x) — 24xcos(2*x)72 - 2*cos(x)72 + (sin(3*x) - 4*sin(2*x)
+ sin(x))*sin(4*x) + 2x(7*sin(2*x) - 2*sin(x))*sin(3*x) - 2*sin(3*x)"2 - 2
4*xsin (2*x) "2 + 14*sin(2*x)*sin(x) - 2*sin(x)”2 + cos(x))/(2*(2*cos(3*x) - 6
*cos (2*x) + 2*cos(x) - 1)*cos(4#*x) - cos(4*x)72 + 4*x(6*xcos(2xx) - 2*cos(x)
+ 1)*cos(3*x) — 4*xcos(3*x)72 + 12*(2*cos(x) - 1)*cos(2*x) - 36*cos(2*x)"2 -
4xcos(x)72 + 4x(sin(3*x) - 3*sin(2*x) + sin(x))*sin(4*x) - sin(4*x)”2 + 8%
(3*sin(2*x) - sin(x))*sin(3*x) - 4*sin(3*x)"2 - 36*sin(2*x)”"2 + 24xsin(2*x)
*sin(x) - 4*xsin(x)”"2 + 4xcos(x) - 1), x) - 2*sin(2*x))/(cos(2*x)~2 + sin(2%
x)72 - 2xcos(2*x) + 1)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)"6),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**6),x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

1
J——
cos(x)” -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)”6),x, algorithm="giac")

[Out] integrate(-1/(cos(x)"6 - 1), x)
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385 [ ———dx

1—cos8(x)
Optimal. Leaf size=89

_ ; _ - _1 [ sin(x)cos(x)
x_ cot(x) tan™! (Vl —zcot(x)) tan™! (\/1 + zcot(x)) B tan (—cosz(x)+\/§+1)

42 4 NI AN+ 42

[Out] x/(4xSqrt[2]) - ArcTan[Sqrt[1 - I]*Cot([x]]/(4*Sqrt[1 - I]) - ArcTan[Sqrt[1
+ I]*Cot[x]]/(4xSqrt[1 + I]) - ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]
~2)]/(4xSqrt[2]) - Cot[x]/4

Rubi [A] time = 0.0773313, antiderivative size = 89, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 10, number of rules_

integrand size
0.6, Rules used = {3211, 3181, 203, 3175, 3767, 8}

- ' - ; ~1 ( Sinw) cos(x)
x  cot(x) tan ! (Vl —1cot(x)) tan™! (\/1 + zcot(x)) B tan (cosz(x)+\/§+1)

2 4 ANI—i N 12

Antiderivative was successfully verified.

[In] Int[(1 - Cos[x]"8)"(-1),x]

[Out] x/(4xSqrt[2]) - ArcTan[Sqrt[1 - I]*Cot([x]]/(4*Sqrt[1 - I]) - ArcTan[Sqrt[1
+ I]*Cot[x]]/(4xSqrt[1 + I]) - ArcTan[(Cos[x]*Sin[x])/(1 + Sqrt[2] + Cos[x]
~2)]/(4xSqrt[2]) - Cot[x]/4

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]~2/((-1)"((4%*k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x1]1 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff~2%xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 203
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a"p, Int[ActivateTriglu*cosle + f*x]1~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] & EqQla + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol]l :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

f L 1f ! d+1f ! d+1f ! dx+1f LIRS
_— = - —aXx _ —aXx _ _— _ _—m
1 - cos®(x) Tl ac cos?(x) 4J 1-icos?(x) 4J 1+icos?(x) 4J 1+ cos?(x)

1, 1 1 1 1
=1 fcsc (x) dx — i Subst (f T+ d-0a dx, x, cot(x)) 1 Subst (f T+ d+ 02 dx, x, cot(x))

; _ - —1( cos(x)sin(x)
X tan™! (\/1 - zcot(x)) B tan™! (\/1 + zcot(x)) B tan (—1+x/§+c052(x))

42 41-i A1 +i 442

cos(x) sin(x)

_ - 411 Subst(fl dx, x,

x  tan’! (\/1 -~ icot(x)) tan™! (\/1 + icot(x)) tan™ (m) cot(x)

NG aM1—i a1 +i 42

Mathematica [A] time = 0.144539, size = 64, normalized size = 0.72

2tan™! (tan(x)) 2tan! (tan(x))
1 = ; t
— Vi + Vibi +V2tan™ (M) — 2 cot(x)
8 1-i Vi+i V2

Antiderivative was successfully verified.

4
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[In] Integrate[(1 - Cos[x]78)~(-1),x]

[Out] ((2*ArcTan[Tan([x]/Sqrt[1 - I1])/Sqrt[l - I] + (2xArcTan[Tan[x]/Sqrt[1 + I]]
)/Sqrt[1 + I] + Sqrt[2]*ArcTan[Tan[x]/Sqrt[2]] - 2*Cot[x])/8

Maple [B] time = 0.034, size = 246, normalized size = 2.8

, V24/-2 +2421n ((tan(x))z—tan(x) \/—2+2\/§+ \/E) V2 2 tan (x) — /-2 +
- + + arctan
4 tan (x) 32 8+/2V2+2 V2V2+2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cos(x)"8),x)

[Out] -1/4/tan(x)+1/32%27(1/2)*(-2+2%2~(1/2))~(1/2)*1n(tan(x) "2-tan(x) *(-2+2%2~ (1
/2))"(1/2)+27(1/2))+1/8/ (2%27 (1/2)+2) " (1/2) *arctan((2*tan(x) - (-2+2x27(1/2))
~(1/2))/7(2x27(1/2)+2) " (1/2))*27(1/2)+1/4/ (2x2~(1/2)+2) " (1/2) *arctan ((2*tan(
x)=(=2+2x27(1/2))~(1/2))/ (2%27(1/2)+2)~(1/2))-1/32*27 (1/2) * (=2+2x27(1/2) ) ~(
1/2)*1n(tan(x) “2+tan(x) * (-2+2*%27(1/2))~(1/2)+27(1/2))+1/8/ (22~ (1/2)+2)~(1/
2)*arctan((2xtan(x)+(=2+2%27(1/2))~(1/2)) /(2*27(1/2)+2) ~(1/2))*2~ (1/2)+1/4/
(2%27(1/2)+2) " (1/2)*arctan((2*xtan (x)+(-2+2%27(1/2))~(1/2))/ (2*2~(1/2)+2)~ (1
/2))+1/8*%arctan(1/2%tan(x)*2~(1/2))*2~(1/2)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~8),x, algorithm="maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~8),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)**8),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[——
cos(x)” -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cos(x)~8),x, algorithm="giac")

[Out] integrate(-1/(cos(x)"8 - 1), x)
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386 [ gy

1+cos2(x)

Optimal. Leaf size=17
1
5 log (cos2(x) + 1) — log(cos(x))

[Out] -Logl[Cos[x]] + Logll + Cos[x]~2]/2

Rubi [A] time = 0.0290009, antiderivative size = 17, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 11, e -

integrand size
0.364, Rules used = {3194, 36, 29, 31}

1
5 log (cosz(x) + 1) —log(cos(x))

Antiderivative was successfully verified.

[In] Int[Tan([x]/(1 + Cos[x]"2),x]
[Out] -Logl[Cos[x]] + Logl[l + Cos[x]~2]/2

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"2)"(p_.)*tanl[(e_.) + (£_.)*(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x"((m - 1)/2)*(a + bxff*x)"p)/(1 - ff*x)"((m + 1
)/2), x], x, Sinle + f*xx]72/ff], x]] /; FreeQl[{a, b, e, f, p}, x] && Intege
rQ[(m - 1)/2]

Rule 36

Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], x]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rubi steps

tan(x) 1 1
1+ cos2(x) dx = - (E Subst (f A+ dx, x, Cosz(x)))

__(1 1 2 1 1 2
= (2 Subst (f " dx, x, cos (x))) + > Subst (f Tz dx, x, cos (x))

= —log(cos(x)) + %108; (1 + COSZ(X))

Mathematica [A] time = 0.0077098, size = 17, normalized size = 1.

% log (cosz(x) + 1) —log(cos(x))

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/(1 + Cos[x]~2),x]

[Out] -LoglCos[x]] + Logll + Cos[x]~2]/2

Maple [A] time = 0.032, size = 16, normalized size = 0.9

In (1 + (cos (x))z)
2

—In (cos (x)) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1+cos(x)”~2),x)

[Out] -1n(cos(x))+1/2%1n(1+cos(x)"2)

Maxima [A] time = 0.93429, size = 26, normalized size = 1.53

—% log (sin (x)2 - 1) + % log (sin (x)2 - 2)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1l+cos(x)”2),x, algorithm="maxima"

[Out] -1/2%log(sin(x)”2 - 1) + 1/2*log(sin(x)"2 - 2)

385

Fricas [A] time = 2.24942, size = 59, normalized size = 3.47

1 1 , 1
> log (E cos (x)” + 5) —log (= cos (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+cos(x)~2),x, algorithm="fricas")

[Out] 1/2%log(1/2*cos(x)”2 + 1/2) - log(-cos(x))

Sympy [F] time = 0., size = 0, normalized size = 0.
f tan (x) p
cos? (x) +1 ¥

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l+cos(x)**2),x)

[Out] Integral(tan(x)/(cos(x)**2 + 1), x)

Giac [A] time = 1.18429, size = 23, normalized size = 1.35

% log (COS () + 1) - % log (COS (X)Z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l+cos(x)~2),x, algorithm="giac")

[Out] 1/2*log(cos(x)"2 + 1) - 1/2*log(cos(x)~2)
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3.87 [ Va +bcos?(x) tan(x) dx

Optimal. Leaf size=40

Vatanh™ (%OSZ(X)) —a + b cos?(x)
a

[Out] Sqrt[a]*ArcTanh[Sqrt[a + b*Cos[x]~2]/Sqrtl[al] - Sqrtl[a + b*Cos[x]~2]

Rubi [A] time = 0.0627249, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, L

integrand size
0.267, Rules used = {3194, 50, 63, 208}

Vatanh™ (%OSZ(X)) —a + bcos?(x)
a

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cos[x]~2]*Tan[x],x]
[Out] Sqrt[al*ArcTanh[Sqrt[a + b*xCos[x]~2]/Sqrt[al]] - Sqrtl[a + b*Cos[x]~2]

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"2)"(p_.)*tanl[(e_.) + (£_.)*x(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x"((m - 1)/2)*(a + bxff*x)"p)/(1 - ff*xx)"((m + 1
)/2), x], x, Sinle + f*xx]72/ff], x]] /; FreeQ[{a, b, e, f, p}, x] && Intege
rQ[(m - 1)/2]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - a*xd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && ! (IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

f vVa + bcos?(x) tan(x) dx = — (% Subst [f a;— bx dx, x, COSZ(X)J]
1 1
= —va + bcos?(x) — —a Subst (
) 2 f xVa + bx
a Subst (f ! dx,x,\Ja+b cosz(x)]

dx, x, cosz(x))

_ Na T oo - e
= Vatanh™ (—'wrli/_(mz(x)) —+/a + bcos?(x)
a

Mathematica [A] time = 0.026397, size = 40, normalized size = 1.

Vatanh™ (%osz(x)) —/a + b cos?(x)
a

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cos[x]~2]*Tan[x],x]

[Out] Sqrtlal*ArcTanh[Sqrt[a + b*Cos[x]~2]/Sqrtla]] - Sqrtl[a + b*Cos[x]~2]

Maple [A] time = 0.018, size = 43, normalized size = 1.1

—+Ja + b(cos (x) 24 \aln (co;(x) (Za +2+/ayJa + b(cos (x))z))
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcos(x)~2)"(1/2)*tan(x),x)

[Out] -(a+bxcos(x)~2)"(1/2)+a~(1/2)*1n((2*a+2*a~(1/2) *(a+b*cos(x)~2)~(1/2))/cos(x
))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(1/2)*tan(x),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 3.37192, size = 243, normalized size = 6.08

1 bcos(x)2+2\/bcos(x)2+a a+2a \/bcos(x)2+a —-a ,
—alog Va —+J/bcos (x)2 +a,—V-aarctan . Ve — /b cos (x)

2 cos (x)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(1/2)*tan(x),x, algorithm="fricas")

[Out] [1/2x*sqrt(a)*log((bxcos(x)~2 + 2*xsqrt(bxcos(x)~2 + a)*sqrt(a) + 2*a)/cos(x)
~2) - sqrt(b*cos(x)"2 + a), -sqrt(-a)*arctan(sqrt(b*cos(x)”2 + a)*sqrt(-a)/
a) - sqrt(b*cos(x)"2 + a)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f vVa + bcos? (x) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*cos(x)**2)**(1/2)*tan(x),x)

[Out] Integral(sqrt(a + b*cos(x)**2)*tan(x), x)

Giac [A] time = 1.14544, size = 51, normalized size = 1.27

¢ \lbcos(x)2+a
aarctan e : -
- -+ +
= cos(x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~2)~(1/2)*tan(x),x, algorithm="giac")

[Out] -axarctan(sqrt(b*cos(x)~2 + a)/sqrt(-a))/sqrt(-a) - sqrt(b*cos(x)"2 + a)
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3.88 [ V1 = cos?(x) tan(x) dx

Optimal. Leaf size=20

tanh ™ (\/Sinz(x)) - \/sinz(x)

[Out] ArcTanh[Sqrt[Sin[x]~2]] - Sqrt[Sin([x]~2]

Rubi [A] time = 0.0505617, antiderivative size = 20, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, L

integrand size
0.333, Rules used = {3176, 3205, 50, 63, 206}
tanh ™ (\/sinz(x)) - \/sinz(x)

Antiderivative was successfully verified.

[In] Int[Sqrt[1l - Cos[x]~2]*Tan[x],x]

[Out] ArcTanh[Sqrt[Sin[x]~2]] - Sqrt[Sin([x]~2]

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3205

Int[((b_.)*sin[(e_.) + (f_)*(x_)]1"(n_)) (p_.)*tan[(e_.) + (f_.)*(x_)] " (m_.
), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m + 1
)/2)/(2xf), Subst[Int[(x~((m - 1)/2)*(b*ff~(n/2)*x~(n/2))"p)/(1 - ff*x)~((m
+ 1)/2), x], x, Sinl[e + f*x]72/ff], x]] /; FreeQ[{b, e, f, p}, x] && Integ
erQ[(m - 1)/2] && IntegerQ[n/2]

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
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[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator [m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

f 1~ cos2(x) tan(x) dx = f \/m tan(x) dx
_ % Subst ( f % dx, x, sinz(x))
- _M + %Subst ( f T _i) R sinz(x))
= —\Jsin?(x) + Subst (f1—1—x2 dx, x, M)
= tanh ™ (\/sinz(x)) - \/sinz(x)

Mathematica [B] time = 0.0292728, size = 47, normalized size = 2.35

sinz(x)(— csc(x)) (sin(x) + log (cos (;) —sin (;—C)) —log (sin (;—C) + cos (g)))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - Cos[x]~2]*Tanl[x],x]

[Out] -(Csc[x]*Sqrt[Sin[x]~2]*(LoglCos[x/2] - Sin[x/2]] - Logl[Cos[x/2] + Sin[x/2]
1 + S8in[x]))
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Maple [A] time = 0.413, size = 17, normalized size = 0.9

~/(sin (x))® + Artanh 1

(sin (x))*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1l-cos(x)~2)~(1/2)*tan(x),x)

[Out] -(sin(x)~2)~(1/2)+arctanh(1/(sin(x)"2)~(1/2))

Maxima [B] time = 1.49755, size = 63, normalized size = 3.15

1 (_1)2 sin(x) log (_L(x)) + % (_1)2 sin(x) log (_L(x)) _ ,Sin (X)2

2 sin (x) +1 sin (x) —1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cos(x)~2)~(1/2)*tan(x),x, algorithm="maxima")

[Out] 1/2%(-1)~(2*sin(x))*log(-sin(x)/(sin(x) + 1)) + 1/2x(-1)"(2*sin(x))*log(-si
n(x)/(sin(x) - 1)) - sqrt(sin(x)~2)

Fricas [A] time = 1.68795, size = 72, normalized size = 3.6

% log (sin (x) +1) — % log (- sin (x) + 1) — sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cos(x)~2)~(1/2)*tan(x),x, algorithm="fricas")

[Out] 1/2*log(sin(x) + 1) - 1/2%log(-sin(x) + 1) - sin(x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f V= (cos (x) — 1) (cos (x) + 1) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cos(x)**2)**(1/2)*tan(x),x)

[Out] Integral(sqrt(-(cos(x) - 1)*(cos(x) + 1))*tan(x), x)

Giac [B] time = 1.15621, size = 61, normalized size = 3.05
[ 1 [ 1 [
- —cos(x)2+1+§log( —cos(x)2+1+1)—§log(— —cos(x)2+1+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cos(x)~2)~(1/2)*tan(x),x, algorithm="giac")

[Out] -sqrt(-cos(x)~2 + 1) + 1/2xlog(sqrt(-cos(x)”2 + 1) + 1) - 1/2xlog(-sqrt(-co
s(x)72 + 1) + 1)
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tan(x)
3.89 d
f \a+b cos?(x) x

Optimal. Leaf size=25

-1 [ Va+bcos?(x)

\/E

[Out] ArcTanh[Sqrt[a + b*Cos[x]~2]/Sqrt[al]/Sqrt[al

Rubi [A] time = 0.0599249, antiderivative size = 25, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e

0.2, Rules used = {3194, 63, 208}

integrand size

—1 ( a+bcos?(x)
tanh (—\/E )

\/E

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrtla + bx*Cos[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Cos[x]~2]/Sqrt[all/Sqrt[al

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_.)*tanl[(e_.) + (f_.)*(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x~((m - 1)/2)*(a + b*xff*x)"p)/(1 - ff*x)"((m + 1
)/2), x], x, Sinl[e + fxx]~2/ff], x]] /; FreeQ[{a, b, e, f, p}, x] && Intege
rQ[(m - 1)/2]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

tan(x) 1
Sub ————dx, x, cos?
f \a+ bcosz(x ( ubst (f xVa + bx T eo8 (x)))
Subst (f ﬂl — dx,x,\a + bcosz(x)]

—_ AN
b
tanh_l (\/a+bcosz(x))

_ Vi
va

Mathematica [A] time = 0.0123528, size = 25, normalized size = 1.
\a+b cos?(x) )

va
N7

tanh ™ (

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[a + b*Cos[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Cos[x]~2]/Sqrt[al]l/Sqrt[a]

Maple [A] time = 0.02, size = 30, normalized size = 1.2
(2 a +2arla + b(cos (x))Z)) 1
\/_

Verification of antiderivative is not currently implemented for this CAS.

) 1
. ( cos (x)

[In] int(tan(x)/(a+b*cos(x)~2)~(1/2),x)

[Out] 1/a”(1/2)*1n((2*a+2*a”(1/2)*(a+b*xcos(x)~2)"(1/2))/cos(x))
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 2.12165, size = 184, normalized size = 7.36

log b cos(x)2+2 Vb cos(x)2+u\/E+2 a J \/_—a arctan [ b cos();)2+a\/——a)

cos(x)2

2+/a ’ a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2%1log((bxcos(x)”~2 + 2xsqrt(bxcos(x)”2 + a)*sqrt(a) + 2*a)/cos(x)”~2)/sqrt
(a), -sqrt(-a)*arctan(sqrt(b*cos(x)~2 + a)*sqrt(-a)/a)/al

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (x)

———dx
Va + b cos? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atbxcos(x)**2)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a + b*cos(x)**2), x)
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Giac [A] time = 1.15484, size = 32, normalized size = 1.28

\/b cos(x)2+a)

arctan ( War
N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~2)~(1/2),x, algorithm="giac")

[Out] -arctan(sqrt(b*cos(x)”~2 + a)/sqrt(-a))/sqrt(-a)
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tan(x)
3.90
f \/1+cosz(x

Optimal. Leaf size=11
tanh™ (\/COSZ(X) + 1)

[Out] ArcTanh[Sqrt[1 + Cos[x]~2]]

Rubi [A] time = 0.0352519, antiderivative size = 11, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 13, number of rules _

0.231, Rules used = {3194, 63, 207}

tanh ™ (\/cosz(x) + 1)

integrand size

Antiderivative was successfully verified.

[In] Int[Tan([x]/Sqrt[1l + Cosl[x]~2],x]

[Out] ArcTanh[Sqrt[1 + Cos[x]~2]]

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_.)*tanl[(e_.) + (f_.)*(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x"((m - 1)/2)*(a + bxff*x)"p)/(1 - ff*x)"((m + 1
)/2), x], x, Sinle + f*xx]72/ff], x]] /; FreeQl[{a, b, e, f, p}, x] && Intege
rQ[(m - 1)/2]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a



, 01 |l GtQ[b, 01)

Rubi steps

tan(x) 1
S b —d 7% 2
f V1+ cosz(x ( bt (f xV1 +x T e08 (x)))
= —Subst ( L 5 dx, x, V1 + cosZ(x))

-1+x

= tanh™’ (\/MT(X))

Mathematica [A] time = 0.0103894, size = 11, normalized size = 1.

tanh™" (m)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[1 + Cos[x]~2],x]

[Out] ArcTanh[Sqrt[1 + Cos[x]~2]]
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Maple [A] time = 0.019, size = 10, normalized size = 0.9

1

Artanh| ————
/1 + (cos (x))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1l+cos(x)"2)"(1/2),x)

[Out] arctanh(1/(1+cos(x)~2)"(1/2))

Maxima [B] time = 1.45679, size = 81, normalized size = 7.36

1 \/—sin(x)2+2 1 1 \/—sin(x)2+2
-1(+ = log| -

1

2 08 sin (x) +1 +sin(x)+1 2 sin (x) -1 _sin(x)—l

+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l+cos(x)~2)7(1/2),x, algorithm="maxima"

[Out] 1/2*log(sqrt(-sin(x)~2 + 2)/(sin(x) + 1) + 1/(sin(x) + 1) - 1) + 1/2xlog(-s
qrt(-sin(x)"2 + 2)/(sin(x) - 1) - 1/(sin(x) - 1) + 1)

Fricas [A] time = 1.87163, size = 51, normalized size = 4.64

\/cos (x)2 +1+1

cos (x)

log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l+cos(x)~2)7(1/2),x, algorithm="fricas")

[Out] log((sqrt(cos(x)”2 + 1) + 1)/cos(x))

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x)
Veos? (x) +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l+cos(x)**2)**(1/2),x)

[Out] Integral(tan(x)/sqrt(cos(x)**2 + 1), x)

Giac [B] time =1.16387, size = 36, normalized size = 3.27
1 [ 2 1 [ 2
Elog( cos (x) +1+1)—§10g( cos (x) +1—1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(x)/(l+cos(x)”~2)7(1/2),x, algorithm="giac")

[Out] 1/2*log(sqrt(cos(x)”2 + 1) + 1) - 1/2xlog(sqrt(cos(x)"2 + 1) - 1)
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tan(x)
3.91 f V1- COSZ(X

Optimal. Leaf size=9

tanh ™! (\/sinz(x))

[Out] ArcTanh[Sqrt[Sin[x]~2]]

Rubi [A] time = 0.0529505, antiderivative size = 9, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e -

0.267, Rules used = {3176, 3205, 63, 206}
tanh ™" (\/sinz(x))

Antiderivative was successfully verified.

integrand size

[In] Int[Tan[x]/Sqrt[l - Cosl[x]~2],x]

[Out] ArcTanh[Sqrt[Sin[x]~2]]

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axcos[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3205

Int[((b_.)*sin[(e_.) + (f_)*(x_)]1"(n_)) " (p_.)*tan[(e_.) + (f_.)*(x_)] " (m_.
), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x]~2, x]}, Dist[ff~((m + 1
)/2)/(2x£), Subst[Int[(x~((m - 1)/2)*(b*ff~(n/2)*x~(n/2))"p)/(1 - ff*x)~((m
+ 1)/2), x], x, Sinl[e + f*x]72/ff], x]] /; FreeQ[{b, e, f, p}, x] && Integ
erQ[(m - 1)/2] && IntegerQ[n/2]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - D*(c - (axd)/b +
(d*x"p)/b)7n, x], x, (a + b*xx)"(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
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[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt

Qla, 0] Il LtQ[b, 01)

Rubi steps

f tan(x) tan(x)

V1 —cosz(x lin2 (x
_ = .2
=3 Subst (f i x)\/E dx, x,sin (x))

= Subst (f 1—1—x2 dx, x, \/sinz(x))
= tanh ™" (\/Sinz(x))

Mathematica [B] time = 0.0211138, size = 44, normalized size = 4.89

sin(x) (log (sin (3) + cos (7)) -~ log (cos (3) ~sin (3)))

\/sin (x)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[1 - Cos[x]~2],x]

[Out] ((-Logl[Cos[x/2] - Sin[x/2]] + LoglCos[x/2] + Sin[x/2]1)*Sin[x])/Sqrt[Sin[x]
~2]

Maple [A] time = 0.21, size = 8, normalized size = 0.9

Artanh

I S
\(sin (1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1l-cos(x)~2)~(1/2),x)

[Out] arctanh(1/(sin(x)~2)"(1/2))

Maxima [B] time = 1.46874, size = 53, normalized size = 5.89

1 132 sin(x) _ sin (x) 1 _ 132 sin(x) _ sin (x)
2( D lo ( sin(x)+1)+2( D log( sin(x)—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l-cos(x)~2)7(1/2),x, algorithm="maxima")

[Out] 1/2%(-1)"(2*sin(x))*log(-sin(x)/(sin(x) + 1)) + 1/2x(-1)"(2*sin(x))*log(-si
n(x)/(sin(x) - 1))

Fricas [B] time = 1.7012, size = 59, normalized size = 6.56

% log (sin (x) +1) — % log (- sin (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(l-cos(x)~2)7(1/2),x, algorithm="fricas")

[Out] 1/2*log(sin(x) + 1) - 1/2*log(-sin(x) + 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x) i
/= (cos (x) = 1) (cos (x) +1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1-cos(x)**2)**(1/2),x)
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[Out] Integral(tan(x)/sqrt(-(cos(x) - 1)*(cos(x) + 1)), x)

Giac [B] time = 1.17142, size = 45, normalized size = 5.
1 2 1 2
Elog —cos(x)"+1+1 —Elog —/—cos(x)"+1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1l-cos(x)~2)7(1/2),x, algorithm="giac")

[Out] 1/2*log(sqrt(-cos(x)"2 + 1) + 1) - 1/2xlog(-sqrt(-cos(x)"2 + 1) + 1)
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3
392 [0 gy

a+b cos3(x)

Optimal. Leaf size=153

; ; 025 g ( 22 Vbcosty)
b3 log (a2/3 — Javlb cos(x) + b¥3 cosZ(x)) b3 log (\3/5 + \/Ecos(x)) 3 3a log (u + b cos
- 6a°3 * 3a5P3 - \/3a5/3 - 3a

[Out] -((b~(2/3)*ArcTan[(a~(1/3) - 2xb~(1/3)*Cos[x])/(Sqrt[3]1*a~(1/3))1)/(Sqrt[3]
*xa~(5/3))) + LoglCos[x]]/a + (b~(2/3)*Logla~(1/3) + b~(1/3)*Cos[x]])/(3*a"(
5/3)) - (b~(2/3)*Logla~(2/3) - a~(1/3)*b~(1/3)*Cos[x] + b~(2/3)*Cos[x]~2])/
(6*xa~(5/3)) - Logla + bxCos[x]73]/(3*a) + Sec[x]~2/(2*a)

Rubi [A] time = 0.196729, antiderivative size = 153, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 10, integrand size = 15, number of rules

= 0.667, Rules used = {3230, 1834, 1871, 200, 31, 634, 617, 204, 628, 260}

integrand size

3 3 b3 tan™? -2 Vbeos(s)
b3 log (a2/3 — {a\lb cos(x) + b¥3 COSZ(X)) b3 log (\S/E + \/Ecos(x)) N log (a + b cos?(
- 6a°/3 " 3ad3 - \/3a5/3 - 3a

Antiderivative was successfully verified.

[In] Int[Tan[x]"3/(a + b*Cos[x]~3),x]

[Out] -((b~(2/3)*ArcTan[(a~(1/3) - 2%b~(1/3)*Cos[x])/(Sqrt[3]1*a~(1/3))]1)/(Sqrt[3]
*a~(5/3))) + LoglCos[x]]/a + (b~(2/3)*Logla~(1/3) + b~(1/3)*Cos[x]])/(3*a”(
5/3)) - (b7(2/3)*Logla~(2/3) - a~(1/3)*b~(1/3)*Cos[x] + b~ (2/3)*Cos[x]~2])/
(6%a~(5/3)) - Logla + b*Cos[x]~3]/(3*%a) + Sec[x]~2/(2*a)

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (f_.)*x(x_)]1)"(m_)) " (p_.)*tan[(e_.) + (
f_Ox(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[ff~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x) n) p)/(1 - £f£72%xx"2)"((m +
1)/2), x], x, Sinl[e + fxx]/ff], x]1] /; FreeQ[{a, b, c, e, £, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 1834
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Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[E
xpandIntegrand [((c*x) "m*Pq)/(a + b*x"n), x], x] /; FreeQ[{a, b, c, m}, x] &
& PolyQ[Pq, x] &% IntegerQ[n] && !'IGtQ[m, O]

Rule 1871

Int[(P2_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{A = Coeff[P2, x, 0], B
= Coeff[P2, x, 1], C = Coeff[P2, x, 2]}, Int[(A + Bxx)/(a + b*x"3), x] + Di
st[C, Int[x"2/(a + b*x~3), x], x] /; EqQ[a*B™3 - b*xA~3, 0] || !'RationalQ[a
/v11 /; FreeQ[{a, b}, x] && PolyQ[P2, x, 2]

Rule 200

Int[((a_) + (b_.)*(x_)~3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2*#Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 3172 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3]1"2*xx"2), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQl{a, b}, xl]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*c), In
t[(b + 2%xcxx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rule 628
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Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

tan®(x) B 1— 42
f 1+ boosi (@) dx = —Subst [f W dx, x, cos(x)]
1 1 b(-1+x)
=-su G5+ S e

~1+x2
_ log(cos(x))  sec’(x) _ bSubst (f el cos(x))

dx, x, cos(x)) b Subst ( f

2213

a 2a a
bSub L 4 bSub 2
_ log(cos(x)) N sec?(x) N ubst (fm XX cos(x)) ) ubst (f ——dx,x, cos(x))
B a 2a a a
1
T B W (v

a 3a 2a 3a°/3

_ log(cos(x)) N v*3log (\% + %COS(X)) ~ log (ﬂ + bcos3(x)) N sec?(x) ~

3—3
b%3 Subst (f —Vavh

a3 ax

a 3a°/3 3a 2a

6a

_ log(cos(x)) N b*3 log (\3/5 + \S/Ecos(x)) B b*3log (a2/3 — {/aVb cos(x) + b¥3 cosz(x)) B log (a +

a 3a°/3 6a°/3
1- 2 % cos(x)
b2 tan~! R

\3a53 a 3a53

Mathematica [C] time = 0.258771, size = 217, normalized size = 1.42

. .\ log(cos(x)) N bR log (\3/5 + \%cos(x)) ) v?Rlog (a2/3 — Javb cos(a

6a53

#1%a log(tanz(;—()—#l)—#lzb log(tanz(g)—#l)+2#la log(tanz(g

—2RootSum |#1%a + 3#1%a — #1°b + 3#1%b + 3#1a — 3#1b + a + b&,

#1%0-#1%0

6a
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Antiderivative was successfully verified.

[In] Integratel[Tan[x]~3/(a + bxCos[x]~3),x]

[Out] (6%(Logl[Cos[x]] + LoglSec[x/2]172]) - 2+RootSum[a + b + 3xax#l - 3*b*#l + 3x
a*x#172 + 3xbx#172 + a*x#173 - b*#17°3 & , (axLogl[-#1 + Tan[x/2]72] + b*Logl[-#

1 + Tan[x/2]72] + 2*%axLog[-#1 + Tan[x/2]"2]*#1 + 4xb*xLog[-#1 + Tan[x/2]72]*

#1 + axLog[-#1 + Tan[x/2]72]*#172 - bxLog[-#1 + Tan[x/2]"2]*#172)/(a - b +
2kax#l + 2xbx#1 + ax#172 - b*#172) & ] + 3*Sec[x]72)/(6*a)

Maple [A] time = 0.032, size = 125, normalized size = 0.8

31_11 In (COS (x) + i/g) (g)_5 - 61_a In [(cos (x))2 - i/%cos (x) + (%)5] (g)_5 + 3—\/3 arctan ? 2 cos (x) SL\/E -1
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~3/(at+b*cos(x)~3),x)

[Out] 1/3/a/(1/b*xa)~(2/3)*1n(cos(x)+(1/b*a)~(1/3))-1/6/a/(1/b*a) " (2/3)*1n(cos(x)”
2-(1/b*a) " (1/3) *cos (x)+(1/b*a) " (2/3))+1/3/a/(1/b*xa) "~ (2/3)*3~(1/2)*arctan(1l/
3*x37(1/2)*(2/(1/b*a) " (1/3)*cos(x)-1))-1/3*1n(a+bxcos(x) ~3) /a+ln(cos(x))/a+1

/2/a/cos(x) "2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~3/(atb*cos(x)~3),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~3/(atb*cos(x)~3),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)**3/(atb*cos(x)**3),x)

[Out] Timed out

Giac [A] time = 1.20408, size = 193, normalized size = 1.26

1 —ah2
() sty V)

b(-1)? 1og( ) log(jpeos @’ +a]) 1og(eos )

342 3a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~3/(atb*cos(x)~3),x, algorithm="giac")

[Out] -1/3xb*x(-a/b)~(1/3)*log(abs(-(-a/b)~(1/3) + cos(x)))/a"2 - 1/3*log(abs(b*co
s(x)73 + a))/a + log(abs(cos(x)))/a + 1/3*sqrt(3)*(-axb~2)~(1/3)*arctan(1/3
*xsqrt (3)*x((-a/b)~(1/3) + 2*cos(x))/(-a/b)~(1/3))/a"2 + 1/6%(-a*b”2)7(1/3)*1
og(cos(x)"2 + (-a/b)~(1/3)*cos(x) + (-a/b)~(2/3))/a~2 + 1/2/(a*cos(x)~2)
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3.93 [ Va +bcos’(x) tan(x) dx

Optimal. Leaf size=45

va 3

[Out] (2*%Sqrt[a]*ArcTanh[Sqrt[a + b*Cos[x]~3]/Sqrtlal]l)/3 - (2*Sqrtl[a + bxCos[x]~
31)/3

%\/ﬁtanh_l (MJ - g\/a + b cos3(x)

Rubi [A] time = 0.0729281, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e e .

0.333, Rules used = {3230, 266, 50, 63, 208}

ngtanhfl(Jfltéggffgg)—-;xhp+bco§%x)
a

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*Cos[x]~3]*Tan[x],x]

[Out] (2*%Sqrt[a]*ArcTanh[Sqrt[a + b*Cos[x]~3]/Sqrtlal]l)/3 - (2*Sqrtl[a + bxCos[x]~
31)/3

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)) " (p_.)*tan[(e_.) + (
f Ix(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Di
stff"(m + 1)/f, Subst[Int[(x"m*x(a + b*(c*xff*x)™n) p)/(1 - ££72%x72)"((m +
1/2), x1, x, Sinle + f*x]/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*xx)"(m + 1)*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(b*xc - axd))/
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(bx(m + n + 1)), Int[(a + b*x) m*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) & !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, c, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

X

1 a+ bx
S 3
= [3 Subst (f " dx, x, cos (x))]

2 1 1
= —5\/51 +bcos?(x) - 37 Subst (f dx, x, cos3(x))

f va + bcos3(x) tan(x) dx = — Subst [f a+ b dx, x, cos(x)]

(20) Subst [ [y m)
= ‘%m— 7*7%
] e R

Mathematica [A] time = 0.0249099, size = 45, normalized size = 1.

gx/ﬁtanh_l (—,eri/_cosa‘(x)) - ;\/ﬂ + b cos3(x)
a

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[a + b*Cos[x]~3]*Tan[x],x]

[Out] (2*Sqrt[a]*ArcTanh[Sqrt[a + b*Cos[x]~3]/Sqrtlal]l)/3 - (2%Sqrtl[a + bxCos[x]~
31)/3

Maple [A] time = 0.179, size = 34, normalized size = 0.8
2A tanh [y/a + b (cos x))° L \a 2\/{1 + b (cos (x))°
3 Va 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcos(x)~3)~(1/2)*tan(x),x)

[Out] 2/3*arctanh((a+bxcos(x)~3)~(1/2)/a"~(1/2))*a"~(1/2)-2/3*(a+bxcos(x)~3)"(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~3)~(1/2)*tan(x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 26.9559, size = 340, normalized size = 7.56

1 b2 cos (x)° + 8ab cos (x)° + 4 (beos (x)° + 2a)yJbcos (¥)* + ava +8a%| 2 1
( ) Ve —gxlbcos(x)3+a,—§ \-aar

g\ﬁlog -

cos (x)6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cos(x)~3)~(1/2)*tan(x),x, algorithm="fricas")
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[Out] [1/6%*sqrt(a)*log(-(b"2*cos(x)~6 + 8*axbxcos(x)~3 + 4*x(b*cos(x)”3 + 2%a)*sqr
t(b*cos(x)~3 + a)*sqrt(a) + 8*a~2)/cos(x)”6) - 2/3*sqrt(bxcos(x)”3 + a), -1
/3*sqrt (-a)*arctan(2*sqrt(b*xcos(x)~3 + a)*sqrt(-a)/(b*cos(x)~3 + 2*xa)) - 2/
3xsqrt(b*xcos(x)~3 + a)]

Sympy [F] time = 0., size = 0, normalized size = 0.
f Vi + b cos? (x) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)**3)**x(1/2)*tan(x),x)

[Out] Integral(sqrt(a + b*cos(x)**3)*tan(x), x)

Giac [A] time = 1.17278, size = 51, normalized size = 1.13

5 " \/bcos(x)3+a
aarctan| ————
V-a 2 \/[;73
- = Cos(x) +a
3voa 3 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~3)~(1/2)*tan(x),x, algorithm="giac")

[Out] -2/3*a*arctan(sqrt(b*cos(x)”~3 + a)/sqrt(-a))/sqrt(-a) - 2/3*sqrt(bxcos(x)”~3
+ a)
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tan(x)
3.94 d
f \a+b cos3(x) x

Optimal. Leaf size=28

Ztanh_l (\/a+b cos3(x))
Va

3Va

[Out] (2*ArcTanh[Sqrt[a + bxCos[x]~3]/Sqrt[al])/(3*Sqrtlal)

Rubi [A] time = 0.0673431, antiderivative size = 28, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e T

0.267, Rules used = {3230, 266, 63, 208}
Ztanh_l (\/a+b cos3(x))
\a
3va

integrand size

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrtl[a + b*Cos[x]~3],x]

[Out] (2*ArcTanh[Sqrt[a + bxCos[x]~3]/Sqrt[al])/(3*Sqrtlal)

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)) " (p_.)*tan[(e_.) + (
f Ix(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Di
st[f£~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x) n) p)/(1 - ££72%xx"2)"((m +
1)/2), x1, x, Sinle + f*x]1/ff], x11 /; FreeQ[{a, b, c, e, f, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

fﬂdxz —Subst(
va + bcos3(x)

dx, x, cos(x))

1
f xVa + bx3
1 1
= —| = Subst dx, x, cos®(x ))
(3 (f xVa + bx )
2 Subst [f ﬁ dx,x,Na+b cos3(x))

N

3b
2tanh_1 (\/u+b cos3(x))
NG
3va

Mathematica [A] time = 0.0164719, size = 28, normalized size = 1.

Ztanh_l (\/a+b cos3(x))
NG

3va

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[a + b*Cos[x]~3],x]

[Out] (2*ArcTanh[Sqrt[a + b*Cos[x]~3]/Sqrt[all)/(3*Sqrt[al)

Maple [A] time = 0.03, size = 21, normalized size = 0.8

;Artanh (\/a + b (cos (x))3%) %



Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(atb*cos(x)~3)"(1/2),x)

[Out] 2/3*arctanh((a+b*xcos(x)~3)~(1/2)/a~(1/2))/a~(1/2)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~3)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~3)7(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x) i
Va + b cos? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)**3)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a + bxcos(x)**3), x)
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Giac [A] time = 1.17449, size = 32, normalized size = 1.14

Vb cos(x)3+a]

2 arctan[ Nar

3v-a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)”~3)7(1/2),x, algorithm="giac")

[Out] -2/3*arctan(sqrt(b*cos(x)”~3 + a)/sqrt(-a))/sqrt(-a)
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395 [ +a+Dbcost(x)tan(x)dx

Optimal. Leaf size=45

%\/Etanh_l (%084(){)) - %\/a + b cos*(x)
a

[Out] (Sqrtl[al*ArcTanh[Sqrt[a + b*Cos[x]~4]/Sqrtl[al])/2 - Sqrt[a + b*Cos[x]~4]/2

Rubi [A] time = 0.0765254, antiderivative size = 45, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e o e

0.333, Rules used = {3229, 266, 50, 63, 208}

integrand size

1 \a + bcost 1
~yatanh™ (H—COS(X)) — —va + bcos*(x)

2 \a 2
Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*Cos[x]~4]*Tan[x],x]
[Out] (Sqrtl[al*ArcTanh[Sqrt[a + b*Cos[x]~4]/Sqrtl[al])/2 - Sqrt[a + b*Cos[x]~4]/2

Rule 3229

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_)) " (p_.)*tan[(e_.) + (f_.)*(x_
)17(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~
((m + 1)/2)/(2*f), Subst[Int[(x~((m - 1)/2)*(a + b*ff~(n/2)*x~(n/2)) p)/(1
- ff*x)"((m + 1)/2), x], x, Sinl[e + f*x]~2/ff], x]] /; FreeQ[{a, b, e, f, p
}, x] && IntegerQ[(m - 1)/2] && IntegerQ[n/2]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50

Int[((a_.) + (b_D)*(x))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
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c, dF, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

f vVa + bcos*(x) tan(x) dx = — (— Subst (f 7+ b dx, x, cosz(x))]
= - [% Subst( a+bx dx, x, cos4(x))]
1

= —%\/Wos‘*(x) - an Subst (f B dx, x, cos4(x))
a Subst [f ﬂl " dx, x, \/Wos‘*(x))

= _%m_ AN -

= %\/Etaunh_1 [%084(@] - %\/mos‘l(x)

Mathematica [A] time = 0.0314078, size = 45, normalized size = 1.

%\/Etanh_l (%OSLL(X)) - %\/a + b cos*(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cos[x]~4]*Tan[x],x]
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[Out] (Sqrtl[al*ArcTanh[Sqrt[a + b*Cos[x]~4]/Sqrtl[al])/2 - Sqrtl[a + b*Cos[x]~4]/2

Maple [A] time = 0.032, size = 44, normalized size = 1.

—%\/a + b (cos (x))4 + %\/Eln (; (Za +2 \/E\/u + b (cos (x))4))

(cos (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcos(x)~4)~(1/2)*tan(x),x)

[Out] -1/2*(a+b*cos(x)~4)~(1/2)+1/2*xa”~(1/2)*1n((2*xa+2*a” (1/2)*(a+b*cos(x)"4)~(1/2
))/cos(x)72)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)”4)~(1/2)*tan(x),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 3.21236, size = 259, normalized size = 5.76

b cos (x)4 +24/bcos (x)4 +aya+2a| 1 1 1 \/bcos (x)4 +ay-al| 1
) \bcos(x) +a, ~ V—aarctan ) \ﬁ
a

cos (x)4

1

1 Valog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)~4)~(1/2)*tan(x),x, algorithm="fricas")

[Out] [1/4xsqrt(a)*log((bxcos(x)~4 + 2*xsqrt(bxcos(x)~4 + a)*sqrt(a) + 2*a)/cos(x)
~4) - 1/2*sqrt(b*cos(x)"4 + a), -1/2xsqrt(-a)*arctan(sqrt(b*cos(x)~4 + a)*s
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qrt(-a)/a) - 1/2*sqrt(bxcos(x)"4 + a)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f vVa + bcos* (x) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x)**4)**(1/2)*tan(x),x)

[Out] Integral(sqrt(a + b*cos(x)**4)*tan(x), x)

Giac [A] time = 1.15677, size = 51, normalized size = 1.13

" \b cos(x)4+a
T n|————
aarcta \/—_ﬂ 1 5 -
- = \, cos(x) +a
2+/—a 2 ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cos(x)~4)~(1/2)*tan(x),x, algorithm="giac")

[Out] -1/2*a*xarctan(sqrt(b*cos(x)~4 + a)/sqrt(-a))/sqrt(-a) - 1/2*sqrt(b*cos(x)”~4
+ a)
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tan(x)
3.96 d
f \a+b cos(x) x

Optimal. Leaf size=28

—1 [ Va+bcost(x)
tanh (—\/E )

2y/a

[Out] ArcTanh[Sqrt[a + b*Cos[x]~4]/Sqrtlal]/(2*Sqrt[al)

Rubi [A] time = 0.0709482, antiderivative size = 28, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e T

0.267, Rules used = {3229, 266, 63, 208}
~1 [ Va+bcost(x)
tanh (T)
2+/a

integrand size

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[a + b*Cos[x]~4],x]

[Out] ArcTanh[Sqrt[a + b*Cos[x]~4]/Sqrtlal]l/(2+Sqrt[al)

Rule 3229

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_)) " (p_.)*tan[(e_.) + (f_.)*(x_
)17(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x]~2, x]}, Dist[ff~
((m + 1)/2)/(2*f), Subst[Int[(x~((m - 1)/2)*(a + b*ff~(n/2)*x~(n/2)) p)/(1
- ffxx)~((m + 1)/2), x], x, Sin[e + fxx]~2/ff], x]] /; FreeQ[{a, b, e, f, p
}, x] && IntegerQ[(m - 1)/2] && IntegerQ[n/2]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

tan(x) ( Sub ( 1 p ) ))
fm > ubst f—xm X, X, cos=(x)

_ (31 Subst ( f x\/ﬁ dx, x, cos4(x)))

Subst [f ul — dx,x,\a+b COS4(X))

A
2b
—1  Va+bcost(x)
tanh (T)
2va

Mathematica [A] time = 0.0162997, size = 28, normalized size = 1.

—1 [ Va+bcost(x)
tanh (—\/E )

2y/a

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[a + bxCos[x]~4],x]

[Out] ArcTanh[Sqrt[a + b*Cos[x]~4]/Sqrtlal]l/(2*Sqrt[al)

Maple [A] time = 0.033, size = 31, normalized size = 1.1

(211 +2+/aja + b (cos (x)) )) v

E ((COS (x))
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(atb*cos(x)~4)~(1/2),x)

[Out] 1/2/a~(1/2)*1n((2*xa+2*a”(1/2)*(a+b*cos(x)"4)~(1/2))/cos(x)"2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f tan (x)
—dx
\ b cos (x)4 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(at+bxcos(x)~4)~(1/2),x, algorithm="maxima")

[Out] integrate(tan(x)/sqrt(b*cos(x)”4 + a), x)

Fricas [A] time = 2.88549, size = 189, normalized size = 6.75

log b cos(x)4+2 \b cos(x)4+a\/5+2 a ) \/__a arctan [ \b COS(J;)4+EI\/—_LI)

cos(x)4

4+/a ’ 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~4)~(1/2),x, algorithm="fricas")

[Out] [1/4x1log((b*cos(x)~4 + 2xsqrt(bxcos(x)”4 + a)*sqrt(a) + 2*a)/cos(x)”4)/sqrt
(a), -1/2*sqrt(-a)*arctan(sqrt(b*cos(x)~4 + a)*sqrt(-a)/a)/al

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x) i
Va + b cos* (x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)**4)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a + bxcos(x)**4), x)
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Giac [A] time = 1.15093, size = 32, normalized size = 1.14

/b cos(x)4+a]

arctan ( War
24

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)~4)~(1/2),x, algorithm="giac")

[Out] -1/2xarctan(sqrt(b*cos(x)”4 + a)/sqrt(-a))/sqrt(-a)
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397 [ +a+bcos"(x)tan(x)dx
Optimal. Leaf size=47
2\/Etanh_1 (@) ~ 2+/a + b cos’(x)

n n

[Out] (2*%Sqrt[a]*ArcTanh[Sqrt[a + b*Cos[x]n]/Sqrtlal]l)/n - (2%Sqrt[a + bxCos[x]~
n])/n

Rubi [A] time = 0.0788629, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, o e

0.333, Rules used = {3230, 266, 50, 63, 208}

integrand size

-1 [ Va+bcos™(x)
2+/a tanh ( Va ) _ 2va + bcos"(x)

n n

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cos[x] n]*Tan[x],x]

[Out] (2*Sqrt[al*ArcTanh[Sqrt[a + b*Cos[x]"n]/Sqrtl[al])/n - (2xSqrt[a + b*Cos[x]~
n])/n

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (£_D)*x(x_)1)" (@ )) " (p_.)*tan[(e_.) + (
f_Ix(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[ff~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x)™n) p)/(1 - £f£72%xx"2)"((m +
1)/2), x1, x, Sin[e + f*xx]/ff], x]] /; FreeQ[{a, b, ¢, e, f, n, p}, x] && I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

Va + bx"

X

f vVa + bcos™(x) tan(x) dx = — Subst (f

Subst ( f atby dx, x, Cos”(x))

dx,x, COS(.X))

X

n
1

2\atbcos(x) ° Subst (f T dx, x, Cos”(x))

n n

(2a) Subst [f L dx,x,\Ja+Db cos”(x)]

_a 2?
b b

_ 2ya+Dbcos"(x)
n

bn
-1 [ Va+bcos™(x)
2yatah (D) ) o

n n

Mathematica [A] time = 0.0303867, size = 46, normalized size = 0.98

2+/a + bcos'(x) — 2+/a tanh ™ (—W)

n
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cos[x] n]*Tan[x],x]

[Out] -((-2*Sqrt[al*ArcTanh[Sqrt[a + b*Cos[x] n]/Sqrtl[al] + 2*Sqrt[a + b*Cos[x]"n
1)/n)

Maple [A] time = 0.02, size = 39, normalized size = 0.8

_%[2 u+b(COS(x))n—2\/EArtanh( ll+b\(/caos(x))”]J

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cos(x) " n)~(1/2)*tan(x),x)

[Out] -1/n*x(2*(a+b*cos(x)"n) (1/2)-2*xa~(1/2)*arctanh((a+bxcos(x) ™n)~(1/2)/a~(1/2)
))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cos(x) n)~(1/2)*tan(x),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 2.10222, size = 254, normalized size = 5.4

Valog (bcos(x) +2 ybeos(z) +NH+2”) —2+4bcos(x)" +a 2 (\/—_a arctan (M) ++/bcos (x)" + u)

cos(x)"

, -
n

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((at+b*cos(x) n)~(1/2)*tan(x),x, algorithm="fricas")

[Out] [(sqrt(a)*log((b*cos(x)™n + 2*sqrt(b*cos(x)"n + a)*sqrt(a) + 2*a)/cos(x)"n)
- 2xsqrt(bxcos(x)"n + a))/n, -2*x(sqrt(-a)*arctan(sqrt(b*cos(x)"n + a)*sqrt
(-a)/a) + sqrt(bxcos(x)"n + a))/nl

Sympy [F] time = 0., size = 0, normalized size = 0.
f Va + bcos™ (x) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cos(x)**n)**(1/2)*tan(x),x)

[Out] Integral(sqrt(a + b*cos(x)**n)*tan(x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/b cos (x)" + atan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(x) n)~(1/2)*tan(x),x, algorithm="giac")

[Out] integrate(sqrt(b*cos(x)™n + a)*tan(x), x)
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tan(x)
3.98  [-——dx

Optimal. Leaf size=29
Ztanh_l (\/a+h cos”(x))
Na
\an

[Out] (2*ArcTanh[Sqrt[a + bxCos[x] n]/Sqrtl[al])/(Sqrt[a]*n)

Rubi [A] time = 0.0769956, antiderivative size = 29, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e

integrand size
0.267, Rules used = {3230, 266, 63, 208}
2tanh_1 (\/a+b cos”(x))
va
\an

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[a + b*Cos[x]"n],x]

[Out] (2*ArcTanh[Sqrt[a + bxCos[x] n]/Sqrtlal])/(Sqrt[a]*n)

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (f_.)*(x_)]1)"(m_)) " (p_.)*tan[(e_.) + (
f Ix(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Di
st[f£~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x) n) p)/(1 - ££72%xx"2)"((m +
1)/2), x1, x, Sinle + f*x]1/ff], x11 /; FreeQ[{a, b, c, e, f, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
tan(x) ( 1
———————dx = —Subst f— dx, x, cos(x))
f Va + b cos™(x) xvVa + bx"

1

Subst ( f Wrw dx, x, cos”(x))

n
2 Subst [f ﬁ dx,x,Na+b cos”(x)]
B A
B bn
) tanh_l (\/a+b cos”(x))
_ Va

\an

Mathematica [A] time = 0.0152863, size = 29, normalized size = 1.
Ztanh_l (\/a+b cos”(x))
Va
\an

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[a + bxCos[x]"n],x]

[Out] (2*xArcTanh[Sqrt[a + bxCos[x] n]/Sqrtl[al])/(Sqrt[a]*n)

Maple [A] time = 0.02, size = 24, normalized size = 0.8

\a +b(cos (x))"]

va

2 LArtanh (

nya
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(atb*cos(x) " n) " (1/2),x)

[Out] 2*arctanh((a+b*cos(x)"n)~(1/2)/a~(1/2))/n/a~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(at+bxcos(x)™n)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.96476, size = 192, normalized size = 6.62

log (b cos(x)"+2ybcos(x)" +ava+2a ) > \/—_61 arctan ( Vb cos(xa) +a\/3)

cos(x)"

\an

7

an

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(at+b*cos(x)"n)~(1/2),x, algorithm="fricas")

[Out] [log((b*cos(x)"n + 2*sqrt(b*cos(x)"n + a)*sqrt(a) + 2%a)/cos(x) n)/(sqrt(a)
xn), -2*xsqrt(-a)*arctan(sqrt(b*cos(x)"n + a)*sqrt(-a)/a)/(a*n)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan (x) i
Va + bcos™ (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(x)/(atb*cos(x)**n)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a + b*cos(x)**n), x)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (x)
[,
vVbcos (x)" +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cos(x)"n)~(1/2),x, algorithm="giac")

[Out] integrate(tan(x)/sqrt(b*cos(x)™n + a), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102

o e S R
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems




11
12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:




42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84

443

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1




133
134

135
136

137

138
139
140
141

142
143
144

145
146

147

148
149
150

151
152
153
154
155

156
157
158
159
160
161
162
163
164
165
166
167
168
169

448

else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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